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nós, estudantes, possamos desbravar os caminhos da pesquisa, da ciência e tecnolo-
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viane. Meu maior exemplo de trabalho duro, dedicação e amor à vida. Meus irmãos,
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Resumo

Iremos demonstrar que o conjunto de Julia Jc é assintoticamente similar ao
conjunto de MandelbrotM, ao redor de um parâmetro Misiurewicz c P BM, utilizando
o conceito de similaridade descrito a partir da distância de Hausdor↵-Chabauty. Esse
resultado foi provado originalmente por Tan Lei, em 1990 [6]. Discutiremos conceitos
basilares da Dinâmica Complexa e alguns resultados centrais para a demonstração
desse teorema.

Palavras-chave: Pontos Misiurewicz; Autossimilaridade; Similaridade; Similaridade
assintótica; Conjunto de Julia; Conjunto de Mandelbrot; Familia quadrática.
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Abstract

We shall prove that the Julia set Jc is asymptotically similar to the Mandelbrot
setM about a Misiurewicz parameter c P BM, using the concept of similarity and the
Hausdor↵-Chabauty distance. This result was originally proved by Tan Lei in 1990 [6].
We will discuss the basic framework from the field of Complex Dynamics and some
central results needed to prove this theorem.

Keywords: Misiurewicz points; Self-similarity; Symilarity; Asymptotic similarity; Julia
set; Mandelbrot set; Quadratic family.
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Chapter 1

Introduction

Our main goal is to present a self-contained proof of Theorems 1.1, 1.2 and 1.3,
from the original article of TAN Lei, Similiarity Between the Mandelbrot set and Julia sets,
Communications in Mathematical Physics (1990).

Experimental overview

The Julia set Jp f q of a rational function f : Ĉ Ñ Ĉ is the closure of all repelling
periodic points of f . If f is a polynomial, we can define the filled-in Julia set Kp f q as the
set of points z P Cwhose orbit is a bounded subset of C.
The Mandelbrot setM is the connectedness locus of the quadratic family Pcpzq “ z2

` c.
Hence c PM if, and only if, KpPcq is connected. By a theorem of P. Fatou,

M “ tc P C | 0 P KpPcqu .

Definition 1.1 (Misiurewicz point). A parameter c P M is a Misiurewicz point if the
orbit of 0 under Pc is strictly preperiodic. In other words, 0 is not a periodic point of
the quadratic map Pc, but some iterate Pk

c maps 0 to a periodic point of Pc.

If c is a Misiurewicz point, then c P JpPcq and c P BM.A preliminary experiment
is presented in the following example.

Example 1.1 (Similarity at Misiurewicz points). The complex number ´0.607 ` 0.605i
is very close to a Misiurewicz point c P BM satisfying P3

cpP2
cpcqq “ P2

cpcq. Experimentally,
one can observe that by magnifying the Julia set JpPcq centered at c, with a specific factor,
the images that appear are similar to each other up to a rotation.

The last three images in Figures 1.2 and 1.3 are very similar. Tan Lei [6] was the first to
give a rigorous proof of this similiarity at every Misiurewicz point (see Theorems 1.1,
1.2 and 1.3).

1



2 Chapter 1. Introduction

Figure 1.1: The Mandelbrot setM generated with a Python code. In the algorithm, a point c is coloured
black if its forward orbit c fiÑ c2 ` c fiÑ pc2 ` cq2 ` c fiÑ ¨ ¨ ¨ diverges to infinity.

(a) (b) (c) (d)

Figure 1.2: The Julia set JpPcq and successive magnifications centered at c « ´.607 ` .605i. The last image
has width 1.6 ˆ 10´6.

1.1 The Hausdor↵-Chabauty topology

Given a compact set A Ä C and " ° 0, the "-neighborhood of A is the set of all
z P Cwhose distance from A is less than ". Let d denote the Hausdor↵ distance function
between compact subsets of C. Recall that dpA,Bq † " if, and only if, A is contained in
the "-neighborhood of B, and B is contained in the "-neighborhood of A. LetDr denote
the disk tz P C : |z| † ru. If A Ä C is closed and r ° 0, then we define

pAqr “ pA XDrq Y BDr.

The Hausdor↵-Chabauty distance

drpA,Bq “ dppAqr, pBqrq

is defined for every pair of closed subsets of the plane.
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(a) (b) (c)

(d) (e) (f)

Figure 1.3: Successive magnifications of M centered at c. The last image has approximated width
1.1 ˆ 10´5.

1.2 Asymptotic similarity

Let � P C with |�| ° 1. A nonempty closed subset F of the complex plane
is asymptotically self-similar about c P F with scale � if there exists r ° 0 such that the
sequence �n

pF ´ cq converges to F ´ c with respect to the metric dr. (For the following
theorem, the concept of multiplier is detailed in section 2.1).

Theorem 1.1 (Tan Lei, 1990). Let f : ĈÑ Ĉ be a rational map with degree at least two, and
let z0 be a repelling periodic point of f with multiplier �. If z P Jp f q is eventually mapped to z0

by some iterate of f , then the Julia set is asymptotically self-similar about z0 with scale �.

By Proposition 2.4, §

n°0

f ´n
pz0q

is a dense subset of the Julia set for every z0 P Jp f q. It follows from Theorem 1.1 that
asymptotic self-similarity occurs on a dense subset of Jp f q, for every rational function
f with degree at least two.

Self-similarity at points of the Mandelbrot set

If c0 is a Misiurewicz point for the quadratic family Pcpzq “ z2
` c, then by

definition 0 is strictly preperiodic. There exists a first k ° 0 such that Pk
c0

p0q is periodic.
Therefore, Pk

c0
p0q determines a periodic orbit. We are going to show in Proposition 3.1

that this orbit is repelling. This is the repelling cycle associated with c0.

Theorem 1.2 (Tan Lei, 1990). Let c0 be a Misiurewicz point of the quadratic family z2
` c.

Let � be the multiplier of the repelling cycle associated with c0. Then c0 P BM.Moreover,M is
asymptotically self-similar about c0 with scale �.
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Suppose A and B are nonempty closed subsets of Cwhich contain a common point c. If

drptpA ´ cq, tpB ´ cqq Ñ 0

as t Ñ 8, with t P C,we say that A and B are asymptotic similar about c.

Theorem 1.3 (Tan Lei, 1990). For every Misiurewicz point c0 of the quadratic family z2
` c

there exists � P C´ t0u such thatM and �Jc0 are asymptotically similar about c0.

1.3 Nonuniform hyperbolicity

Suppose f : Ĉ Ñ Ĉ is a rational map with degree at least 2. We say that f is
hyperbolic if the forward orbit of every critical point of f converges to an attracting
cycle of f . Equivalently, f is hyperbolic precisely when there exists a conformal metric
�pzq|dz| defined on a neighborhood of Jp f q such that } f 1

pzq}� ° 1, for every z in the Julia
set.

If c0 is a Misiurewicz point for the quadratic family fcpzq “ z2
`c, then c0 belongs

to the boundary of the Mandelbrot set and fc0 is not hyperbolic, since the critical point
0 belongs to the Julia set in this case (obviously, the Julia set does not contain attracting
cycles). Nevertheless, we shall see in section 3.2 that fc0 expands a conformal metric
defined on a neighborhood of Jp fc0q, except for finitely many singularities in the Julia set.
Therefore, Misiurewicz points are associated with very simple examples of nonuniform
hyperbolicity.

1.4 Misiurewicz points are dense in BM

A component U of the interior of the Mandelbrot set M is hyperbolic if every
point c P U yields a hyperbolic map z2

` c. The following is a version of the Fatou
conjecture (proposed by Pierre Fatou in 1920) specialized to the quadratic family.

Fatou conjecture (1920). Every component of the interior of the Mandelbrot set is hyperbolic.

Concerning the dynamics of the quadratic family, one of the most di�cult
questions is: what kind of behavior has the function fc when c is in the boundary of
the Mandelbrot set? A partial and incomplete classification includes parameters in BM

which are semi-hyperbolic, parabolic, Collet-Eckmann, Siegel, Cremer, Misiurewicz, infinitely
renormalizable and Feigenbaum. In a certain sense, the majority of points on BM does
not fit in any of these classes. Nevertheless, according to J. Milnor [10]:

Theorem 1.4 (Milnor, 1989). The set of Misiurewicz points of the quadratic family z2
` c is

dense in BM.
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1.5 Hausdor↵ dimension of the boundary of the Mandel-

brot set

A rational map f : Ĉ Ñ Ĉ with degree at least 2 is semi-hyperbolic if Jp f q does
not contain the set of recurrent critical points and parabolic points of f .We denote the
set of semi-hyperbolic parameters for the quadratic family z2

` c by S.
Every Misiurwicz parameter belongs to S. Since Misiurewicz points are dense

in the boundary of the Mandelbrot set, it follows thatS is a dense subset of BM as well.
Surprisingly, if we remove the Misiurewicz points from S the remaining set is a subset
of BMwith Hausdor↵ dimension 2. (See Theorem 1.7).

Multibrot sets

The multibrot setMd is the connected locus of the family zd
` c, where d ° 1 is

an integer. Hence a point c belongs toMd precisely when the orbit of the critical point 0
under zd

` c is bounded. Rivera-Letelier has generalized Tan Lei’s result of asymptotic
similarity to semi-hyperbolic points [11].

Theorem 1.5 (Rivera-Letelier, 2001). Let d ° 1 be an integer. Suppose c is a parameter for
which zd

` c is semi-hyperbolic. Let Jc denote the Julia set of zd
` c. There exists a complex

number � ‰ 0 such that �J andMd are asymptotic similar about c.

The area of BM

Theorem 1.5 has some very important implications for the study of the Hausdor↵
dimension of BM. Indeed, studying the Hausdor↵ dimension of Julia sets is easier than
in the parameter space. Roughly speaking, Theorem 1.5 reveals that at every semi-
hyperbolic parameter we can “see” some pieces of Julia sets in BM with Hausdor↵
dimension approximately 2.

Theorem 1.6 (Shishikura, 1998). For every nonempty open set U Ä C intersecting BM, the
Hausdor↵ dimention of U X BM is 2.

The original proof of Shishikura [12] is based on bifurcation of parabolic points.
The same result can be obtained with di↵erent methods (Kawahira and Kisaka [5]) using
the concept of semi-hyperbolicity:

Theorem 1.7 (Kawahira and Kisaka, 2021). Let S̃ denote the set of semi-hyperbolic param-
eters in the boundary of the Mandelbrot set which are not Misiurewicz. Then the Hausdor↵
dimension of S̃ is 2.
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As far as we know, determining the value of the area of BM is still an open problem.1

1.6 Universality

From the experimental point of view, generating codes for visualizing the
Mandelbrot set is something quite trivial. This allows us to perform magnifications of
the Mandelbrot set at very small scales, such as 10´20 (not even subatomic particles are
in such scales). Using such algorithms, it is possible to observe infinitely many copies
of the Mandelbrot set inside itself. Explaining this phenomenon in pure mathematical
terms is a hard job that is way beyond the scope of this exposition. We defer to the
original papers of Eckmann and Epstein [4] as well as Douady and Hubbard [3] for a full
presentation of this subject. We can at least (informally) say that infinitely many copies of
the Mandelbrot set appear in a neighborhood of every Misiurewicz point. Since Misiurewicz
points are dense in the boundary of the Mandelbrot set, it follows that BM is almost
entirely made of copies of itself.

Bifurcation locus and general families of rational maps

We shall now explain what we mean by universality in our context. (For one-
dimensional real dynamics the same term is used with another meaning).

Let p f�q�P⇤ be a one-parameter family of rational maps parameterized on a
connected and complex manifold ⇤. It is usual to identify this family with the map
f : ⇤ ˆ Ĉ Ñ Ĉ given by p�, zq fiÑ f�pzq. The family is said to be holomorphic if f is
holomorphic.

Figure 1.4: The Multibrot setsMd with d P t2, 3, 4u.

As described by McMullen in [8], for general holomorphic families f : ⇤ ˆ Ĉ Ñ Ĉ it
is possible to define a bifurcation locus Bp f q that generalizes the notion of the Multibrot

1If you ask this question on Google, Artificial Intelligence claims, pretty confidently, that the area of
the Mandelbrot set (not the boundary) is 2.089 and gives a formula for calculating it. This is not true.
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sets; that is, if f is represented by the family zd
` c, then BMd “ Bp f q.

The Multibrot sets Md are universal in the sense that every bifurcation locus
Bp f q contains a copy of BMd, for some integer d ° 1.
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Chapter 2

Prerequisites

We are going to make an overview of some fundamental concepts on the
dynamics in one complex variable, which are found in the following references: [1],[7]
[9] and [2].

2.1 Local dynamics

Let U Ä C be an nonempty open set and f : U Ñ U be a holomorphic function.
We define f 0

pzq “ z and, inductively,

f n
pzq “ f ˝ f n´1

pzq,

for every n ° 0. Every f n is an iterate of f . If f pzq “ z, then z is a fixed point of f . If
f n

pzq “ z for some n ° 0, then z is a periodic point and its period is the minimal positive
integer that satisfies this equation. Given a periodic point z P U of f , with period k, the
multiplier � of z is defined by

� “ p f k
q

1
pzq.

A periodic point is classified in the following manner:

• attracting, if 0 † |�| † 1;

• repelling, if |�| ° 1;

• superattracting, if |�| “ 0;

• indi↵erent, if � “ e2⇡i✓, for some ✓ P r0, 1q;

– rationally indi↵erent if ✓ P Q;

– irrationally indi↵erent if ✓ P RzQ.

A rationally indi↵erent periodic point is also called parabolic.
9
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Attracting and repelling periodic points. It is possible to show that a periodic point
z0 is attracting if, and only, if there exists an open neighborhood V of z0 such that
f pVq Ä V and, for all z P V, the sequence f n

pzq converges to z0 as n Ñ 8. We define the
basin of attractionApz0q of z0 by

Apz0q “

8§

n“0

f ´n
pVq.

The basin of attraction Apz0q consists of all the points z P U such that f n
pzq Ñ z0 as

n Ñ 8. The immediate basin of attraction A0pz0q of z0 is the connected component that
contains z0.

We say that two holomorphic functions f : U Ñ CÑ U and g : V Ñ CÑ V are
conjugated if there exists a biholomorphic map ' : U Ñ V such that ' ˝ f “ g ˝ '.

Theorem 2.1 (Attracting fixed point). Assume U is a nonempty open subset of the complex
plane. Let f : U Ñ U be a holomorphic function and z0 be a fixed point of f with multiplier
� satisfying 0 † |�| † 1. Then there exists a conformal map ' defined on a neighborhood of
z0 onto a neighborhood of 0 that conjugates f with the linear function z fiÑ �z. This map ' is
unique up to a multiplication by a nonzero constant.

