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A Propagator Theory Applied to Wave Mechanics
in Phase Space
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The fact that the classical Liouville equation can be analyzed as a dynamical
equation in Hilbert-Koopman (HK) space is used in order to develop a perturba-
tive method for the wave mechanics in phase space: an explicit solution of the
Liouville equation in gp representation is exhibited. The connection between
the solution obtained and the dynamics of correlations is established by comput-
ing the gp-kp transformation function in HK space. To elucidate the method,
an application is presented and the result compared to that available in the
literature.

1. INTRODUCTION

The study of classical statistical mechanics by using methods specially
developed in quantum theory has been called by Della Riccia and Wiener
(1966) wave mechanics in classical phase space (WMCPS). This formulation
of statistical mechanics has a mathematical structure based on the Hilbert-
Koopman (HK) space (Koopman, 1931; Misra and Prigogine, 1983; Misra,
1978; George and Prigogine, 1979; Twareque and Prugovecke, 1977; Matos
Neto and Vianna 1984, 1985); it has been employed in different versions
by Schénberg (1952, 1953a,b) in the analysis of Gibbs’ paradox, Della
Riccia and Wiener (1966) in the study of Brownian motion, and Prigogine
and co-workers (Prigogine, 1962, 1980, Prigogine et al, 1973) in several
works on nonequilibrium problems.

In the applications of Prigogine formulation the essential step is the
expansion of the phase distribution function in a Fourier series in the
coordinates g =(q;, ¢2, 43, . . . , gn). In terms of HK space this amounts to
a change of representation in which the coordinates g are replaced as
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independent variables by the Fourier indices or “wave vectors” k=
(ky, ks, ..., kn); we call this development the kp representation of the
WMCPS. However, it is possible to study the WMCPS by using the
(g1, G255 qnsP1s P25 -+ » Pn) = qp representation directly. Della Riccia
and Wiener (1966) and Schénberg (1952, 1953a,b) have utilized in their
work the gp representation to discuss general aspects of the theory. In
present report, our objective is to use the gp representation to determine
an explicit solution of the Liouville equation.

The Liouville equation is a natural starting point for studies of non-
equilibrium statistical mechanics (Prugovecki, 1986; Balescu, 1975).
Moreover, it is known that the dynamical equation in the quantum phase
space approach (Bohm and Hiley, 1981; Prugovetki, 1986; Aharanov et al,
1981; Moyal, 1949) is a generalized Liouville equation, i.e., the Wigner-
Moyal transform F(Q, P, t) of a quantum density matrix p(q’, g) satisfies
a Liouville-type equation; and in this approach the connection between
quantum mechanics and Liouville’s equation is made by considering the
solutions of the Liouville equation as constants of the motion (Bohm and
Hiley, 1981). A method to determine these solutions of the motion in the
gp representation has been presented by Bohm and Carmi (19644a,b) in
connection with a classical treatment of collective coordinates and by Bohm
and Hiley (1981) in a quantum algebraic approach to generalized phase
space. Unlike Bohm’s method, our solution of the Liouville equation follows
closely the propagator approach employed by Feynman and Hibbs (1965)
in quantum theory; we show that each term of the Liouville equation
propagator expanded in powers of the coupling constant can be represented
uniquely by a diagram which describes a global process. In order to elucidate
the method, we study the motion of an incident flow corresponding to a
Mazxwell distribution and we compare the results with those obtained by
other authors (Prigogine, 1962).

In Section 2 we present our development and the diagrammatic tech-
nique in the gp representation. In Section 3 we apply this theory to the
problem of Maxwell flow. In Section 4 we present our conclusions and the
connection between our development and the work of Prigogine (1962).

2. PERTURBATION THEORY AND DIAGRAMMATICAL
REPRESENTATION

Using the mathematical structure of HK space (Matos Neto and Vianna,
1984; Misra, 1978; Prigogine, 1980), we can write the Liouville equation as

i9,]0s(1)y= Ls|0s(1)) (1)

where |85(¢)) is the classical state of the system whose Hermitian Liouville
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operator is Ls. The subscript S signifies the classical Schrédinger picture
(CSP) (Matos Neto and Vianna, 1984).

