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Normal form transformationsare usedto analysetwo integrablecasesof the generalizedHénon—HeilesHamiltonian. The
purposeof this Letter is to exploretheexplicit constructionof transformationswhich give rise to thecorrectsecondintegralfor
non-trivial integrablesystems.Forboth investigatedcasesit is foundthatjust onesuchtransformationexistsandthatit cannot
beconstructedwithoutthepreviousknowledgeof thesecondintegral.

Therehasbeena seriesof recentworksonthe nor- convergentcanonicaltransformation;(ii) this par-
mal form transformations(NFTs) stressingtheir ticular transformationcannotbe constructedwith-
potentialasa tool to explorenon-lineardifferential outthe knowledgeof the exactintegrals.
equationsystems[1—5]. One main aspectempha- It iswell knownthattheNFTsof Hamiltoniansys-
sizedthereinis the potentialusefulnessof the NFT temsmay be obtainedboth with the nearidentity
to the explorationof non-integrabledynamicalsys- transformation(NIT) [7] and the Birkhoff—Gus-
tems. Severalnon-integrableprototypeswere con- tavsonnormalform transformation(BGNFT) [8].
sidered.Most of thesuccessesandlimitationsof the Both schemesleadto the sameequationsof motion
methodwere discussedbasedon suchstudies. for the transformedsystem,thoughthe relationsbe-

On the otherhand,lesseffort hasbeendevotedto tweenthe new andold coordinatesare different for
theNFTs of integrablesystems.An importantresult finite orderapproximations.Throughoutthis work
on this subjectwas derivedby Russmann[6], who wewill use theNIT methodto reducethe systemsto
provedthe existenceof a convergentNFT seriesfor their NFTs.
anyintegrablenon-resonantHamiltoniansystemwith Let us recall that certaingeneralizationsof non-
two degreesoffreedom.However,Russmann’swork integrablesystemsleadto integrablecases [9—11].
addressesonly the existenceof theNFT: the process Theyhavebeenidentifiedaftertheexplicit construc-
of obtainingthis explicit transformationand the tion of integralsof motion otherthan the energyor
questionconcerningits uniquenessare left open. by looking for conditions in the parameterspace

In this Letterwe useNFTs to treat resonantin- which satisfy the Painlevéproperty. Thesecasesdo
tegrableHamiltonian systems,which are not coy- allowfor rigorousintegralsof motion,expressableas
eredby Russmann’sresults.Ourattentionis focused algebraicforms of somedegree.So we will consider,
ontheexplicit constructionof finite orderNfl’ trun- accordingtoref. [11], thefollowingparametrization
cationsfor thesemodelsratherthanprovingseries of the Hénon—Heilesmodel:
convergence.However interesting insights about
convergenceanduniquenessquestionsarisewithin ~(~o~+~o~+A~i~+Bq~)+qfq2 — ~ (1)
thedevelopedprocedurewhena comparisonisdrawn wherethreeintegrablecasesmaybe identified:
betweenthe exact integralsof motion andthe NFT
integrals.Basedon this comparisonprocesswecome (a) e= —1, A=B, (b) e= —6 V A, B,
to thefollowing conclusions,which may alsobe valid (c) e= — 16 B = 1 6A (2)
for other similar models: (i) thereexists just one
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The following integralsare respectivelyvalid for the x, = y1+ g(y) = y,+ ~ a,( m)y
m, (7)

casesabove: imi~2

Ga=pip
2+~qi+q1q~+Aq1q2, (3a) where m=(m1, m2, m3, m4) andwe introducethe

multinominalnotation.The a1(m)are sochosenas

Gb=q~+4q~q~—
4P

1(p~q2 —p2q1)+4Aq~q2 to eliminateall non-linearterms.Thiscanbeaccom-

+ (4A—B)(p~+Aq~), 3b plishedfor all but resonantterms,i.e., thosewhichsatisfy the resonancecondition

G~=3p~+6(A+2q2)q~p~—4q~p1P2 (m,A)—A1=O, (8)
—4q~(Aq12+qf)+3A

2q~—~q~. (3c) whereA is the vectorformed by the eigenvaluesof

Hereafterwe will carry out an NFT analysisof the the linear part of the original systemand ( , ) in-

integrablecases(a) and(b). After thatwe compare dicatesthe internal product. The transformedsys-
the obtainedNFT integralsof motion with the Ga tern now reads
andGb given by (3a) and (3b). Our main results
follow thenafter this comparison.Moreover,since ~1=~1Yi~ ~ ‘fl