Proof. See [1, p. 31]. ⇤

We may define the conjugation map for every z P Apz0q as

�pzq “
'p f ñ

pzqq

�ñ ,

where ñ is large enough so that f ñ
pzq is in the neighborhood of definition of '. A critical

point c P U satisfies f 1
pcq “ 0. It is possible to prove that the branch of the inverse

'´1 that maps 0 onto z0 can be extended until we find a critical point of f or leave the
domain of f .

A consequence of Theorem 2.1 is the existence of a conjugation between f and
z fiÑ �z in a neighborhood of a repelling fixed point z0. Since the multiplier � of z0 is
nonzero, we can apply 2.1 to the local inverse f ´1 and find a conjugation ' between
f ´1 and z fiÑ

1
�z, in a neighborhood of z0. The map '´1 will give a conjugation between

f and z fiÑ �z, in a neighborhood of z0.

Theorem 2.2 (Koenigs 1884). Let f : U Ñ U be a holomorphic function and z0 be a fixed
point of f with multiplier � satisfying |�| ‰ 0, 1. Then there exists a conformal map ' defined
on a neighborhood of z0 onto a neighborhood of 0 that conjugates f with the linear function
z fiÑ �z. This map ' is unique up to a multiplication by a nonzero constant.
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Suppose fc : U Ñ U, with c P C, is a family of functions that depends analyti-
cally on c. Let z0 be an attracting fixed point of fc0 , with multiplier �0. Let g : CˆU Ñ C

be defined by
gpc, zq “ fcpzq ´ z.

We have
gpc0, z0q “ 0 and

Bg
Bz

pc0, z0q ‰ 0.

By the implicit mapping theorem, there exist a neighborhood V of c0 and a function
⇣ : V Ñ C depending analytically on c, such that ⇣pc0q “ z0 and

gpc, ⇣pcqq “ 0,

for all c P V. Hence, for every c P V the image ⇣pcq is a fixed point under fc. The
multiplier �pcq of ⇣pcq depends analytically on c. We may restrict V, if necessary, so that
⇣pcq is attracting. For every c P V, there exists the conjugation map

'cpzq “ lim
nÑ8

f n
c pzq

�pcqn .

Since the convergence of this sequence is uniform, we get that 'c depends analytically
on c. More precisely, there exists an analytic map � : V ˆ W Ä U Ñ V ˆ C, defined by

�pc, zq “ pc,'cpzqq.

This fact holds for the repelling case as well.

2.1.1 Superattracting periodic points

Theorem 2.3 (Boettcher 1904). Let f : U Ñ U be a holomorphic function and z0 be a super-
attracting fixed point under f , satisfying f piq

pz0q “ 0 for all i “ 1, ..., d ´ 1 and f pdq
pz0q ‰ 0.

Then there exists a conformal map ' defined in a neighborhood of z0 onto a neighborhood of 0
that conjugates f with the function z fiÑ zd. This map ' is unique up to a multiplication by a
pd ´ 1qth root of unity.

Proof. See [9, p. 90]. ⇤

As in the attracting case, the idea of the proof is to define a sequence of functions
that will converge to our conjugation map. This sequence 'n is given by

'npzq “ f n
pzq

d´n
.

We can’t easily extend the conjugation map to the basin of attraction. But it is
possible to show that the inverse '´1 can be extended analytically to a maximal disk
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Dr, with 0 † r § 1 . The map '´1 also extends homeomorphically to BDr. If r † 1,
then there is a critical point of f in '´1

pBDrq and if r “ 1, then '´1 : D Ñ Apz0q is a
conformal isomorphism.

We can extend gpzq “ log |'pzq| to the whole basin of attraction, by setting, for
all z P Apz0q,

gpzq “
gp f ñ

pzqq

dñ ,

where ñ is big enough so that f ñ
pzq is in the neighborhood of definition of '. The

function g is harmonic, except for z0 and its preimages, where it has logarithmic poles.

Indi↵erent periodic points. Given a parabolic fixed point z0, there exists a conjugation
between f and the translation z fiÑ z ` 1. See [1, p. 35-41]. This conjugation is defined
in attracting and repelling ”petals”, with z0 contained in the boundary of these petals,
as represented in the image below.

z0

Figure 2.1: Representation of an attracting and a repelling petal for a parabolic fixed point z0.

The parabolic fixed point has also a basin of attraction defined by the union of
the preimages of the attracting petals.

Suppose that z0 is a fixed point of f , with multiplier

� “ e2⇡i✓, with ✓ P RzQ.

There are some values of ✓ for which there exists a conjugation between f and the
irrational rotation z fiÑ �z. According to Siegel, for ✓ Diophantine, this conjugation
exists. See [1, p. 43]. When the conjugation exists, the domain of definition of the
conjugation is called a Siegel disk.

2.2 Global theory

From now on we will work with holomorphic functions defined on the Rie-
mann sphere Ĉ “ C Y t8u. The Riemann sphere can be geometrically described by the
stereographic projection.
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8

0

P

hpPq

C

Figure 2.2: Riemann sphere and the stereographic projection h.

Since the stereographic projection yields a homemomorphism between Ĉ and
the unit sphere, it follows that Ĉ is a compact space. The Riemann sphere is a compact-
ification of the complex plane C. To define di↵erentiability at infinity, we can use the
parametrization z fiÑ 1{z that maps a neighborhood of 8 onto a neighborhood of 0.

Julia sets and Fatou sets. It is possible to show that every holomorphic map defined
in Ĉ is a rational map R “ P{Q, where P and Q are polynomials. The degree d of R is
defined as the maximum between the degrees of P and Q. Unless otherwise stated, the
degree is always assumed to be at least 2.

A family of functions F “ p f�q�P⇤, with f� : U Ñ U is normal if every sequence
of functions p fnqnPN Ñ F admits a subsequence that converges on compact sets. Using
Arzelá-Azcoli Theorem, a sequence of functions fn defined in Ĉ is normal if, and only
if, it is equicontinuous. Another result from Montel states that if a family of functions
omits the same three points of Ĉ, then it is a normal family.

Let R : Ĉ Ñ Ĉ be a rational map with degree at least 2. The Fatou set FR of R
is the largest open set in Ĉ where the sequence of iterates pRn

qnPN is normal. It follows
that the sequence of iterates is equicontinuous. Then the basin of attraction of a given
periodic point of R is contained in FR.

The Julia set JR of R is defined as ĈzFR. By definition, the Julia set is closed.

Proposition 2.1. Let R : Ĉ Ñ Ĉ be a rational map with degree at least two. Then FR and JR

are completely invariant:

RpFRq “ FR “ R´1
pFRq and RpJRq “ JR “ R´1

pJRq.

Proof. See [1, p. 56]. ⇤

Proposition 2.2. For a rational map R : Ĉ Ñ Ĉ, with degree d • 2, the Julia set JR is
nonempty.
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Proof. See [9, p. 46]. ⇤

Proposition 2.3. The Julia set of a rational map either has empty interior, or is equal to the
whole Riemann sphere. The Julia set JR is the closure of repelling periodic points of R.

Proof. For the first statement, see [9, p. 48]. For the second statement, see [1, p. 63] ⇤

Proposition 2.4. Let R be a rational map with degree at least 2. Let z P JR. Then

§

n•0

R´npzq “ JR.

Proof. See [1, p. 57]. ⇤

2.2.1 Critical points

Theorem 2.4. If z0 is an attracting periodic point of a rational function R with degree at least
2, then the immediate basin of attractionA0pz0q contains at least one critical point.

Proof. See [9, p. 59]. ⇤

Example 2.1. Consider the quadratic family fcpzq “ z2
` c. It can be shown that if

c P Dp´1, 1
4q, the disk centered at ´1, with radius 1{4, then there exists an attracting

cycle of period 2. The periodic points are given by

z1 “
´1 `

a
1 ´ 4pc ` 1q

2
e z2 “

´1 ´

a
1 ´ 4pc ` 1q

2
.

By Theorem 2.4,
lim
nÑ8

f 2n
c p0q ¨ f 2n`1

c p0q “ z1 ¨ z2 “ c ` 1.

Theorem 2.5. If z0 is a parabolic periodic point of a rational function R with degree at least 2,
then each immediate basin of attraction associated with the cycle of z0 contains a critical point.

Proof. See [1, p. 60]. ⇤

Example 2.2. The rational function given by

hpzq :“
3z2

` 1
z2 ` 3

has a parabolic fixed point at 1, with multiplier � “ 1. The function h has two critical
points at 0 and 8. The fixed point 1 has two attracting petals, each invariant by forward
iteration under h. One petal is in the direction defined by the vector ´1 and the other
in the direction defined by 1. The points inD are mapped intoD, so the critical point 0
must converge to ´1 through the left side, while 8 converges to ´1 through the right.
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0 1 hp8q “ 3

Figure 2.3: Representation of the convergence of the critical points

The postcritical set of a rational function with degree at least 2 is by definition
the closure of the set t f n

pcq : n ° 0, f 1
pcq “ 0u.

Theorem 2.6. Let R be a rational function with degree at least 2. If U is a Siegel disk, then the
postcritical set of R contains BU.

Proof. See [1, p. 82]. ⇤

Classification of periodic components. The image of any connected component of
the Fatou set FR is a connected component of FR. Let U be a connected component of
the Fatou set. We have the following possibilities:

• If RpUq “ U, then U is a fixed component of FR;

• If Rn
pUq “ U, then U is a periodic component of FR;

• If Rp
pRl

pUqq “ Rl
pUq, then U a preperiodic component of FR;

• If Rn
pUq ‰ U for all n PN, then U is a wondering domain.

Theorem 2.7 (Sullivan). A rational map with degree at least 2 has no wondering domains.

A Herman ring is a connected component of the Fatou set conformally isomor-
phic to a annulus

ApRq “ tz P C | 1 † |z| † Ru ,

such that f or some iterate of f is conjugated to a irrational rotation on ApRq. There are
no Herman rings for polynomials.

Theorem 2.8. Suppose U is a periodic connected component of FR for a rational map R. Then
either

1. U contains a attracting periodic point;

2. U is parabolic;

3. U is a Siegel disk;

4. U is a Herman ring.

Proof. See [9, p. 167]. ⇤
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Polynomials. Let f : ĈÑ Ĉ be a polynomial of degree d • 2. Using the parametriza-
tion z fiÑ 1{z it is possible to show that 8 is a superattracting fixed point of f , with local
degree d. Let Ap8q denote the basin of attraction of infinity. The set Kf “ ĈzAp8q

is called the filled-in Julia set. Note that Kf is closed by definition (it is actually a full
compact set, i.e., its complement is connected.).

Proposition 2.5. If f : ĈÑ Ĉ is a polynomial, then BKf “ J f “ BAp8q.

Proof. See [1, p. 65]. ⇤

Since 8 is a superattracting fixed point of f , there exists a map B that conjugates
f with z fiÑ zd in a neighborhood of infinity. This map B is called the Böttcher map.
As we have seen, we can extend B through Ap8q until we find a critical point of
f . If Ap8q has no finite critical points, then the extended map ĈzKf Ñ ĈzD is a
conformal isomorphism. It follows that ĈzKf is simply connected, which implies that
Kf is connected. The reciprocal is true.

Theorem 2.9 (Fatou). Let f : ĈÑ Ĉ be a polynomial. Then Kf (consequently J f ) is connected
if, and only if, all the finite critical points are in Kf . Otherwise Kf has uncountably many
connected components.

Proof. See [1, p. 66-67]. ⇤

The quadratic family. We shall study the quadratic family fcpzq “ z2
` c. We will now

use the notation Jc :“ J fc and Kc :“ Kfc . The only finite critical point of fc is 0.
We define the locus of connectednessM as the set of all the parameters c P C for

which the filled-in Julia set Kc is connected. Equivalently,

M “ tc P C | 0 P Kcu .

We callM the Mandelbrot set. The setM is a compact subset of C.



Chapter 3

Conformal metrics and subhyperbolic
maps

3.1 Conformal metrics

Definition 3.1. A Riemannian metric ds defined in a open subset of U Ñ C is given by
an expression of the form

ds2
“ g11dx2

` g12dxdy ` g22dy2,

where rgkjs is a positive definite matrix depending smoothly on z P U.

A Riemannian metric is said to be a conformal metric if g11 “ g22 and g12 “ 0.

In other words we can define a smooth map ⇢ positive and nonsingular so that
the conformal metric is given by

ds “ ⇢pzq|dz|,

where z is a local uniformizing parameter.

A conformal metric is said to be invariant under a conformal automorphism
f : U Ñ U if

⇢pwq|dw| “ ⇢pzq|dz|

whenever w “ f pzq. Equivalently,

| f 1
pzq|

⇢p f pzqq

⇢pzq
“ 1,

for every z P U.
17
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Example 3.1. Consider the open disk D. The conformal automorphisms of D are of
the form

'pzq “ ei✓ z ´ a
1 ´ az

,

where a P D. The conformal metric

ds “
2|dz|

1 ´ |z|2

is invariant under any conformal automorphism of D. This metric, with density
function

⇢Dpzq “
2

1 ´ |z|2 ,

is called the hyperbolic metric ofD.

Riemann Surfaces. A holomorphic map p : U Ñ V between two Riemann surfaces is
called a covering map if for every z P V there is an open neighborhood W of z, such that
every connected component of p´1

pWq is mapped onto W by a conformal isomorphism.
If there exists a covering map p : D Ñ U, we say that U is a hyperbolic Riemann

surface.
Let U and V be two hyperbolic Riemann surfaces, with hyperbolic metrics

⇢U|dz| and ⇢V|dz|, respectively. We say that a holomorphic function f : U Ñ V does not
increase the hyperbolic metric if

| f 1
pzq| ¨

⇢Vp f pzqq

⇢Upzq
§ 1.

The map f is a local isometry if the equality holds.

Theorem 3.1 (Schwarz-Pick). Every map f : U Ñ V between two hyperbolic Riemann
surfaces does not increase the hyperbolic metric. The map f is a local isometry if, and only if, f
is a covering map.

Example 3.2. The half planeH “ tz “ x ` iy P C | y ° 0u is conformaly isomorphic to
D by the map

 pzq “
z ´ i
z ` i

.

By Schwarz-Pick’s Theorem it is possible to show that

⇢Hpzq “
1
y
.

The map z fiÑ eiz is a covering map from H onto the punctured disk D˚ :“
D ´ t0u. Indeed, every strip of the form

tz “ x ` iy PH | 2pk ´ 1q⇡ † x † 2k⇡u
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Figure 3.1: Straight lines in the hyperbolic disk and in the hyperbolic upper half-plane.

is mapped homeomorphically ontoD˚
zR`. Using, Schwarz-Pick’s Theorem,

⇢D˚pzq “
1

|z| logp1{|z|q
.