We assume that Lg can be written as Lg=Ly,+L,, where L, is the
kinematic part of Lg and L, contains the interaction terms. Then, in the
classical interaction picture (CIP) (Matos Neto and Vianna, 1984) the vector
state of the system satisfies the equation

|9(t)>: U(t, to)lo(to» (2)
with
ierUI(t, to)leUl(t, to) (3)

where L, is given by L, =expl[iLo(t —t;)]1L, exp[—iLo{t —t,)].
The formal solution of (3) is obtained by an iterative procedure, which
gives

vt =1+ 3 S8 My [ st Ly @

where J is the Wick chronological ordering operator (Matos Neto and
Vianna, 1985). :
In the gp representation, (2) is written as

0(é1, ..., Ens t)=J <§1,---,§NIU1(I, to)lf(l),---,f?v)

er(g?""’g(l)V; tO) dg(l). v dg(l)\l (5)

The notation that we use is & =(q;, p;), and {€} =(&, &, ..., é)=(p; q)
are the coordinates of an N-particle phase space. To obtain 8(&,, ..., &v; t)
in (5), we use equation (4);

0C61, ..., éns 1)

=J d{eH{EHED 6({€°); 10)

+j a3 () j t J ity j ", L)
x Li(t,) -~ LI(tN)]HfO})GO({gO}; ty)
= 09({g}; 1)+ § 6 ({g); 1) ©)

We compute each term in (6):
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For n=0

0p, g; 1)
=J dpydp,- - dpndg, - - - dgn 8(pi—p3) 8(p.—p3)

X+ x8(pn—pN) 8(qi—q))x -+ - x8(qn —q")00(qS - - - PN; 1)
=0o(p, q; to) (7
Forn=1

o = _“’ dt; F(1,0)T1000( p, q; to) = S100(p, 45 1,) (8)

0

where we used
—i(pq|Li|p'qy=5(q—q") 8(p—p’) F(q',p)V,
oH N oH 9
F(g,p)V,=——V,=-Y ——
(4-P)Vs og "’ E,aq,- ap;

H is the Hamiltonian, 7., =1, —1,, and
F(Tab) = F(q; L'Tab; p)
m

=F(ql+&7‘ab9 q2+&7’ab, ey qN+p_NTab; | S apN) (9)
m m m

The operator I',, =V, —(7,,/m) V, is such that V,, acts on the function in
phase space with explicit p dependence.
For n=2

t l‘
0? = J dt, J' dty {F(710) F(720)T 1020
10 t

0

+ F(710)[T12F (720)1}60(q, P; to)

= 8,00(4, p; to) (10)
and so on.
For any value of n we can write
0" (q, p; 1) = S,0:(q, P; to) (11)
so that

e(qa p’ t)=500(q’ P7 t0)= Z~:0 Snoo(q’ P, tO) (12)
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Obviously, S,, S;, and S, are known from equations (7), (9), and (10). The
generic term S, is given by

Sn = (_l)n J dtl J l dt2 e J ' dtn { Z’ (H Fm) H F(TSO) (13)
fo fo to rper,=0 \s=1 s=1

The prime in the summation symbol means that s#0; s>r. The
operators I',, in (13) have the following properties (p):

p-1: r#sforanyr,se(0,1,2,...,n).

p-2: max(r)=n, max(s)=n; min(r) =0, min(s)=1; where max(t)
and min(#) mean maximum and minimum value, respectively,
for ¢

p-3: when s<r, I';, operates on the functions F(7,;); when s>r,
I, =TIy, and I';, operates on the functions 8, only when the
operation 6(q, p; t) = S,0,(q, p; t,) had been performed.

pd: [Ty, Ty] =TTy —T,,T, =0.

Owing to these properties, we are able to obtain a diagrammatic
representation for the term S,. Thus, we have the following rules (r) to
compose the diagrams:

r-1:  For the nth term we enumerate the n+1 vertex of a regular
polygon from 0 to » in the clockwise direction (Figure 1).

r-2: Each vertex is connected to another by an orientated line rep-
resenting an operator I, (Figure 2).

r-3:  Only one line leaves a vertex, but there is no limitation to the
number of lines entering a vertex.

[ 4 o = [
r s

Fig. 2
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r-4: A line leaving vertex s can enter a vertex 0 or another vertex
r#0, with r>s.

r-5: No line leaves the vertex zero (receptor, vertex), which we rep-
resent by ©. The other vertex we will represent by @.

r-6: There are n! different ways to connect n+1 given vertexes such
that one line leaves each vertex. Each one of these ways represents
in the integral in equation (13) a term of the form

Flr‘FZVZ e Fnr,,

We calculate, as examples, the terms S, and S; which will be used in
the application.
For n=2 (see Figure 3)

8,= J dt, J dt, [T'1o0 20+ Lol 121 F(710) F(720) (14)
to f

[

From equation (14) and properties (p-1) to (p-4) we obtain equation (10).
For n=3 (see Figure 4)

t fl fz
S;=(-1) J- dt, J dt, J' dt; [T1ol 20 30+ Tl 23030+ Fiol 23T 30

+ 0l 50+ F13F23F3o+Flzrsorzo]F(Tlo)F(Tzo)F(Tm) (15)

We remark that by consistency the vertex n is always connected to the
receptor vertex.