1(m)y
m+~’,(y) (9)

(a) requiresonlyA = Band(b) makesno restriction m I 2
on the valueof theseparameterswe reducethe al- wherethe prime indicatesthat the sumis restricted
gebraicwork by requiringA=B= 1 andleaving~as to theresonanttermsand~ie(Y)denotesthe so-called
free parameter. rest term ‘-~ IyI~1.Its presencein (9) assertsthat

Theuse of the NIT in connectionwith NFTshas the transformedsystemis fully equivalent to the
beenexploredin a numberof recentarticles [1—5]. original one.However,within theNFT wenormally
So we will briefly outline the aboveschemehere, neglectthe ~, andconsidersuccessivelyhigherorder
while thereadershouldreferto thequotedworksfor approximatesystems,which are formedby the first
details [3]. For the sakeof simplicity in the den- two termson ther.h.s.of (9). Thesetruncationsare
vation of the NIT one first considersa coordinate referredto asan sth orderapproximation.
transformationby requiringthat the linear part of For systemslike (6) the a’s andfl’s canbegiven
thesystemshouldbe ina diagonalform. In thepres- at onceas:
ent casethis is doneby defining (a) non-resonantcases:

y
1(m)

(l0a)(a) x21— (q~+ip1), (b) x21_1 =ix~. (4) a1(m)= (m A) —A1

Theabovetransformationiscanonical,which is quite (b) resonantcases:
importantfor therestof thediscussionin thisLetter.
The equationsof motion in termsof {x1} are a,(m)=arbitrary, /?1(m)=y1(m) , (lOb)

x1 =ix + (x~+ix2) (x3+ix4), wherey1(m) is given by

[e(x3 +ix4)
2— (x

1 +ix2)
2] . (5) ~k,l

mi —3
We pointout that (5) belongsto the classof non- + ~ a~(m’)ae(m_m’))
linear systemswith highestnon-linearitiesof second i’n I

degree,whosegeneralstructureis
— ~ 13k(m’)aI(m—m’+iik)

t~=A
1x1+~A,k/xkx,, (6) k imI~2

k.l
X(mk—m’k+l) . (11)

where A1= ±iandthe coefficientsAk, caneasilybe
readfrom (5). The sth order NIT from {x1} to new In (11) J

tk representsthe unit vector in the kth
coordinates{y~}is given by direction.
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For practicalpurposestheapplicationof the pro- greaterthans*—2. If wedemandthattheproperval-
gramjust sketchedin eqs.(6)—(11) canbepursued ues0 or 1 be kept fororders — 1 we obtaina linear
without computerhelp only whens~ 4. From this systemof equationsfor the resonanta’s. The num-
orderup the recurrencerelationsbecomeratherun- berof equationsequalsthatof theunknownsandits
tractable.A computeris thenrequiredeitherfor the solution will restorethe situation discussedabove.
numericalevaluationof the coefficientsor for the From now on we referto the canonicalcharacterof
algebraicmanipulationof the polynomial relations. theNIT, butwe implicitly acknowledgethatthe cor-
Wedevelopeda systemwhich givesboth the a (m) rectvaluesofthePoissonbracketareobtainedunder
andfi,(m) as a polynomial function of e as well as restrictionto termsof orderup to s— 1.
their numericalvaluefora fixedvalueof �. Thispro- Forbothcases(a) and(b) thecorrespondingsys-
gram works fully automatic, exceptfor the deter- temsare underdetermined.They admit families of
minationof thevaluesof the arbitraryresonant~s. canonicalNFTs,yetsmallerthanthefull original sets.

The resonanta’smay takearbitraryvalues.This Thismultiplicity is much like theoneobtainedfor
reflectsthefactthat theNIT of resonantmodelsgives the BGNFFs.
rise not to a singleNFT but to a whole family of For the model (1) the first resonancesare ob-
transformations.This multiplicity of NFTs is not servedwhen s=3. The resonanta’s, whosevalues
characteristicof its constructionwith the helpof the have,beenestablishedby the Poissonbracketcon-
NIT, but it is a featurealso presentin the BGNFT. dition, are
Onemajordifferencebetweenthesetwo schemesre- I6~

fersto the fact that the whole family of BGNFTs a1(l, 0, 1, l)=c~(l,1, 1, O)=T1,
consistsof canonicaltransformations,for they are a1(2, 1, 0, 0) =

constructedfroma family of generatingfunctionsof
old andnew variables. a3(O,0, 2, 1) =~iE