Another hyperbolic metric that can be computed using Schwarz-Pick’s The-
orem is the hyperbolic metric of the annulus ApRq “ tz P C | 1 † |z| † Ru. The map
z fiÑ z

log R
⇡i is a covering map fromH onto ApRq. Indeed, let z “ rei✓, with ✓ P p0,⇡q. Then

ˇ̌
ˇz

log R
⇡i

ˇ̌
ˇ “ R

✓
⇡ .

We can compute the hyperbolic metric of ApRq:

⇢ApRqpzq “
⇡{ log R

sinp⇡ log |z|{ log Rq|z|
.

Example 3.3. Using the stereographic projection, we can define the spherical metric,
given by

ds “
2|dz|

1 ` |z|2 .

The set of conformal automorphisms of Ĉ is given by the Möbius transformations

'pzq “
az ` b
cz ` d

,

where a, b, c, d P C and ad ´ bc ‰ 0. The spherical metric is not invariant under every
Möbius transformation, but it is invariant under z fiÑ 1{z.

3.2 Hyperbolic and subhyperbolic maps

Definition 3.2. A rational map R : Ĉ Ñ Ĉ with degree at least 2 is hyperbolic if there
exists a conformal metric ⇢pzq|dz|, defined in a neighborhood of the Julia set JR, and
k ° 1 satisfying

|R1
pzq|

⇢p f pzqq

⇢pzq
• k,

for every z P JR.
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We also say that R is expanding on JR for some conformal metric ⇢.

Theorem 3.2. A rational map R of degree d • 2 is hyperbolic if and only if the orbit of every
critical point of R converges to an attracting cycle.

Proof. See [9, p. 206] ⇤

Example 3.4. Let fc be a function in the quadratic family that admits an attracting
periodic point other than 8. It follows that fc is hyperbolic. For every c RM, the map
fc is hyperbolic.

Definition 3.3. A conformal metric on a Riemann surface, given by ⇢pzq|dz| for a local
uniformizing parameter z, is an orbifold metric if it is smooth and nonzero except for
a locally finite set of points a1, a2, ..., where ⇢ blows up in such a way that for each ai,
there is a number ⌫i • 2 such that if we set zpwq “ ai ` w⌫i , the induced metric

⇢pzpwqq

ˇ̌
ˇ̌ dz
dw

ˇ̌
ˇ̌ ¨ |dw| “ �pwq|dw|

is smooth and nonsingular in some neighborhood of 0.

Remark. From the definition, in a neighborhood of 0, we have

⇢pzpwqq⌫i|w⌫i´1
| “ �pwq,

where w fiÑ �pwq is smooth and �p0q ° 0. Then,

⇢pzq “
�p

⌫i
?

z ´ aiq

⌫i|z ´ ai|
⌫i´1
⌫i

,

in a neighborhood of ai. Set

� :“
⌫i ´ 1
⌫i

† 1.

Definition 3.4. A rational map R : Ĉ Ñ Ĉ with degree at least two is said to be
subhyperbolic if there exist � ° 1 and an orbifold metric ⇢ defined on a neighborhood
of JR, with finitely many singularities in the Julia set, such that }R1

pzq}⇢ ° �, whenever
z P JR.

Theorem 3.3. A rational map R with degree at least 2 is subhyperbolic if, and only if, every
critical point in the Julia set is preperiodic and every critical point in the Fatou set converges to
an attracting cycle.

Proof. See [9, p. 211] ⇤
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3.2.1 Misiurewicz points

A parameter c PM is a Misiurewicz point if the orbit of 0 under fcpzq “ z2
` c is

strictly preperiodic. There are minimal integers p, l such that

f p
c pp f l

cpcqqq “ f l
cpcq.

Since 0 is a critical point, it follows that l ° 1.Misiurewicz parameters are in BM and
form a dense subset of the boundary of the Mandelbrot set. A simple example of a
Misiurewicz parameter for the quadratic family is the value c “ ´2. Indeed, the orbit
of 0 under f´2 is 0 fiÑ ´2 fiÑ 2 fiÑ 2.

Example 3.5. It follows directly from Theorems 3.2 and 3.3 that every hyperbolic ra-
tional function is subhyperbolic. The converse statement is not true. If c P BM is a
Misiurewicz point, then fc is subhyperbolic but is not hyperbolic.

Proposition 3.1. Let c0 be a Misiurewicz point in the quadratic family. Then

1. The cycle to which 0 is eventually mapped is repelling.

2. The filled-in Julia set Kc0 has no interior.

Proof. Since the orbit of the only finite critical point is preperiodic, it follows that fc0 is
subhyperbolic. For all z P Jc0 except for a finite number of points, we have

| f 1
c0

pzq|
⇢p fc0pzqq

⇢pzq
• k ° 1,

for ⇢pzq|dz| an orbifold metric. Set zn :“ f n
c0

pzq. Then

|p f n
c0

q
1
pzq|

⇢p f n
c0

pzqq

⇢pzq
“

n´1π

i“0

| f 1
c0

pziq|
⇢p fc0pziqq

⇢pziq
• kn

° 1.

Let ↵ “ f l
c0

pc0q be the first periodic point of period p in the orbit of 0. The metric ⇢pzq|dz|

is constructed in such a way that the postcritical points are the exceptional points. So
we have that ↵ is approximated by a sequence of points ↵m P Jc0 that satisfy

|p f p
c0q

1
p↵mq|

⇢p f p
c0p↵mqq

⇢p↵mq
• k ° 1. (3.1)

Using the remark above, for m su�ciently large,

|p f p
c0q

1
p↵mq|

⇢p f p
c0p↵mqq

⇢p↵mq
“ |p f p

c0q
1
p↵mq|

�
´

⌫i

b
f p
c0p↵mq ´ ↵

¯

�p
⌫i
?
↵m ´ ↵q

ˇ̌
ˇ̌
ˇ
↵m ´ ↵

f p
c0p↵mq ´ ↵

ˇ̌
ˇ̌
ˇ

�

›››Ñ
mÑ8

|p f p
c0q

1
p↵q|

1´�

(3.2)
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Combining (3.1) with (3.2) we get

|p f p
c0q

1
p↵q|

1´�
• k ° 1.

Thus ↵ is repelling.
To prove that Kc0 has no interior, we just need to show that there can’t be a

Fatou component other than Ap8q. Using the Theorem 2.8 of classification of Fatou
components, we conclude that another Fatou component either contains an attracting
periodic point, a parabolic periodic point or a Siegel disk. But there cannot be an
attracting periodic point besides 8, or a parabolic periodic point because in these
cases, from Theorems 2.4 and 2.5, we would have the orbit of 0 converging to the
periodic point. Since the eventual cycle of 0 is repelling, this cannot happen. There
cannot be a Siegel disk, since the postcritical points make a finite set. The postcritical
set does not contain the boundary of the disk (Theorem 2.6). We conclude that

Kc0 “ Jc0 .

⇤
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Transversality property

The main goal of this section is Theorem 4.3 (transversality), which is a key
property for establishing the similiarity between the Mandelbrot set and the Julia set.

Proper maps. Recall that a Riemann surface is a connected complex manifold with
dimension 1.

Definition 4.1. Let X and Y be Riemann surfaces. A nonconstant holomorphic map f : X Ñ Y
is proper if the pre-image of any compact subset of Y is a compact subset of X.

If f : X Ñ Y is proper then the pre-image of any point in Y is a finite subset of
X (otherwise f would be constant, by the Identity Theorem). The set of critical points
B “ tc P X : f 1

pcq “ 0u is locally finite. The image R “ f pBq is the set of ramification
points. Let B1

“ f ´1
pRq. It is easy to show that

f : X ´ B1
Ñ Y ´ R

is a covering map between connected manifolds with finite degree d. For this reason, f
may also be called a d-fold branched covering.

4.1 Green’s function

Let fcpzq “ z2
` c. Using Theorem 2.3, we can define the Boettcher map Bc in

a neighborhood of infinity. Let V be the maximum domain of the extension of Bc. If
c P M, then V “ ĈzKc and Bc : ĈzKc Ñ ĈzD will be a conformal isomorphism. On
the contrary, if c P CzM there exists a real number ⇢ ° 1 such that Bc : V Ñ ĈzD⇢ is a
conformal isomorphism, satisfying 0 P B´1

pBD⇢q.
23
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If z R V, let ñ be large enough so that f ñ
c pzq P V. We can define the Green’s

function Gc : CzKf Ñ R
` by

Gcpzq “ log |Bcpzq|,

if z P V and

Gcpzq “
log |Bcp f ñ

c pzqq|

2ñ ,

if z R V. The Green’s function has some properties.

1. Gc is positive harmonic;

2. Gcp fcpzqq “ 2Gcpzq;

3. Gcpzq Ñ 0 when dpz,Kcq Ñ 0.

To prove 3, suppose that c PM. (The case c P CzM is analogous). We will use the fact
that

Bcpzq “ lim
nÑ8

f n
c pzq

2´n
.

Then

Gcpzq “ lim
nÑ8

1
2n log | f n

c pzq|.

Since dpz,Kcq Ñ 0, the orbit of z is getting closer to a bounded orbit. Hence log | f n
c pzq|

will be dominated by 1{2n and Gcpzq Ñ 0.

Proposition 4.1. A point z P CzKf is critical for Gc if, and only if, f n
c pzq is critical for fc, for

some n • 0.

Proof. Suppose f n
c pzq is a critical point of fc for some n • 0. We have

Gcp f n`1
c pcqq “ 2n`1Gcpzq.

Then

G1
cpzq “

1
2n`1 G1

cp f n`1
c pzqq ¨ f 1

cp f n
c pzqq ¨ p f n

c pzqq
1

“ 0.

Conversely, suppose z is critical of Gc. Then

G1
cp f n

c pzqq “ 0,

for every n • 0. Every point of the sequence f n
pzq cannot be a critical of Gc, because

the sequence will be eventually contained in V, where Bc is a conformal isomorphism.
Hence, for some n, the point f n

c pzq must be critical for fc.

⇤
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This proposition gives us explicitly a domain V where Bc is defined, when
c P CzM. The map Bc : CzLc Ñ CzD⇢, where Lc “ tz P C | Gcpzq § Gcp0qu and ⇢ “ eGcp0q,

is a conformal isomorphism.
We want to extend Gc continuously to C. Since Gcpzq Ñ 0 as dpz,Kcq Ñ 0, we

define Gcpzq “ 0 for z P Kc.

Lemma 4.1. Let f : CÑ C be a monic polynomial of degree d given by

f pzq “ zd
` ad´1zd´1

` ¨ ¨ ¨ ` a0.

Let

R˚
p f q :“ 1 ` |ad´1| ` ¨ ¨ ¨ ` |a0|.

If z0 P C satisfies |z0| ° R˚
p f q, then the orbit of z0 under f tends to infinity.

Proof. We are going to prove that

f n
pz0q Ñ 8 if n Ñ 8.

We have

| f pz0q| “ |z0|
d

ˇ̌
ˇ̌
ˇ1 `

ad´1

z0
` ¨ ¨ ¨ `

a0

zd
0

ˇ̌
ˇ̌
ˇ

• |z0|
d

ˆ
1 ´

|ad´1|

|z0|
´ ¨ ¨ ¨ ´

|a0|

|z0|d

˙

• |z0|
d

ˆ
1 ´

|ad´1| ` ¨ ¨ ¨ ` |a0|

|z0|

˙

°
|z0|

d

R˚p f q
.

Inductively, we come to

| f n
pz0q| °

|z0|
dn

R˚p f qpn´1q¨d`1
Ñ 8 when n Ñ 8.

⇤

Proposition 4.2. Let

K :“ tpc, zq | z P Kcu .

ThenK is closed and the map pc, zq fiÑ Gcpzq is continuous.

Proof. For every c P C let R˚
pcq “ 1 ` |c| and

V1 :“ tpc, zq | R˚
pcq † |z|u .
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Define the map F : Cˆ CÑ Cˆ C by Fpc, zq “ pc, fcpzqq. We have

pCˆ Cq{K “

8§

n“0

F´n
pV1q.

In fact, suppose pc0, z0q P pCˆ Cq{K . This means z0 R Kc0 . For n big enough,

| f n
c0

pz0q| ° R˚
pc0q.

Hence
Fn

pc0, z0q “ pc0, f n
c0

pz0qq P V1.

Conversely, suppose Fn
pc0, z0q P V1 for some n ° 0. From Lemma 4.1, the orbit of f n

c0
pz0q

and, consequently, the orbit of z0 tends to infinity. Then z0 R Kc. Thus, since V1 is open
and F is continuous, thenK is closed.

Let V0 be the set
V0 :“

 
pc, zq | R˚

pcq
2

† |z|

(

and define � : V1 Ñ CˆC by �pc, zq “ pc,Bcpzqq. If pc,wq P V0, then |w| ° R˚
pcq

2. There
exists z, with |z| ° R˚

pcq such that z2
“ w. Then

|B´1
c pwq| “ |B´1

c pz2
q| “ | fcpB´1

c pzqq| ° R˚
pcq.

Hence there is V Ä V1 such that � is an isomorphism between V and V0. The map
pc, zq fiÑ Gcpzq is continuous in V1, because if pc, zq P V1, then Gcpzq ° Gcp0q. Hence the
Böttcher map Bc is well defined and depends analytically on c. The continuity holds
for each preimage F´n

pV1q as well, since

Gcpzq “
Gp f n

c pzqq

2n .

We just need to prove continuity on K . If pc, zq P K , then Gcpzq “ 0. Then we have to
prove that for every " ° 0 the set

W" :“ tpc, zq | Gcpzq † "u

is an open set. It is su�cient to prove that, for any bounded open subset ⇤ Ä C, the
intersection W"Xp⇤ˆCq is open in⇤ˆC. We can assume " † 1, since we are interested
in neighborhoods ofK . Let N ° 0 be big enough such that

2N" ° sup
cP⇤

R˚
pcq

2. (4.1)

Then
⇤ˆ CzpW" X p⇤ˆ Cqq “ p⇤ˆ Cq X Wc

",
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where Wc
" :“ tpc, zq | Gcpzq • "u .We have

p⇤ˆ Cq X Wc
" “ F´N

pp⇤ˆ Cq X Wc
2N"q.

Indeed, if pc, zq P p⇤ˆ Cq X Wc
", then

Gcp f N
c pzqq “ 2NGcpzq • 2N".

Let
pc, zq P p⇤ˆ Cq X Wc

2N".