The diagrams that we introduce are interpreted in terms of the whole
process. Indeed, we observe that the diagrams, in accordance with rules r-1
and 1-2, are such that each line represents an operator I',,. These I';, are
N-particle operators. The operators I'y, modify the wave functions
0o(q, p; to), and T, (s# r#0) change the interaction term F(r,,), among
the particles.

2 2
. G o
12 20 @ 20 - Sz
1 0 1 ]
Fo

Fig. 3
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Fig. 4

3. SCATTERED PARTICLE BY A POTENTIAL AV(q)

As an application of our method, we study a particle scattered by a
potential AV(g). For the sake of simplicity, we consider here only the
one-dimensional case. Let the initial state be

00(p’ tO) = oM(p, t(): 0) = A e_BP2/2

which gives the Maxwell velocity distribution when we calculate |8|*, where
we have used m=1, A=(wkT/2)"* and B=1/kyT. Thus we obtain for
the first terms of the expansion (13):

For n=0
09 = 0u(p) (16
For n=1
9‘”=*J dt, F(r10)T o0y (p)
0
=—,\Aﬁ[V(q+Pt)_v(q)] e_ﬁpZ/Z (17)
For n=2

0 =3AN*BV*(q) e 2+ ANV (q+pt) e P72
+AN2B2V(q) V(g +pt) e PP/

t

—A/\ZB[VqV(q)][tV(ﬁpt)—‘( dr, V(q+pt1)] e P2 (18)

0
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For n=3

1 1
0= (—ﬁA)ﬁg—' V(q+pt)—B’AN° [—; V3(q)

+% Vz(q)V(q'*'Pf)‘% V(q)Vz(q+pt]

—BpAﬁ{—%[qu(q)]vz(q+pt>t
+i4[VqV(q)] Jr dr, V¥(g+pt,)
14 0

2 t d I‘
+—4[VqV(q)]J dt, —— V(q+ptl)J- dr V(q+ptz)}
p 0 dt, 0

1

—A/\SBZPZ{—;pg[VqV(Q)]Vz(q +pt)t
4519, V(@) f dt, V(g+pt,)

P 0 :

1 d d h
+=[V,V(g)] J' dt,— V(q+pt,) J dt, V(q+Ptz)}

p 0 dt, 0

1

—14!317)‘2{~2—pg[V3,V(q)]Vz(qﬂ“pt)t2

+;13[VZV(Q)] ‘[ dt; V¥(q +Ptl)tl+;1§[V§V(q)]

[¢]

i d I‘
XJ di hor V(q+pt1)J dt, V(q+ptz)}
0 1

o}

— AN (—B+B%p?) {pi V(q)[V,V(q)]1V(g+pt)t

t

—;lg V(q)[VqV(q)]J dr, V(q +pt1)}> e P2 (19)

0
We suppose that the potential V(q) is a sufficiently smooth function
in order to give to expression (13) a mathematical meaning.
When V(q) is a short-range potential, such that lim,. ., V(g —pt) -0,
we can calculate the asymptotic state lim, ., 05(g, p; #). In this case, from
our expressions (16)-(19), it follows that in CPS we obtain

~BIP2/2+AV(q)]

es(q, p, t—)OO) = GMB(qa P) =Ae
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We have, therefore, that the system is a nonstationary state after the
collision, but evolves to a stationary state in the asymptotic limit. This
conclusion is the starting point for the dynamical derivation of equilibrium
statistical mechanics using a long-time interaction effect on the Maxwell
equilibrium distribution in the method developed by Prigogine and co-
workers (Prigogine, 1962).

4. CONCLUDING REMARKS

In this report we have presented a perturbative method in classical
phase space in order to obtain a solution of the Liouville equation. Our
method uses the fact that the classical Liouville equation can be formulated
as a dynamical equation in Hilbert-Koopman space. In consequence, our
development can be applied also to Liouville-type equations derived in the
quantum phase approach (Bohm and Hiley, 1981; Prugoveck, 1986).

We have used the gp representation. Nevertheless, we can transform
our solution to other representations of the HK space and in particular to
the kp representation. In this sense, the dynamic of correlations (Prigogine,
1962; Balescu 1975) can be derived directly from our approach. Indeed,
using |kp) =1k, ks, ..., kn, Py " Pn), sO that (kp|0(1))=p.(p;t), we
obtain from equation (2)

pr(p; t)=(kplU,|00(t0)> (20)

Using a complete set of eigenkets {|/kp)}, it is an easy matter to show that
(20) coincides with the result derived by the correlation dynamics theory
when one chooses as solution of (1) L-integrable real-valued functions. We
note, however, that each diagram in the gp representation corresponds to
several diagrams in the kp representation.

As a final remark, we note that by our method we have obtained the
complete solution of the Maxwell flow problem, i.e., the vector state |6(f))
at any time, and showed that its asymptotic value coincides with that
obtained by Prigogine (1962) using an approximate master equation for p;.
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