2,
On the otherhand the method of NIT doesnot a

1(0, 1, 2, 0) +a3(2, 0, 0, 1) = — ~i. (13)
requirethat the transformationsshouldbe canoni-
cal. However,it is well known that a necessaryand Thelastequationshowsexplicitly the factthata one-
sufficient conditionfor a transformationto be Ca- parameterfamily of canonicaltransformationsis in-
nonicalis thatthe Poissonbracketsbetweenold and deedavailable.
new variables, After thedeterminationof theresonanta’swecan

proceedwith the comparisonofthe integralsof mo-
[x,,x~]= ~( ~ -~- — -~- ~‘ ~ (12) tion (3a)and (3b) with thoseobtainedwithin the

k= I \
8Y2k—I ôY2k 8Y2k ôY2k— i I NFF.In thepresentcaseit turnsout thatthe two in-

taketheir propervalues0 or 1 [12]. Thereforeit is tegralsof motionwithin the NFl’ are
naturalto ask whattheir valuesare in the present

(a)HNF, (b)1
1=y1y2+y3y4. (14)

case.We identify two importantfeaturesin theeval-
uationof (12): HNF is a constantof motionfor it isjust theoriginal

(i) Polynomial transformationslike (7) cannot H written in termsof the new canonicalvariables.
be exactlycanonical.Indeed,the evaluationof (12) The otherexpressionhasbeenshownto be a con-
for an sth orderNFl’ showsthat it entails termsof stantof motion for the BGNFT and it is straight-
orderup to 2s—2, thoughonly thoseupto orders— 1 forwardto showthatthesameresultholdsin thecase
are complete,i.e., theywill notbe affectedwhenthe of the NITs. Moreoversinceonly two independent
orderof the NFT is increasedfrom s to s+ 1. The integralsexist,it is possibleto expressHNF in terms
evaluationof (12) showsthat,aslongasnoresonant of thesimpleexpressionsI~and12. Theform of the
aappears,it differs from the requiredvaluesfor Ca- latteris notuniversalasthatof1~anddependsupon
nonicaltransformationby termsoforderhigherthan the casewe are considering.We get respectively
S_(ij)Whenthefirstresonanta~sappearin(12) for (a)

12.aYIY4+Y2Y3, (b) ‘2,bYIY2 (15)

s=s”, they will influence only the terms of order The comparisonbetweenthetwo resultsis madeby
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expressingthe G asfunctionsof the newcoordinates (13), which refersto necessaryand sufficientcon-
y. Forthis purposewe insert (6) into (3a,b). Here ditions for the canonicalcharacter,(16) no longer
againwe facethe fact that comparisonsonly make admitsa one-parameterfamily of NFTs. Second,we
senseif all termsof the sameorder are taken into observethat the uniquesolutions (16) do not vio-
account.In the caseof the G givenin (3) the terms late the Poissonbracket, i.e., the particular trans-
up to order s+ 1 are complete.So we call G~+1(y) formationwhich recoversthesecondintegralis nec-
the restrictionof G(x(y)) to thatorder. essarily canonical. Finally, a third and most

Thenextstep is to gatherthetermsso obtainedin important constraint introduced into the con-
order to expressthe G~+1in terms of 1~and ‘2. In structedNFTs refersto the fact that solution (16)
bothcaseswe investigatedwe found that, to lowest could only be foundafter explicit knowledgeof the
orderin the powerofy whereresonanttermsappear formofthe secondintegral,i.e. wecouldnot identify
(s= 3), G4 canonly bewritten in termsof ‘I and12 anylimiting conditionwithin the NIT orNFTwhich
if supplementaryconditionsareimposedon the a’s restrictsthevaluesof thea’s to thosein (16). If this
in (13): happensto be a generalpropertyof NFTs of inte-

grableresonantsystems,it will reduceits powerto
(a) a1(0, 1,2, O)=a3(2,0,0,1),

analysesucha subsetof dynamicalsystems.
(b) a1(0, 1, 2,0)=8i. (16) Thesedifferent aspectscoming from the imple-

mentedprocedurepoint toward further investiga-
If valuesotherthan thosesatisfying(16) are given

tionson thissubject.
to a1(0, 1, 2, 0) anda3(2,0, 0, 1) (which isclearly
allowed within the canonicalNFTs) we find that
neitherG4(y) is a constantof motion nor canit be References
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