Since Gcpzq • 2N" ° R˚
pcq

2, we have |Bcpzq| • 2N". Hence

F´N
pp⇤ˆ Cq X Wc

2N"q Ä F´N
p�´1

p

 
pc, zq | 2N" § |z|

(
qq.

On the other hand if pc, zq satisfies | f N
c pBcpzqq| • 2N", then

Gcp f N
c pzqq “ 2NGcpzq • 2N".

We conclude that

⇤ˆ CzpW" X p⇤ˆ Cqq “ F´N
p�´1

p

 
pc, zq | 2N" § |z|

(
qq,

which is a closed set.
⇤

The Böttcher map Bc is well defined for every z such that Gcpzq ° Gcp0q. Then
for every c P CzM, set

 pcq “ Bcpcq.

The map is well defined, since Gcpcq “ 2Gcp0q ° Gcp0q.

Theorem 4.1. The map : ĈzMÑ ĈzD is a conformal isomorphism.

Proof.  is holomorphic because

L “ tpc, zq | z P Lcu “ tpc, zq | Gcpzq § Gcp0qu

is closed and the map pc, zq fiÑ Bcpzq is holomorphic in C2
zL.

We have that

f n
c pcq “ p f n´1

c pcq
2
q

˜

1 `
c

p f n´1
c pcqq2

¸

“ p f n´2
c pcqq

22

˜

1 `
c

p f n´2
c pcqq2

¸2 ˜

1 `
c

p f n´1
c pcqq2

¸

.
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Continuing the argument inductively, we get

f n
c pcq “ c2n

¨

´
1 `

c
c2

¯2n´1

¨ ... ¨

˜

1 `
c

p f n´1
c pcqq2

¸

.

Recall that
Bcpcq “ lim

nÑ8
f n
c pcq

2´n
.

Then
 pcq

c
“

8π

n“0

ˆ
1 `

c
p f n

c pcqq2

˙2´n´1

. (4.2)

For |c| • 4 the sequence of iterates of the critical point tends uniformly to infinity. So
the infinite product converges uniformly. Moreover, each factor of the product tends
to 1 as c goes to infinity. Hence, we have pcq{c Ñ 1, if c Ñ 8 and has a simple pole
at 8. Thus, we can extend to ĈzM by setting p8q “ 8.

This extension is proper, since c Ñ c0 P BM implies Gcpcq Ñ Gc0pc0q “ 0, which
gives us Ñ BD. The proper map has a degree. Since ´1

p8q “ 8 with multiplicity
1, the degree of is 1 and we have the desired result. ⇤

Corollary 4.2. The Mandelbrot setM is connected.

4.2 External rays

Recall that for c P M , the filled-in Julia set Kc is connected and the Böttcher
map Bc : CzKc Ñ CzD is a conformal isomorphism. For ✓ P r0, 1q, the external ray
RpKc,✓q of Kc with argument ✓ is defined by

RpKc,✓q “ B´1
c ptR ¨ e2⇡i✓

uR°1q.

We say that RpKc,✓q lands at a P Kc if the limit below exists

lim
RÑ1`

B´1
c pR ¨ e2⇡i✓

q “ a.

In this case we also say that a has an external argument ✓.
Using the fact that Bc conjugates fc with z fiÑ z2, if z P RpKc,✓q, we have

fcpzq P RpKc, 2✓q.
Let c0 be a Misiurewicz point. Let l, p be the minimal integers that satisfy

f p
c0pp f l

c0
pc0qqq “ f l

c0
pc0q.

We already know, from Proposition 3.1, that the periodic point f l
c0

pc0q is repelling. As
we did before, define an implicit function ↵0 : W Ñ C, from a neighborhood W of c0
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into a neighborhood of the periodic point in such a way that for all c P W, the image
↵0pcq is a repelling periodic point of period p and

↵0pc0q “ f l
c0

pc0q.

Theorem 4.3 (Transversality). The function c fiÑ f l
cpcq ´ ↵0pcq has a simple root at c0.

Proof. From Proposition 3.1, we have Kc0 “ Jc0 , which is connected. The Boettcher map
Bc is defined at every point z P CzKc. Then, every point in Kc0 has an external argument.
Let ✓ be an external argument of c0 and let � ” 2l✓ mod 1. The ray RpKc0 ,�q lands at
↵0pc0q. Indeed

lim
RÑ1`

B´1
c0

pR ¨ e2⇡i�
q “ lim

RÑ1`
f l
c0

pB´1
c0

pR ¨ e2⇡i✓
qq “ ↵0pc0q.

Consider the rays RpKc,�q for c P W. Close to ↵0pcq, we can use the inverse
mapping theorem to define a local inverse f ´p

c in a neighborhood of ↵0pcq. Then

lim
RÑ1`

f ´p
c ˝ B´1

c pR ¨ e2⇡i�
q “ lim

RÑ1`
B´1

c pR ¨ e2⇡i�{2p
q “ lim

RÑ1`
B´1

c pR ¨ e2⇡i�
q. (4.3)

On the other hand, let 'c be the Koenigs linearization map defined in a neighborhood
of ↵0pcq, conjugating f p

c with z fiÑ �pcqz. We have

lim
RÑ1`

f ´p
c ˝ B´1

c pR ¨ e2⇡i�
q “ '´1

c

ˆ
1
�pcq

¨ 'c

ˆ
lim

RÑ1`
B´1

c pR ¨ e2⇡i�
q

˙˙
. (4.4)

From (4.3) and (4.4), the ray RpKc,�q lands at a point that fixes the composition z fiÑ

'´1
c p

1
�pcq'cpzqq. Then it must be ↵0pcq.

For t • 0, let ↵tpcq to be the point in RpKc,�q that satisfies

Gcp↵tpcqq “ t.

Then
Bcp↵tpcqq “ et

¨ e2⇡i�. (4.5)

The map pc, tq fiÑ ↵tpcq depends continuously on t and c and depends analytically on c,
for each fixed t. The equality (4.5) and the fact that the rays RpKc,�q land at ↵0pcq also
gives us that ↵tpcq tends to ↵0pcq as t Ñ 0.

We cannot have ↵0pcq ´ f l
cpcq “ 0 for every c P W, or we would have f l`p

c ” f l
c .

For c close to c0, there is k • 1 and ak ‰ 0 such that

↵0pcq ´ f l
cpcq “ akpc ´ c0q

k
` Op|c ´ c0|

k`1
q.

For small values of t, the equation

↵tpcq ´ f l
cpcq “ 0 (4.6)
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has k solutions c1ptq, ..., ckptq, counting with multiplicity and these solutions depend
continuously on t. They also tend to c0 as t Ñ 0. In particular, by definition
of ↵tpcq, it follows that f l

ciptqpciptqq P RpKciptq,�q. Since p f l
c0

q
1
pc0q ‰ 0, we can as-

sume that p f l
ciptqq

1
pciptqq ‰ 0 and apply the appropriate branch of f ´l

ciptq, so that we get
ciptq P RpKciptq,✓q.

We have
Bciptqp f l

ciptqpciptqqq “ Bciptqp↵tpciptqqq “ et
¨ e2⇡i�.

Since ciptq P RpKciptq,✓q, we can apply the appropriate branch of the 2lth root to get

 pciptqq “ Bciptqpciptqq “ et{2l
¨ e2⇡i✓.

Since  is one-to-one, the solutions ciptq coincide. Call the common value cptq. Then
for c close to cptq

↵tpcq ´ f l
cpcq “ Op|c ´ cptq|

k
q.

For values of z close to ↵tpcq, we have

Bcpzq “ et
¨ e2⇡i�

` Op|z ´ ↵tpcq|q.

Thus

 pcq
2l

“ Bcp f l
cpcqq

“ et
¨ e2⇡i�

` Op| f l
cpcq ´ ↵tpcq|q

“ et
¨ e2⇡i�

` Op|c ´ cptq|
k
q.

Then is a conformal isomorphism. Hence the map pcq
2l has non-zero derivative at

c “ cptq. We conclude that k “ 1 and we have the desired result.
⇤
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Similarity at Misiurewicz points

5.1 Hausdor↵- Chabauty distance and similarity

Definition 5.1 (Hausdor↵ distance). Let A and B be two compact subsets of C. The
semi-distance from A to B is given by

�pA,Bq “ sup
xPA

dpx,Bq.

and the Hausdor↵ distance between A and B is defined as

dpA,Bq “ supp�pA,Bq, �pB,Aqq.

The Hausdor↵ distance is an useful tool to compare compact subsets of C. But,
for what we are aiming for, we need to be able to compare two closed subsets of C.

Let A be a closed subset of C and r ° 0. We define the compact subset

Ar :“
´

A XDr

¯
Y BDr.

The disc Dr centered in 0, with radius r, works as a window, through which we will
compare sets around 0. If we want to compare a set A around any given point a P A we
use a translation ⌧´a : z Ñ z ´ a and analyse the compact set p⌧´a Aqr.

Definition 5.2 (Hausdor↵-Chabauty distance). Let A,B be two closed subsets ofC and
r ° 0. We define the Hausdor↵-Chabauty distance between A and B to be

drpA,Bq “ dpAr,Brq

where d is the Hausdor↵ distance.

31
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Lemma 5.1. Let A, B be two closed subsets of C and fix r ° 0. We have

dpa,Brq § dpa,Bq § dpa,B XDrq, for every a P A XDr (5.1)

and
�pAr,Brq § sup

aPAXDr

dpa,Bq § dpA XDr,B XDrq (5.2)

.

Proof. The geometric idea for (5.1) is pretty simple. We can see on the figure below an
example where the inequalities hold in a strict fashion.

a BDr

Figure 5.1: Example of restrict inequalities.

Let a P A XDr. We have

dpa,Brq “ inf
xPBr

dpa, xq.

We know that Br “

´
B XDr

¯
Y BDr. As a P Dr, it follows that dpa, BDrq § dpa,BzDrq.

Thus,
inf
xPBr

dpa, xq § inf
xPpBXDrqYpBzDrq

dpa, xq “ dpa,Bq.

For the second inequality, note that B XDr Ñ B. Then,

dpa,Bq § dpa,B XDrq.

The inequalities in (5.2) are solved by first noting that dpx,Brq “ 0, for every x P BDr.
Hence

�pAr,Brq “ sup
aPAr

dpa,Brq

“ sup
aPAXDr

dpa,Brq

§ sup
aPAXDr

dpa,Bq.

For (5.2), we just use (5.1):

sup
aPAXDr

dpa,Bq § sup
aPAXDr

dpa,B XDrq “ �pA XDr,B XDrq.
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Since
dpA XDr,B XDrq “ max

!
�pA XDr,B XDrq, �pB XDr,A XDrq

)
,

we have the desired result.
⇤

For the Definitions 5.3 and 5.4, assume % “ |%|ei✓, with |%| ° 1 and 0 § ✓ † 2⇡.

Definition 5.3. A closed subset B Ñ C is %-self-similar about 0 if there exists r ° 0 such
that

p%Bqr “ Br.

We also say that B is self-similar about 0 with scale %.

Definition 5.4. A closed subset A Ñ C is asymptotically %-self-similar about a point x P A
if there is r ° 0 and a closed set B such that

p%n⌧´x Aqr Ñ Br while n Ñ 8

for the Hausdor↵ distance. The set B is called the limit model of A at x.

Definition 5.5. Two closed sets A,B Ñ C are asymptotically similar about 0 if there is
r ° 0 such that

lim
tPC, tÑ8

drptA, tBq “ 0.

Proposition 5.1. Let A Ñ C be a closed set asymptotically %-self-similar about x P A with
limit model B Ñ C. Then B is %-self-similar.

Proof. We know that for some r ° 0
´
%n⌧´x A XDr

¯
Y BDr Ñ

´
B XDr

¯
Y BDr while n Ñ 8.

By intersecting both sides of the limit withDs, with 0 † s § r, we get

%n⌧´x A XDs Ñ B XDs while n Ñ 8

Since |%| ° 1

p%Bqr “

´
%B XDr

¯
Y BDr

“ %
´´

B XDr{|%|
¯

Y BDr{|%|
¯

“ %
´

lim
nÑ8

r

´
%n⌧´x A XDr{|⇢|

¯
Y BDr{|⇢|s

¯

“ lim
nÑ8

”´
%n`1⌧´x A XDr

¯
Y BDr

ı

“ Br.

⇤
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Example 5.1. The disk Dr is self-similar, for every 0 † s § r . A line is self-similar, for
every r ° 0 and a segment is self-similar, for 0 † r § l{2, where l is the length of the
segment.

Example 5.2. A regular curve is asymptotically similar to its tangent line about any
given point.

Example 5.3. The spiral Sp�q “

 
e�x

| x P R
(

is e�-self-similar about 0 if |e�| ° 1, for
every r ° 0. Indeed, this fact comes directly from the properties of the exponential.
If z P e�Sp�q, then z “ e� ¨ e�x, for some x P R, which implies that z “ e�px`1q

P Sp�q.
Reciprocally, if z P Sp�q, then z “ e�x, for some x P R. Then z “ e� ¨ e�px´1q

P e�Sp�q.
Note that the argument for the self-similarity of Sp�q is independent of the disk used.

Example 5.4. The Cantor set C is self-similar about any rational point. There is a bijec-
tion � : CÑ ⌃ between C and the space of sequences ⌃ :“ tpsiqiPN | si P t0, 2u, @i PNu,
where � is known as the itinerary map. Also, a point x P C is rational if and only if
the itinerary of x is eventually periodic, i.e if �pxq “ pt1, t2, ...q there is l and k such that
tn “ tn`k for every n • l. The number k is minimal and is called the eventual period of
x.

Proposition 5.2. The Cantor set C is 3p-self-similar about x P C if and only if x is rational and
the eventual period of x divides p.

Proof. Let x P C be a rational number, let l, k P N be as in the example and let ptiqiPN be
the itinerary of x, such that the eventual period k divides p. We can recover x from its
itinerary by the ternary expansion

x “

8ÿ

i“1

ti

3i .

Now let r ° 0 be small enough such that for every point y P C X rx ´ r, x ` rs, the
itinerary of y is equal to the itinerary of x in the first l entries. If w P p⌧´xCqr, then
w “ y ´ x, where y P CX rx ´ r, x ` rs, with �pyq “ psiqiPN. Hence,

w “

8ÿ

i“l`1

si ´ ti

3i “ 3p

˜ 8ÿ

i“l`1

si ´ ti

3i`p

¸

.

But then, as x is rational and its eventual period divides p, it follows that w “ 3p
pa ´ xq,

where a P CX rx ´ r, x ` rs has the first l ` p entries of its itinerary equal to x. We have
w P 3p

p⌧´xCqr. On the other hand, if z P 3p
p⌧´xCqr, then

z “

8ÿ

i“1

si ´ ti

3i´p .
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We can make r small enough so that the first p entries of psiqiPN are equal to the first p
entries of the sequence of x. Thus, we have z P p⌧´xCqr.

Reciprocally, suppose the eventual period of x, if it exists, doesn’t divide p and
let r ° 0 and �pxq “ ptiqiPN. Let ak P C be a point, with itinerary

�pakq “ pt1, ..., tk´1, sk, tk`1, ..., tk`p´1, sk`p, tk`p`1, ...q,

where sj ‰ tj for j “ k, k ` p. We can take k big enough such that ak P rx ´ r, x ` rs and
tk ‰ tk`p since p isn’t an eventual period of x. Let w :“ ak ´ x. It follows that w P p⌧´xCqr

and
w “

sk ´ tk

3k `
sk`p ´ tk`p

3k`p .

This leaves us with two cases: if tk “ 0, then

w “
2
3k ´

2
3k`p “ 3p

ˆ
2

3k`p ´
2

3k`2p

˙
.

But if w P 3p
p⌧´xCqr, then tk`p “ 0, which is a contradiction because we assumed

tk ‰ tk`p. A similar analysis will give us a contradiction for the case tk “ 2.
⇤

Proposition 5.3. Let A,B Ñ C be closed sets and suppose there are r ° 0 and % P C, with
|%| ° 1 such that

lim
nÑ8

drp%nA, %nBq “ 0.

Then
lim

tÑ8,tPC
drptA, tBq “ 0.

In other words A and B are asymptotically similar about 0.

Proof. Let " ° 0. There is n0 PN such that for every n • n0

�pp%nAqr, p%nBqrqq †
"

|%|
. (5.3)

For any t P C such that |t| ° |%|
n0 , there is n • n0 that satisfies |%|

n
§ |t| † |%|

n`1. If
x P ptAq XDr, we have

x “ ta “
t
%n ¨ %na, for some a P A.

Then
|%na| “ |x| ¨

|%|
n

|t|
.

Since x P Dr and |t| • |%|
n, we have |%na| § r. Hence, %na P %nA XDr. From (5.3), we get

dp%na, %nBq †
"

|%|
(5.4)
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Also,
t
%n p%nBqr “

ˆ
t
%n%

nB XDr¨|t{%n|

˙
Y BDr¨|t{%n| (5.5)

Since |t| • |%|
n,

Dr XDr¨|t{%n| “ Dr

and

Dr X BDr¨|t{%n| “ H or Dr X BDr¨|t{%n| “ BDr.

(5.6)

Hence, using (5.5) and (5.6)

t
%n p%nBqr XDr “

ˆ
t
%n%

nB
˙

XDr

or
t
%n p%nBqrXDr “

ˆ
t
%n%

nB
˙

r
.

We have (in any case) ˆ
t
%n p%nBqr

˙

r
“

ˆ
t
%n%

nB
˙

r
. (5.7)

Now, we may prove that given x “ ta P ptAq XDr, for |t| ° |%|
n0 , we have

dpx, ptBqrq † ".

We begin by noting that (5.7) implies

dpx, ptBqrq “ d
ˆ

t
%n ¨ %na,

ˆ
t
%n%

nB
˙

r

˙
“ d

ˆ
t
%n ¨ %na,

ˆ
t
%n p%nBqr

˙

r

˙
.

From Lemma 5.1:

d
ˆ

t
%n ¨ %na,

ˆ
t
%n p%nBqr

˙

r

˙
§ d

ˆ
t
%n ¨ %na,

t
%n p%nBqr

˙
.

It follows that

dpx, ptBqrq “ d
ˆ

t
%n ¨ %na,

ˆ
t
%n p%nBqr

˙

r

˙

§ d
ˆ

t
%n ¨ %na,

t
%n p%nBqr

˙

“
|t|

|%|n ¨ dp%na, p%nBqrq.

Using (5.4) and since |t| † |%|
n`1, we get

dpx, ptBqrq †
|t|

|%|n`1 ¨ " † "
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By Lemma 5.1:
�pptAqr, ptBqrq § sup

xPptAqXDr

dpx, ptBqrq † ".

This proves that

�pptAqr, ptBqrq Ñ 0 while t Ñ 8.

The proof of this fact for �pptBqr, ptAqrq is analogous. Thus, we have the desired result.
⇤

Corollary 5.1. Let A Ñ C be a asymptotically self-similar set with limit model B Ñ C. Then
A is asymptotically similar to B.

Proof. We know, from Proposition 5.1, that B is %-self-similar. Let r ° 0 such that

p%Bqr “ Br.

It follows that
p%nBqr “ Br. (5.8)

Indeed,

p%nBqr “ %n´1
p%Bqr{|%|n´1

“ %n´1Br{|%|n´1

“ p%n´1Bqr.

Continuing this argument inductively, we get (5.8). Since B is the limit model of A,

lim
nÑ8

drp%nA, %nBq “ lim
nÑ8

drp%nA,Bq “ 0.

By Proposition 5.3 we have the desired result.
⇤

Proposition 5.4. Let U,V Ñ R
2 be neighborhoods of x, y P R

2, respectively, and let f : U Ñ V
be a C1-di↵eomorphism such that f pxq “ y. If A Ñ U is a closed set that contains x, there is
r ° 0 such that

lim
tPC, tÑ8

drptp⌧´y f pAqq, tD f pxqp⌧´x Aqq “ 0.

Proof. Fix r ° 0. Since f is di↵erentiable at x, for all " ° 0 there exists � ° 0 such that if
0 † kx ´ hk † �, then

k f pxq ´ f phq ´ D f pxq px ´ hqk

kx ´ hk
“
ky ´ f phq ´ D f pxqpx ´ hqk

kx ´ hk
† ".
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Let a P tD f pxqp⌧´x Aq XDr. There is h P A such that a “ tD f pxqph ´ xq. First, note that,
for a fixed t P C,

dptD f pxqph ´ xq, tp⌧´y f pAqqq § |t| ¨

��� f phq ´ y ´ D f pxqph ´ xq

��� .

Indeed, we have

dptD f pxqph ´ xq, t⌧´y f pAqq “ inf
⇣P f pAq

dptD f pxqph ´ xq, tp⇣´ yqq

§ dptD f pxqph ´ xq, tp f phq ´ yqq

“ |t| ¨

��� f phq ´ y ´ D f pxqph ´ xq

��� .

Since f is a C1-di↵eomorphism, it follows that

h ´ x “ D f pxq
´1

´a
t

¯
.

Then
kx ´ hk §

���D f pxq
´1
��� kak

|t|
§

���D f pxq
´1
��� r

|t|
. (5.9)

The last inequality in p5.9q is due to the fact that a P Dr. Let c :“
���D f pxq

´1
��� ¨ r. If

|t| ° c{�, then for any

a “ tD f pxqph ´ xq P tD f pxqp⌧´x Aq XDr,

equation (5.9) gives us
kx ´ hk §

c
|t|

† �.

Hence,

dptD f pxqph ´ xq, tp⌧´y f pAqqq § |t| ¨

��� f phq ´ y ´ D f pxqph ´ xq

���

§ c ¨

���y ´ f phq ´ D f pxqpx ´ hq

���
kx ´ hk

† c ¨ ".

(5.10)

From lemma 5.1,

�pptD f pxq⌧´x Aqr, ptp⌧´y f pAqqqrq § sup
aPtD f pxqp⌧´x AqXDr

dpa, tp⌧´y f pAqqq † c ¨ ".

We need to prove that

�pptp⌧´y f pAqqqr, ptD f pxq⌧´x Aqrq Ñ 0 while t Ñ 8.

Let a P tp⌧´y f pAqqXDr. Then a “ tp f phq´yq for some h P A. As f is a C1-di↵eomorphism,
we have

h “ f ´1
´a

t
` y

¯
.
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By the mean value inequality

kx ´ hk “

���� f ´1
pyq ´ f ´1

´a
t

` y
¯����

§ sup
zPrx,hs

���D f pzq
´1
��� kak

|t|

§ sup
zPrx,hs

���D f pzq
´1
��� r

|t|
.

Define C :“ supzPrx,hs
���D f pzq

´1
��� ¨ r. If |t| ° C{�, then kx ´ hk † �. Following the same

steps as in (5.10), we have the desired result.

⇤

Remark. This result can be adapted to the context of a regular curve in order to prove
the statement in the Example 5.2.

Proposition 5.5. Let f be as in Proposition 5.4 and A a closed set such that f pAq is asymp-
totically %-self-similar about y, with limit model B. If D f pxq is C-linear, then A is also
asymptotically %-self-similar about x, with limit model D f pxq

´1B. In other words, there is
r1

° 0 such that

lim
nÑ8

dr1
`
%n⌧´x A,D f pxq

´1B
˘

“ 0.

Proof. We already know that D f pxq A and f pAq are similar. That is, for some r ° 0

lim
nÑ8

drp%nD f pxqp⌧´x Aq, %n⌧´y f pAqq “ 0.

Note that the definition of similarity between sets states that t tends to infinity in any
direction. Particularly, we can choose the sequence p%n

qnPN that tends to infinity as
n Ñ 8. Since f pAq is asymptotically %-self-similar about y, we have

lim
nÑ8

drp%n⌧´y f pAq,Bq “ 0.

Then,

lim
nÑ8

drp%nD f pxqp⌧´x Aq,Bq § lim
nÑ8

“
drp%n⌧´y f pAq,Bq ` drp%nD f pxqp⌧´x Aq, %n⌧´y f pAqq

‰
“ 0

Hence, D f pxqp⌧´x Aq is also asymptotically %-self-similar.

Since D f pxq is C-linear, it follows that

%nD f pxqp⌧´x Aq “ D f pxqp%n⌧´x Aq.
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Now, let r1
° 0 be small enough such that D f pxqDr1 Ä Dr. We have

´
D f pxq

´1B XDr1

¯
Y BDr1 “ D f pxq

´1
”´

B X D f pxqDr1

¯
Y D f pxqBDr1

ı

“ D f pxq
´1

”´
Br X D f pxqDr1

¯
Y D f pxqBDr1

ı

“ D f pxq
´1

”´
lim
nÑ8

p%nD f pxqp⌧´xAqqr X D f pxqDr1

¯
Y D f pxqBDr1

ı

“ D f pxq
´1

”´
lim
nÑ8

D f pxqp%n⌧´x Aq X D f pxqDr1

¯
Y D f pxqBDr1

ı

“ lim
nÑ8

´
%n⌧´x A XDr1

¯
Y BDr1 .

⇤

Proposition 5.6. Let X Ñ C be a %-self-similar set about 0. Define Y to be

Y :“
 

z P C | zd
P X

(
.

Then the set Y is also %-self-similar about 0. In fact this result holds for every scale ⇢ such that
⇢d

“ %.

Proof. Fix r ° 0 such that p%Xqrd “ Xrd . Particularly,

%X XDrd “ X XDrd .

Indeed this equality isn’t necessarily true for the closed disk, because in the definition
of self-similarity we include a union with the boundary of the disk. But, when we are
dealing with just the open disk, this equality holds. Note, from the definition of Y, that

Y XDr “

 
z P C | zd

P X XDrd

(
.

Now, let z P ⇢Y XDr, where ⇢d
“ %. Then, z “ ⇢y, where y P Y XDr{|⇢|. This implies

that yd
P X XDrd{|⇢d|. But then, since X is %-self-similar, it follows that

%yd
P %X XDrd “ X XDrd .

Hence,
%yd

“ p⇢yq
d

P X XDrd ñ z “ ⇢y P Y XDr.

Thus, the set ⇢Y XDr Ñ Y XDr.
On the other hand, let y P Y XDr. Well there is z P C such that y “ ⇢ z. Which

implies that
% zd

“ p⇢ zq
d

P X XDrd “ %X XDrd .

But then,
% zd

P %X XDrd ñ zd
P X XDrd{|⇢d|.

It follows that z P Y XDr{|⇢|. Thus,

y “ ⇢z P ⇢Y XDr

and then, the set ⇢Y XDr “ Y XDr. We conclude that p⇢Yqr “ Yr.
⇤
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5.2 Self-similarity at points of the Julia set

Before tackling the asymptotic self-similarity of the Julia set at a Misiurewicz
point, we must prove the following lemma:

Lemma 5.2. Let U,V Ñ C be neighborhoods of x, y P C respectively and let g : U Ñ V a
holomorphic function such that gpxq “ y and g1

pxq “ g”pxq “ ... “ gpd´1q
pxq “ 0, with

gpdq
pxq ‰ 0. Suppose there exists a neighborhood Vy of y, a real number s ° 0 and a conformal

isomorphism 'y : Vy Ñ Dsd , with 'ypyq “ 0. Then there exists a neighborhood Ux of x and a
conformal isomorphism 'x : Ux Ñ Ds satisfying

'y ˝ g ˝ '´1
x pzq “ zd.

Proof. Since g has local degree d, let Ux “ Dpx, rq be the disk centered at x, with radius
r ° 0 small enough, such that gpUxq Ñ Vy and where the expansion in power series of
h :“ 'y ˝ g is defined:

hpzq “ apz ´ xq
d

` bpz ´ xq
d`1

` ...

We can also make Ux small enough, so that we have g1
pzq ‰ 0 for all z P Ux ´ txu. Then,

the map h : Ux ´ txu Ñ Dsd ´ t0u is a covering map with d branches. Indeed, let z0 P Ux.
It follows that

z0 ´ x “ ⇢ ¨ ei✓, with 0 † ⇢ † r.

Then, the image hpz0q has exactly d pre-images zk P Ux such that

zk ´ x “ ⇢ ¨ ei✓k , where ✓k “
✓ ¨ d ` 2⇡ ¨ k

d

for k “ 0, .., d ´ 1. Since, for every zk, we have g1
pzkq ‰ 0, the inverse mapping theorem

gives us that there exists neighborhoods Ũk and Ṽk of zk and hpzkq, respectively, such that
h : Ũk Ñ Ṽk is a biholomorphism. Analogously, the function p : Ds ´ t0u Ñ Dsd ´ t0u,
given by ppzq “ zd is a covering map, with d branches.

Let ⇡1pDsd ´ t0uq – Z be the fundamental group ofDsd ´ t0u. Since h and p are
covering maps, with d branches, it follows that

h˚p⇡1pUx ´ txuqq – dZ – p˚p⇡1pDs ´ t0uqq,

where h˚ and p˚ are the group homomorphisms induced by h and p, respectively. This
isomorphism between groups holds, because the index of the subgroup defined by
the image of a homomorphism induced by a covering map is equal to the number of
branches.
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Hence, by the lifting theorem, there exists a conformal isomorphism
'x : Ux ´ txu Ñ Ds ´ t0u, satisfying

p “ h ˝ '´1
x .

Since
lim
zÑx

'xpzq “ 0,

we can extend 'x analytically to x, by declaring 'xpxq “ 0.
⇤

Theorem 5.2. Let f : Ĉ Ñ Ĉ be a rational map and A Ñ C be a closed subset, completely in-
variant under f . If x P A is an eventually repelling periodic point for f , then A is asymptotically
%-self-similar about x, where % is the multiplier of the eventual cycle of x.

Moreover, there exist a conformal mapping � defined in a closed neighborhood U of x
such that the limit model of A is the set

B :“
1

�1pxq
�pA X Uq.

Furthermore, if x is periodic, then � can be chosen to satisfy �1
pxq “ 1. And if x is

eventually periodic satisfying

f p
p f l

pxqq “ f l
pxq with p f l

q
1
pxq ‰ 0,

then A is asymptotically %-self-similar about f l
pxq, with the same limit model as x up to

multiplication by p f l
q

1
pxq.

Proof. By definition, since A is completely invariant under f ,

f pAq “ A “ f ´1
pAq.

It follows that, for every subset U Ñ C,

f pA X Uq “ A X f pUq and f ´1
pA X f pUqq X U “ A X U. (5.11)

Indeed,
f pA X Uq Ñ f pAq X f pUq “ A X f pUq.

On the other hand, if y P A X f pUq, then y “ f pxq P A, where x P U. But, since A is
completely invariant, we have x P A. Hence, the image y P f pA X Uq. Thus,

f pA X Uq “ A X f pUq.

For the second equality in (5.11), since U Ñ f ´1
p f pUqq,

f ´1
pA X f pUqq X U “ f ´1

pAq X f ´1
p f pUqq X U “ A X U.
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Now, let x P A be an eventually repelling periodic point for f and let l, p be the
minimal integers such that

f p
p f l

pxqq “ f l
pxq.

Then, the periodic point y :“ f l
pxq is repelling. Which means that % :“ p f p

q
1
pyq satisfies

|%| ° 1. By König’s theorem, there are neighborhoods V and V0 of y and 0 respectively
and a conformal mapping ' : V Ñ V0 that satisfies

' ˝ f p
pzq “ % 'pzq,

for every z P V. Moreover, we have 'pyq “ 0 and '1
pyq “ 1.

Let r ° 0 be small enough such thatDr Ñ V0. Set

U :“ '´1
pDr{|%|q

Since f p is continuous and ' is conformal,

f p
pUq Ñ f ppUq and '´1

pDrq “ '´1pDrq.

Also, we have
f p

p'´1
pzqq “ '´1

p% zq,

for every z P V0. Then,

f p
pUq Ñ f ppUq “ f pp'´1pDr{|%|qq

“ '´1p%Dr{|%|q

“ '´1pDrq

“ '´1
pDrq.

(5.12)

Since Dr Ñ V0, it follows that f p
pUq Ñ V. By the definition of U and the fact that

f p
pUq “ '´1

pDrq, we have U Ñ f p
pUq. Hence, from (5.11),

f p
pA X Uq X U “ A X f p

pUq X U “ A X U.

It follows that
'p f p

pA X Uq X Uq “ 'pA X Uq “ 'pA X U X Uq.

Since ' is bijective, it preserves intersection:

'p f p
pA X Uqq X 'pUq “ 'pA X Uq X 'pUq.

The conjugation implies

% 'pA X Uq XDr{|%| “ 'pA X Uq XDr{|%|.
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Thus, the set 'pA X Uq is %-self-similar about 0. In particular it is asymptotically %-
self-similar about 0, with limit model equals to itself. We can apply Proposition 5.5
to ' : V Ñ V0 and conclude that A is asymptotically %-self-similar about y, with limit
model

1
'1pyq

'pA X Uq “ 'pA X Uq.

This already proves that if x is periodic, then A is asymptotically %-self-similar about x.
Now, we need to prove it for the case x strictly eventually periodic.

First assume that p f l
q

1
pxq ‰ 0. By the inverse mapping theorem, there are

Wx and Wy neighborhoods of x and y respectively, such that f l : Wx Ñ Wy is a
biholomorphism. We can make Wx small enough such that Wy Ñ U. Then, since f l is a
biholomorphism,

f l
pA X Wxq “ A X Wy.

Since A is already asymptotically %-self-similar about y,we can apply proposition 5.5
again for f l to conclude that A is asymptotically %-self-similar about x, with limit model

1
p f lq1pxq

'pA X Uq.

Note the limit model is the same up to multiplication by p f l
q

1
pxq. Actually, by choosing

r1
° 0 such that

Dr1 Ñ ' ˝ f l
pWxq,

we can follow an analogous argument as above to prove

1
p f lq1pxq

' ˝ f l
pA X Wxq

is also a limit model.
Finally, we will see now the case p f l

q
1
pxq “ 0. Let d be an integer such that

p f l
q

piq
pxq “ 0, for i “ 1, ..., d ´ 1 and p f l

q
pdq

pxq ‰ 0. From Lemma 5.2, there exist s ° 0,
neighborhoods Vy Ñ V and Wx of y and x respectively, and 'x : Ux Ñ Ds a conformal
mapping, such that

' ˝ f l
˝ '´1

x “ zd, (5.13)

for every z P Ds. Let s1
† s and call K :“ '´1

x pDs1q. Also set

X :“ ' ˝ f l
pA X Kq and Y :“

 
z P C | zd

P X
(
.

The set X is %-self-similar about 0, because of Proposition 5.5 and the fact that

'´1
pXq “ A X f l

pKq,



5.2. Self-similarity at points of the Julia set 45

which we know is %-self-similar about y. Then, from Proposition 5.6, the set Y is also
%-self-similar about 0. From (5.13), we have

X “ p'xpA X Kqq
d.

Then Y “ 'xpA X Kq. Applying proposition 5.5 again, we have

lim
nÑ8

dr1

ˆ
%n

p⌧´x Aq,
1

'1
xpxq

'xpA X Kq

˙
“ 0,

for some r1
° 0.

⇤

Corollary 5.3. Let c be a Misiurewicz point of the family fcpzq “ z2
` c and let l, p be the

minimal integers such that
f p
c p f l

cpcqq “ f l
cpcq.

Define
↵ :“ f l

cpcq and % :“
`

f p
c

˘1
p↵q.

Then, the Julia set Jc is asymptotically %-self-similar about c and is asymptotically %-self-similar
about ↵, with the same limit model as c up to multiplication by p f l

cq
1
pcq.

Proof. The Julia set is closed by definition and, from 2.1, is completely invariant. Also,
from proposition 3.1, the eventual cycle of 0 is repelling. Then, the Julia set Jc is
asymptotically self-similar about ↵, with limit model

'pJc X Vq,

where ' is the König’s linearization map and V is a neighborhood of ↵. Since 0 is the
unique critical point of fc and 0 is strictly preperiodic at a Misiurewicz point, we have
p f l

cq
1
pcq ‰ 0. Then,

lim
nÑ8

dr

ˆ
%n

p⌧´c Jcq,
1

p f l
cq1pcq

'pJc X Vq

˙
.

⇤

Remark. The proof of theorem 5.2 also gives us the existence of a neighborhood U of c
that satisfies

lim
nÑ8

dr1

ˆ
%n

p⌧´c Jcq,
1

p f l
cq1pcq

' ˝ f l
cpJc X Uq

˙
,

for some r1
° 0.

Example 5.5. An implication of theorem 5.2 is that, given c P C such that the function
fc has a repelling cycle, the Julia set Jc is asymptotically %-self-similar about a point in
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Figure 5.2: Kc at c “ ´0.5 ` 0.5i

(a) (b) (c) (d)

Figure 5.3: Kc centered at p. (a) Magnification factor: |%2|. (b) Magnification factor: |%4|. (c) Magnification
factor: |%6|. (d) Magnification factor: |%8|.

that cycle. Take c “ ´0.5 ` 0.5i for example. The function fc has a repelling fixed point
at p « 1.409 ´ 0.275i. The multiplier of p is

% :“ f 1
cppq “ 2p.

Then, from theorem 5.2, the Julia set Jc is asymptotically %-self-similar about p.

Above we can see magnifications of the filled-in Julia set Kc, centered at p. Note
that the set on the figures is roughly the same up to rotation. This is due to the fact that
to generate the images, we used |%| as the factor instead of %. Another limitation of the
method used to generate these images is the squared frame, that reveals more or less
information of the magnified set depending on the position of it. Still we can observe
the self-similarity.

Example 5.6. An example of a Misiurewicz point is c “ i. Indeed, the orbit of 0 under
fi is given by

0 fiÑ i fiÑ i ´ 1 fiÑ ´i fiÑ i ´ 1.

Using the notation from corollary 5.3, we have l “ 1, p “ 2 and ↵ “ i ´ 1. Also

% :“ p f p
c q

1
p↵q “ p f 2

i q
1
pi ´ 1q “ 4

?

2 ¨ e
⇡i
4 and p f l

cq
1
pcq “ p fiq

1
piq “ 2i.

Then Ji is asymptotically %-self-similar about i.
We have again a rotation of the set represented in the image. Note that the

rotation angle from one magnification to another is 45o, which is exactly the argument
of %.
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Figure 5.4: Jc at c “ i.

(a) (b) (c) (d)

Figure 5.5: Ji centered at i. (a) Magnification factor: |%|. (b) Magnification factor: |%2|. (c) Magnification
factor: |%3|. (d) Magnification factor: |%4|.

(a) (b) (c) (d)

Figure 5.6: (a) Center i, magnification factor: |%6|. (b) Center i, magnification factor: |%8|. (c) Center i ´ 1,
magnification factor: 1

2 |%6|. (d) Center i ´ 1, magnification factor: 1
2 |%8|.

Corollary 5.3 also gives us that Ji is asymptotically %-self-similar about i´1 and
if the limit model for i is X and for i ´ 1 is Y, then X “

1
2iY.

Still in the example c “ i, from theorem 5.2, the set Ji is also asymptotically
%-self-similar about 0. Of course, the limit model for 0 isn’t the same as we’ve seen for
i and i ´ 1, as we can appreciate in the figure below. This happens because in this case

p f l
cq

1
p0q “ p f 2

i q
1
p0q “ 0.

These examples can show us the beauty of this result. Still they also show
that we didn’t need to work exclusively with Misiurewicz points, as the Julia set is
asymptotically self-similar about any pre-image of a repelling cycle according to the
theorem 5.2. Since the Julia set is the closure of the repelling cycles of a given function,
this property can be observed at most points of any Julia set of the quadratic family.

The next result though is even more remarkable. It enable us to compare sets
on the space of parameters, in which we define the Mandelbrot set, with sets on the
dynamic space, in which lies a given Julia set.
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(a) (b) (c) (d)

Figure 5.7: Ji centered at 0. (a) Magnification factor: |%5|. (b) Magnification factor: |%6|. (c) Magnification
factor: |%7|. (d) Magnification factor: |%8|.

5.3 Similarity betweenM and Jc

Let’s do an experiment and stick with the example c “ i, but now we are going
to magnify the Mandelbrot set using the same factor |%|. In the next example, we can
see that a similar phenomenon occurs around a neighborhood of c at the Mandelbrot
set. By magnifying the Mandelbrot set around c, we can see that the set is converging
to a limit model as well.

We aim to prove the asymptotic similarity between the Mandelbrot set and the
Julia set Jc about a Misiurewicz point c. This theorem is far from trivial and to prove
this we will need a proposition that gives us certain conditions for the asymptotic
self-similarity of a neighborhood of a Misiurewicz point intersected withM.

Let ⇤ be an open neighborhood of c0 P C and X be a subset of ⇤ˆ C. For each
c P ⇤, define

Xpcq “ tz P C | pc, zq P Xu .

Suppose A Ä Xpc0q is dense in Xpc0q and, for every z P A, there exists a
neighborhood Uz Ä ⇤ of c0 and a continuous mapping hz : Uz Ñ C, satisfying hzpc0q “ z
and hzpcq P Xpcq for every c P Uz. Then we say that there exists a dense set of continuous
sections at pc0, 0q.

Proposition 5.7. Let X Ä ⇤ ˆ C, where ⇤ is an open neighborhood of c0. Assume X is
closed and that there exists a dense set of continuous sections at pc0, 0q. Suppose there exists a
holomorphic map % : ⇤Ñ C such that Xpcq is %pcq-self-similar for a fixed r1

° 0. Let u : ⇤Ñ C

be a holomorphic function, with upc0q “ 0 and u1
pc0q ‰ 0. Let M be the set

M :“ tc P ⇤ | upcq P Xpcqu .

Then M is asymptotically %pc0q-self-similar about c0 and the limit model is Xpc0q{u1
pc0q.

There is a certain stability related to the repelling cycle associated with a Misi-
urewicz point c0. Later, we will define the function % as the multiplier associated with
the repelling periodic point ↵pcq of the map f p

c , where c is near c0. We will define the
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map u and the sets Xpcq in such a way that M will be a neighborhood of c0 intersected
with M. Finally the limit model, for the asymptotic self-similarity of M, will be a
linearization of the Julia set Jc0 intersected with a neighborhood of c0, up to a rotation.
All of this will be explained with more details at Theorem 5.4.

In order to prove the proposition 5.7, we will show a more general result for
higher complex dimensions. We need to define similarity and self-similarity in this
context. Let E “ C

k andDr be the ball of E centered at 0 with radius r. We can define
the Hausdor↵-Chabauty distance the same way as in the one dimensional case. We
now need to define our magnification scale.

Let T : E Ñ E be a linear mapping. We say that T is contracting if there is
0 † � † 1 and C ° 0 such that for all n PN

kTn
k § C�n.

And T is expanding if T is invertible and T´1 is contracting. Now, the expanding linear
mappings will play the role of the scale for the definition of self-similarity.

Definition 5.6. A closed subset B ofE is T-self-similar about 0 if T : EÑ E is expanding
and there exists r ° 0 such that

pTBqr “ Br

Definition 5.7. A closed subset A of E is asymptotically T-self-similar about x P A if
T : EÑ E is expanding and there exist r ° 0 and a closed subset B of E such that

lim
nÑ8

pTn⌧´x Aqr “ Br,

for the Hausdor↵ distance. The set B is called the limit model of A at x.

It is possible to show that if B is a limit model for a asymptotically T-self-similar
set A, then B is T-self-similar about 0. The proof is analogue to proposition 5.1, since T
preserves intersection and union of sets by virtue of being invertible.

For the next results, analogously to the one dimensional case, let ⇤ be a neigh-
borhood of �0 P E and X be a subset of ⇤ˆ E. For each � P ⇤, define

Xp�q :“ tx P E | p�, xq P Xu .

Lemma 5.3. The set X is closed if and only if for each ⇣ P ⇤, the set Xp⇣q is closed in E and for
every r ° 0

lim
�Ñ⇣

�ppXp�qqr, pXp⇣qqrq “ 0.
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Proof. Suppose that X is closed. Let pxnqnPN be a convergent sequence of points in Xp⇣q,
with xn Ñ x. Then, the sequence p⇣, xnqnPN Ä X is convergent. Since X is closed, the
limit of the sequence p⇣, xq lies in X, which implies that x P Xp⇣q. So Xp⇣q is closed.

Now, fix r ° 0 and assume by contradiction that there exists " ° 0 such that for
every n ° 0, there exist �n and xn P Xp�nq XDr such that

|�n ´ ⇣| †
1
n

and dpxn,Xp⇣q XDrq • ". (5.14)

Consider the sequence p�n, xnq P X. It is a sequence contained in a closed set X and it
is limited, since �n converges to ⇣ and xn P Dr. Then, there is a subsequence p�nk , xnkq

converging to some point p⇣, xq P X. It follows that x P Xp⇣q XDr. Well, take N P N

such that for every nk • N we have

|xnk ´ x| † ".

This yields an absurd, since the sequence pxnqnPN was constructed as in (5.14). Then,
for every " ° 0, there exists ⌘ ° 0 such that if |�´ ⇣| † ⌘, then

dpx,Xp⇣q XDrq † ",

for every x P Xp�q XDr.
On the other hand, suppose that for each ⇣ P ⇤, the set Xp⇣q is closed and

lim
�Ñ⇣

�ppXp�qqr, pXp⇣qqrq “ 0,

for all r ° 0. Let p�n, xnq Ñ p⇣, xq be a convergent sequence in X. Since the sequence
pxnqnPN is convergent, it is limited. So we can take r ° 0 big enough such that xn P Dr,
for every n P N. Then, since �n Ñ ⇣, for every " ° 0, there exists n0 ° 0 such that if
n ° n0, then

dpxn, pXp⇣qqrq †
"
3
.

By taking a larger r ° 0 we can assume

dpxn,Xp⇣q XDrq †
"
3
. (5.15)

Since Xp⇣q XDr is a compact set, it follows that for every n ° n0 the distance in (5.15)
is realized by some x1

n P Xp⇣q XDr. This creates a sequence px1
nqn°n0 on a compact set.

It follows that there exists a subsequence x1
nk

converging to some point x1
P Xp⇣q XDr.

Now, let N ° 0 be large enough such that (5.15) is satisfied and

|xn ´ x| †
"
3

and |x1
nk

´ x1
| †

"
3
,
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for all n • N. Hence,

|x ´ x1
| § |x ´ xnk | ` |xnk ´ x1

nk
| ` |x1

nk
´ x1

| † ".

Thus, x “ x1 and p⇣, xq P X. We conclude that X is closed.
⇤

Proposition 5.8. Suppose that X is closed in ⇤ ˆ E and assume there exists a dense set A of
continuous sections at p�0, 0q. Then there is r ° 0 such that

lim
�Ñ�0

drpXp�q,Xp�0qq “ 0.

Proof. We already know from lemma 5.3 that if X is closed, then Xp�q is closed for every
� P ⇤ and

lim
�Ñ�0

�ppXp�qqr, pXp�0qqrq “ 0.

We just need to prove that

lim
�Ñ�0

�ppXp�0qqr, pXp�qqrq “ 0.

Since A is dense in Xp�0q, for every " ° 0 the set

§

xPA

Dpx, "{2q

is an open cover of Xp�0q, where Dpx, "{2q is the disk centered at x, with radius "{2. But
the set Xp�0q XDr is compact, so there exist finitely many x1, ..., xk in A such that

Xp�0q XDr Ä

k§

i“1

Dpxi, "{2q.

For each xi, there is a continuous mapping hxi such that hxip�0q “ xi. Then, there is
�i ° 0 such that if k�´ �0k † �i, then

dphxip�q, xiq †
"
2
.

Hence, since hxip�q P Xp�q,

dpxi,Xp�qq §
"
2
.

Thus, for every " ° 0, there exists � “ mint�iu such that if k� ´ �0k † �, then for all
x P Xp�0q XDr we have

dpx,Xp�qq § kx ´ xik` dpxi,Xp�qq † ",
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for some i P t1, ..., ku. We already know that

�ppXp�0qr, pXp�qqrq § sup
xPXp�0qXDr

dpx,Xp�qq.

Since Xp�0q XDr is compact and Xp�q is closed, the supreme is realized and we have
the desired result.

⇤

To prove the next proposition, we are going to need a lemma from algebraic
topology.

Lemma 5.4. Let ⇤1
Ä E be a neighborhood of 0 and u : ⇤1

Ñ E be continuous such that
up0q “ 0. Suppose the derivative Dup0q exists and is non-singular. Then there exists ⌘ ° 0
such that for any continuous mapping w : ⇤1

Ñ E, with kwpxqk † ⌘, the mapping u ` w has
at least one zero in ⇤1.

Proof. Since Dup0q is non-singular there existsDr Ä ⇤1 such that u restricted toDr is a
di↵eomorphism. We can take r small enough so that 0 is the only zero of u. It follows
that the induced homomorphism on the pk ´ 1q-th homology group

u˚ : Hk´1pSrq Ñ Hk´1pE ´ t0uq – Z

is an isomorphism, where Sr is the sphere centered at 0, with radius r. Set

⌘ :“ inf
xPSr
kupxqk.

Then, for every continuous mapping w : ⇤1
Ñ E that satisfies kwpxqk † ⌘, for every

x P ⇤1, the mapping u ` w : Sr Ñ E´ t0u is well defined. The induced homomorphism
pu ` wq

˚ is also an isomorphism, since u is homotopic to u ` w, by the homotopy u ` tw.
Suppose there are no zeroes inDr. Then,

pu ` wq
˚ : Hk´1pBrq Ñ Hk´1pE´ t0uq

would be an isomorphism. This yields a contradiction, because Dr is convex, so its
homology group is trivial, while Hk´1pE´ t0uq – Z.

⇤

Proposition 5.9. Assume X is closed and that there exists a dense set A of continuous sections
at p�0, 0q. Let u : ⇤ Ñ E be a continuous mapping, with up�0q “ 0. Suppose the derivative
S :“ Dup�0q exists and is non-singular, satisfying

kup�q ´ Sp�´ �0qk “ Opk�´ �0k
2
q.
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Set
M :“ t� P ⇤ | up�q P Xp�qu .

Suppose that, for all � P ⇤, the set Xp�q is Tp�q-self-similar about 0, for a fixed r1
° 0,

where � fiÑ Tp�q is a continuous mapping that maps a point � P ⇤ into a expanding linear
transformation Tp�q, satisfying

kTp�q ´ Tp�0qk “ Opk�´ �0kq.

Also, assume there exist µ1, µ2 P R, with µ2 † 1, such that for all � P ⇤,

kTp�qk § µ1 and kTp�q
´1
k § µ2

with
µ :“ µ1 ¨ µ2

2 † 1.

Then, there exists r ° 0 such that the set S⌧´�0 M is asymptotically Tp�0q-self-similar
about 0, with limit model Xp�0q. That is

lim
nÑ8

pTp�0q
n

¨ S⌧´�0 Mqr “ pXp�0qqr.

Furthermore, if the linear transformations S and Tp�0q commute, then M is asymptotically
Tp�0q-self-similar about �0 and the limit model is S´1Xp�0q. In other words, there exists s ° 0
such that

lim
nÑ8

pTp�0q
n⌧´�0 Mqs “ pS´1Xp�0qqs.

Proof. Let 0 † r † r1 and set

Mpnq :“ Tp�0q
n

¨ S⌧´�0 M.

We are going to prove that

�ppMpnqqr, pXp�0qqrq Ñ 0 when n Ñ 8.

It’s su�cient to prove that for every point

y “ Tp�0q
n

¨ S⌧´�0 � P Mpnq XDr, (5.16)

we have
lim
nÑ8

dpTp�0q
n

¨ S⌧´�0 �, pXp�0qqrq “ 0. (5.17)

We begin by estimating k� ´ �0k. From (5.16) and since kTp�0qk † µ2 and y P Dr, we
have

k�´ �0k § kS´1
k ¨ kTp�0qk

n
¨ kyk § kS´1

k ¨ µn
2 ¨ r “ cµn

2 , (5.18)
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where c is a non-zero constant.
Now, we turn our attention to the limit in (5.17). We have

dpTp�0q
n

¨ S⌧´�0 �, pXp�0qqrq § kTp�0q
n

¨ S⌧´�0 �´ Tp�q
nup�qk` dpTp�q

nup�q, pXp�0qqrq.

In order to prove that the limit is 0, we must show that

lim
nÑ8
kTp�0q

n
¨ S⌧´�0 �´ Tp�q

nup�qk “ 0 (5.19)

and
lim
nÑ8

dpTp�q
nup�q, pXp�0qqrq “ 0 (5.20)

For (5.19), note that

kTp�0q
n

¨ S⌧´�0 �´ Tp�q
nup�qk §kTp�0q

n
¨ S⌧´�0 �´ Tp�0q

nup�qk

` kTp�0q
nup�q ´ Tp�q

nup�qk.
(5.21)

We have

kTp�0q
n

¨ S⌧´�0 �´ Tp�0q
nup�qk § kTp�0qk

n
¨ kSp�´ �0q ´ up�qk

Using the hypotheses and the estimate in (5.18),

kTp�0q
n

¨ S⌧´�0 �´ Tp�0q
nup�qk § c1µn

1 ¨ k�´ �0k
2

§ c1cµn
1 ¨ µ2n

2 “ c2µn.
(5.22)

On the other hand by summing and subtracting the terms

Tp�0q
n´i

¨ Tp�q
i`1up�q,

for i “ 1, ...,n ´ 1, we get

���Tp�0q
nup�q ´ Tp�q

nup�q

��� “

�������

n´1ÿ

i“0

pTp�0q
n´iTp�q

i
´ Tp�0q

n´i´1Tp�q
i`1

qup�q

�������

§

n´1ÿ

i“0

���pTp�0q
n´i´1Tp�q

i
pTp�0q ´ Tp�qqup�q

���

§

n´1ÿ

i“0

���pTp�0q

���n´i´1 ���Tp�q
i
���
���Tp�0q ´ Tp�q

���
���up�q

��� .

Since kTp�qk † µ1 for every � P ⇤, we have
���Tp�0q

nup�q ´ Tp�q
nup�q

��� § nµn´1
1

���Tp�0q ´ Tp�q

���
���up�q

��� .

From the hypotheses, we have that

kTp�q ´ Tp�0qk “ Opk�´ �0kq.
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Also, from the mean value inequality,

kup�qk § sup
⇣Pr�,�0s

kDup⇣qk ¨ k�´ �0k.

Then, by using the estimate at (5.18),
���Tp�0q

nup�q ´ Tp�q
nup�q

��� § c3nµn´1
1 k�´ �0k

2

§ c4nµn´1
1 ¨ µ2n

2

“ c4nµ´1
1 µ

n

“ c5nµn.

(5.23)

Since
lim
nÑ8
µn

“ lim
nÑ8

nµn
“ 0,

from (5.23), (5.22) and (5.21), we get (5.19).
Now, we are going to use (5.19) to prove (5.20). For every " ° 0, there is n0 PN

such that if n • n0, then

kTp�0q
n

¨ S⌧´�0 �´ Tp�q
nup�qk † ".

Then, by triangular inequality and using the fact that Tp�0q
n

¨ S⌧´�0 � P Dr, we get

kTp�q
nup�qk † r ` ". (5.24)

We can make " small enough such that r`" † r1. Since� P M, it follows that up�q P Xp�q.
But Xp�q is Tp�q-self-similar about 0. Hence,

Tp�q
nup�q P Xp�q. (5.25)

The equation (5.24) guarantees

dpTp�q
nup�q, BDrq † " or Tp�q

nup�q P Xp�q XDr.

If the first is true, the limit in (5.20) follows directly. If not, then Tp�q
nup�q P pXp�qqr.

From proposition 5.8 we have

lim
�Ñ�0

dppXp�qqr, pXp�0qqrq “ 0.

From (5.18), if n Ñ 8 then � Ñ �0. Thus, we get (5.20) and we’ve proven the limit for
one of the semi-distances:

lim
nÑ8

�ppMpnqqr, pXp�0qqrq “ 0.

Now, we aim to prove the limit for the other semi-distance. That is

�ppXp�0qqr, pMpnqqrq Ñ 0 when n Ñ 8.
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Firstly, we may prove that for each x P A XDr we have

dpx, pMpnqqrq Ñ 0 when n Ñ 8.

Remember A is a dense set in Xp�0q for which, given x P A, there exists a continuous
map hx : ⇤Ñ E satisfying hxp�0q “ x and hxp�q P Xp�q, for every � P ⇤.

We can use lemma 5.4 to show that, for any open neighborhood ⇤1
Ä ⇤ of �0,

satisfying ⇤1 Ñ ⇤, there exists n0 ° 0 such that if n • n0, then the following equation
has at least one solution:

up�0 ` �q ´ Tp�0 ` �q
´nhxp�0 ` �q “ 0. (5.26)

Indeed, the mapping ũp�q “ up�0 `�q satisfies ũp0q “ 0. Then, using the notation from
the lemma, set wp�q “ ´Tp�0 ` �q

´nhxp�0 ` �q. Since hx is continuous,

khxp�0 ` �qk § ksup
�P⇤1
khxp�qk “ C.

Which gives us
kwp�qk “ kTp�0 ` �q

´nhxp�0 ` �qk † Cµn
2 . (5.27)

Hence, for any given⌘ from lemma 5.4, we can make n big enough so that the hypotheses
of the lemma are satisfied.

Let �n P ⇤1 be the solution in the form �n :“ �0 ` � of (5.26) for n • n0. Then

hxp�nq “ Tp�nq
nup�nq.

Take " ° 0 such that r ` " † r1. We can make ⇤1 small enough such that

khxp�nqk † kxk` " † r ` " † r1.

Then hxp�nq P Xp�nq XDr1 . Combining with the fact that Xp�nq is Tp�nq-self-similar, we
have �n P M. Hence,

Tp�0qS⌧´�0 �n P Mpnq.

Then,

dpx, pMpnqqrq § dpx,Mpnqq

§ kx ´ Tp�0qS⌧´�0 �nk

§ kx ´ hxp�nqk` kTp�nq
nup�nq ´ Tp�0qS⌧´�0 �nk.

We must show the following limits to get the desired result:

lim
nÑ8
kx ´ hxp�nqk (5.28)
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and
lim
nÑ8
kTp�nq

nup�nq ´ Tp�0qS⌧´�0 �nk. (5.29)

Note that (5.29) is the same as (5.19) with the only di↵erence being that we don’t
necessarily have Tp�0qS⌧´�0 �n P Dr. This property permitted us to make the estimate
in (5.18), which was crucial to get (5.19). We may surpass this obstacle by getting to
(5.18) by another path. From (5.26) and (5.27), we already have

kup�nqk § Cµn
2 . (5.30)

Also, we have

kup�qk

k�´ �0k
•

�����S
ˆ
�´ �0

k�´ �0k

˙�����´
kup�q ´ Sp�´ �0qk

k�´ �0k

• inf
kvk“1
kSvk´

kup�q ´ Sp�´ �0qk

k�´ �0k
.

(5.31)

But S “ Dup�0q is non-singular. Then,

inf
kvk“1
kSvk “ C1 ° 0 and lim

�Ñ�0

kup�q ´ Sp�´ �0qk

k�´ �0k
“ 0.

Then, we can make ⇤1 small enough such that

kup�q ´ Sp�´ �0qk

k�´ �0k
† � † C1,

for some � ° 0. Hence, from (5.31),

kup�qk

k�´ �0k
• C1 ´ � :“ C2 ° 0.

Using (5.30), we have

k�n ´ �0k §
1

C2
kup�nqk §

C
C2
µn

2 .

Thus, from (5.21), (5.22) and (5.23), we get (5.29). And, since hx is continuous, we also
get (5.28). So, for x P A XDr, we can conclude that

dpx, pMpnqqrq Ñ 0 when n Ñ 8.

For the general case, we use the same idea as in proposition 5.8. Given " ° 0,
there exist x1, ..., xk in A such that

Xp�0q XDr Ä

k§

i“1

Dpxi, "{2q.

Then, for every x P Xp�0q XDr, for n large enough, we have

dpx, pMpnqqrq § kx ´ xik` dpxi, pMpnqqrq † ",
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for some i P t1, ..., ku. Of course, the case x P BDr is trivial. Thus, we finally have

�ppXp�0qqr, pMpnqqrq Ñ 0 when n Ñ 8

and consequently,
lim
nÑ8

drpTp�0q
n

¨ S⌧´�0 M,Xp�0qq “ 0.

To prove the second claim of the proposition, assume �0 “ 0 and let s † r{kSk.
Then,

SpDsq Ñ Dr.

Since S and Tp0q commute, we have

lim
nÑ8

drpS ¨ Tp�0q
nM,Xp�0qq “ 0.

Hence,

lim
nÑ8

pTp0q
nMqs “ lim

nÑ8
pS´1

¨ S ¨ Tp0q
nMqs

“ S´1
”

lim
nÑ8

´
S ¨ Tp0q

nM X SpDsq

¯
Y SpBDsq

ı

“ S´1
”

lim
nÑ8

”´´
S ¨ Tp0q

nM XDr

¯
Y BDr

¯
X SpDsq

ı
Y SpBDsq

ı

“ S´1
”´

Xp0q X SpDsq

¯
Y SpBDsq

ı

“

´
S´1Xp0q XDs

¯
Y BDs.

⇤

Remark. Note that the hypothesis of Proposition 5.7 satisfy all hypothesis from Propo-
sition 5.9 in the one dimensional case. Indeed, since u is analytic, it has an expansion
in power series around c0:

upcq “ u1
pc0qpc ´ c0q ` Op|c ´ c0|

2
q.

Then, if S “ u1
pc0q, it follows that

|upcq ´ Spc ´ c0q| “ Op|c ´ c0|
2
q.

If we define Tpcq :“ I%pcq, for each c P ⇤, the mean value inequality gives us

|%pcq ´ %0| “ Op|c ´ c0|q.

Moreover,
kTpcqk ¨ kTpcq

´1
k

2
“ |%pcq| ¨ |%pcq|

´2
“ |%pcq|

´1
† 1.

Then Proposition 5.7 can be seen as a particular case of Proposition 5.9.
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We now go back to the quadratic family fcpzq “ z2
` c to prove our main result.

A quick remark, before stating the theorem, recall that the Mandelbrot set is defined as

M :“ tc P C | 0 P Kcu .

It is equivalent to say
M “ tc P C | c P Kcu .

Theorem 5.4. Suppose c0 is a Misiurewicz point. Then the Mandelbrot setM is asymptotically
similar to Jc0 about c0 up to multiplication by a constant � P C ´ t0u. In other words, there
exists s ° 0 such that

lim
tPC, tÑ8

dspt⌧´c0M, t�⌧´c0 Jcq “ 0.

Proof. Let c0 be a Misiurewicz point and let l and p be the minimal integers such that

f p
c0p f l

c0
pc0qq “ f l

c0
pc0q.

Set
↵0 “ f l

c0
pc0q and p f p

c0q
1
p↵0q “ %0.

Define g : Cˆ CÑ C by
gpc, zq “ f p

c pzq ´ z.

We have
gpc0,↵0q “ 0 and

Bg
Bz

pc0,↵0q “ %0 ´ 1 ‰ 0.

Then, by the implicit mapping theorem, there exists a neighborhood W of c0 and an
analytic function ↵ : W Ñ C, with c fiÑ ↵pcq such that

f p
c p↵pcqq “ ↵pcq,

for every c P W. Consequently, we can define an analytic function % : W Ñ C given by

%pcq “ p f p
c q

1
p↵pcqq.

Since % is continuous, we can restrict W in such a way that |%pcq| ° 1, for every c P W.
We aim to use proposition 5.7. We will determinate an explicit form for Xpcq at

each c P W, so we can define the set X and the function u that will satisfy the hypotheses
of the proposition. For every c P W, it is defined the König’s linearization map 'c about
↵pcq and the map 'c varies analytically with respect to c. In other words, there exists a
analytic map � : U Ñ W ˆ CÑ Cˆ C defined by

�pc, zq “ pc,'cpzqq.
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Since the function pc, zq fiÑ pc, f l
cpzqq is analytic, the composition

�pc, zq “ pc,'c ˝ f l
cpzqq

is also analytic.
The set U “ W1

ˆ V for some W1
Ñ W and an open set V. Let r ° 0 such that

Dp↵0, rq Ñ V. Restrict W1, if necessary, so if c P W1 then ↵pcq P Dp↵0, r{2q. By the mean
value inequality,

|↵pcq ´ '´1
c pxq| § M ¨ |x|,

for every x P 'cpDp↵0, rqq. Note that we can restrict V so we get an uniform constant M
for all c P W1. Then,

r
2

§ inf
xP'cpBDp↵0,rqq

|↵pcq ´ '´1
c pxq| § inf

xP'cpBDp↵0,rqq
M ¨ |x|.

Hence, given r1
† r{p2 ¨ Mq, we get

Dr1 Ñ 'cpVq,

for all c P W1.
Now, assume W1 is closed and restrict it, if necessary, so that we have

�pc, cq P W1
ˆDr1 , (5.32)

for every c P W1. Set

⌦ “ �´1
pW1

ˆDr1q and ⌦c “ tz P C | pc, zq P ⌦u

Since W1
ˆDr1 is closed and � continuous, the set ⌦ is closed. From lemma 5.3, the

set ⌦c is closed, for each c P W1. Also, note that (5.32) guarantees that c P ⌦c, for each
c P W1.

Now we can express an explicit form for Xpcq and X. Define

K “ tpc, zq | z P Kcu

Xpcq “ 'c ˝ f l
cpKc X⌦cq

and

X “ �pK X⌦q.

Using the notation from proposition 5.7, we can put ⇤ “ W1. Then,

Xpcq “ tz P C | pc, zq P Xu .
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Indeed, let z P C such that pc, zq P X. By definition, there exists x P C such that
pc, xq P K X⌦ and 'c ˝ f l

cpxq “ z. But pc, xq P K X⌦ if and only if x P Kc X⌦c. Hence,
z P 'c ˝ f l

cpKc X⌦cq.
The set X is closed, since K is closed, according to proposition 4.2, and Xpcq is

%pcq-self-similar about 0. Indeed, this can be proven using the same ideas from theorem
5.2 and setting U “ '´1

c pDr1{|%pcq|q.
As in proposition 5.7, define u : W1

Ñ C by

upcq “ 'cp f l
cpcqq.

Then, upc0q “ 0 and

M “ tc P W1
| upcq P Xpcqu “

 
c P W1

| 'c ˝ f l
cpcq P 'c ˝ f l

cpKc X⌦cq
(
.

Which means
M “ tc P W1

| c P Kc X⌦cu .

But c P ⌦c for each c P W1. Hence

M “ tc P W1
| c P Kcu “MX W1.

So M is actually a neighborhood of c0 intersected with the Mandelbrot set. The fact
that u1

pc0q ‰ 0 is proven by lemma 5.5. We will see that it has an explicit form, which
is quite useful to create examples.

We have all but one of the hypotheses satisfied from proposition 5.7. Let
Rc0 Ñ Kc0 X⌦c0 be the set of repelling periodic points in Kc0 X⌦c0 . We know that Rc0 is
dense in Kc0 X ⌦c0 . So A :“ 'c0 ˝ f l

c0
pRc0q is dense in Xpc0q. Let x P Rc0 be a k-periodic

point under fc0 . Define the function  : Cˆ CÑ C by

 pc, zq “ f k
c pzq ´ z.

Then
 pc0, xq “ 0 and

B 

Bz
pc0, xq “ p f k

c0
q

1
pxq ´ 1 ‰ 0.

Therefore, by the implicit mapping theorem, there exists a neighborhood Ux of c0 and
a function  x : Ux Ñ C such that

 xpc0q “ x and f k
c p xpcqq “  xpcq,

for all c P Ux. We can assume that  xpcq will be a repelling periodic point under fc.
Hence,  xpcq P Kc. Also, since x P ⌦c0 , it follows that

�pc0, xq P W1
ˆDr1 .
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We can restrict Ux in a way that Ux Ñ W1 and, since� is continuous, again by restricting
Ux, if necessary, we get  xpcq P ⌦c, for all c P Ux. Now, set x1

“ 'c ˝ f l
cpxq and

hx1pcq “ 'c ˝ f l
c ˝  xpcq.We conclude that hx1pc0q “ x1 and hx1pcq P Xpcq.

Finally, all the hypotheses of proposition 5.7 are satisfied. We can conclude that
M is asymptotically %0-self-similar about c0, with limit model.

1
u1pc0q

Xpc0q.

But the Julia set Jc0 is asymptotically %0-self-similar about c0 with limit model

Z “
1

p f l
c0q

1pc0q
Xpc0q.

Then, the limit model ofM can be written as

p f l
c0

q
1
pc0q

u1pc0q
Z.

Set

� “

p f l
c0

q
1
pc0q

u1pc0q
.

Thus, there exists s ° 0 such that

lim
n8

dsp%n
0⌧´c0M, %

n
0�⌧´c0 Jc0q “ 0.

From proposition 5.3, we get the desired result.
⇤

The only missing part is the proof that u1
pc0q ‰ 0.

Lemma 5.5. Let u : W1
Ñ C be as in theorem 5.4. Then,

u1
pc0q “

d
dc

p f l
cpcqq|c“c0 ´

d
dc

p↵pcqq|c“c0 ‰ 0.

Proof. Using the same notation as in the previous theorem, set ↵ : W1
Ñ C and define

� : CÑ C by
�pcq “ f l

cpcq “ f l`1
c p0q.

It follows that �pc0q “ ↵0. Also, set Fpc, zq “ 'cpzq. We have Fpc, �pcqq “ upcq. Then,

u1
pc0q “

BF
Bc

pc0,↵0q `
BF
Bz

pc0,↵0q ¨ �1
pc0q. (5.33)

We have
BF
Bz

pc0,↵0q “ '1
c0

p↵0q “ 1 (5.34)
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and, on the other hand,

BF
Bc

pc0,↵0q “ lim
cÑc0

Fpc,↵0q ´ Fpc0,↵0q

c ´ c0
.

Since Fpc0,↵0q “ Fpc,↵pcqq “ 0, we can substitute one by the other to get

BF
Bc

pc0,↵0q “ lim
cÑc0

Fpc,↵0q ´ Fpc,↵pcqq

c ´ c0
“ ´ lim

cÑc0

Fpc,↵pcqq ´ Fpc,↵0q

c ´ c0
. (5.35)

But

BF
Bz

pc0,↵0q ¨ ↵1
pc0q “ lim

zÑ↵0

Fpc0, zq ´ Fpc0,↵0q

z ´ ↵0
¨ lim

cÑc0

↵pcq ´ ↵0

c ´ c0

“ lim
cÑc0

Fpc,↵pcqq ´ Fpc,↵0q

↵pcq ´ ↵0
¨ lim

cÑc0

↵pcq ´ ↵0

c ´ c0

“ lim
cÑc0

Fpc,↵pcqq ´ Fpc,↵0q

c ´ c0
.

Hence, from (5.33), (5.34) and (5.35), we get

u1
pc0q “ �1

pc0q ´ ↵1
pc0q. (5.36)

The proof that u1
pc0q ‰ 0 is in Theorem 4.3.

⇤
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Scientifiques de l’É.N.S, 4e série, 18, nº 2: 287-343, 1985.

[4] J. P. Eckmann, H. Epstein. Scaling of Mandelbrot Sets Generated by Critical Point
Preperiodicity, Communications in mathematical physics, 101: 283-289, 1985.

[5] Tomoki Kawahira, M. Kisaka. Julia sets appear quasiconformally in the Mandelbrot set,
arXiv:1804.00176 [math.DS], 2018.

[6] T. Lei. Similarity between the Mandelbrot set and Julia sets, Communications in math-
ematical physics, 134: 587-617, 1990.

[7] C. T. McMullen. Complex Dynamics and Renormalization, Annals of Mathematics
Studies, Princeton University Press, 1994.

[8] C. T. McMullen. The Mandelbrot set is universal. The Mandelbrot set, Theme and
variations:1-18, Cambridge University Press, 2000.

[9] J. W. Milnor. Dynamics in one complex variable, 3 edition, Annals of Mathematics
Studies, Princeton University Press, 2006.

[10] J. W. Milnor. Self-similarity and hairiness in the Mandelbrot set. Computers in Ge-
ometry and Topology. Martin C. Tangora, CRC Press, New York, Basel: 211-257,
1989.

[11] J. Rivera-Letelier. On the continuity of Hausdor↵ dimension of Julia sets and similarity
between the Mandelbrot set and Julia sets, Fundamenta Mathematicae, 170, 3 edition,
2001.

[12] M. Shishikura. The Hausdor↵ dimension of the boundary of the Mandelbrot set and Julia
sets, Annals of Mathematics, 147: 225-267, 1998.

65



Universidade Federal da Bahia - UFBA
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