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Resumo

Iremos demonstrar que o conjunto de Julia J. é assintoticamente similar ao
conjunto de Mandelbrot M, ao redor de um pardmetro Misiurewicz c € 0 M, utilizando
o conceito de similaridade descrito a partir da distancia de Hausdorff-Chabauty. Esse
resultado foi provado originalmente por Tan Lei, em 1990 [6]. Discutiremos conceitos
basilares da Dindmica Complexa e alguns resultados centrais para a demonstragdo

desse teorema.

Palavras-chave: Pontos Misiurewicz; Autossimilaridade; Similaridade; Similaridade

assintética; Conjunto de Julia; Conjunto de Mandelbrot; Familia quadratica.
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Abstract

We shall prove that the Julia set J. is asymptotically similar to the Mandelbrot
set M about a Misiurewicz parameter c € 0 M, using the concept of similarity and the
Hausdorff-Chabauty distance. This result was originally proved by Tan Lei in 1990 [6].
We will discuss the basic framework from the field of Complex Dynamics and some

central results needed to prove this theorem.

Keywords: Misiurewicz points; Self-similarity; Symilarity; Asymptotic similarity; Julia

set; Mandelbrot set; Quadratic family.
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Chapter 1
Introduction

Our main goal is to present a self-contained proof of Theorems 1.1, 1.2 and 1.3,
from the original article of TAN Lei, Similiarity Between the Mandelbrot set and Julia sets,

Communications in Mathematical Physics (1990).

Experimental overview

The Julia set J(f) of a rational function f : € — C is the closure of all repelling
periodic points of f. If f is a polynomial, we can define the filled-in Julia set K(f) as the
set of points z € C whose orbit is a bounded subset of C.

The Mandelbrot set M is the connectedness locus of the quadratic family P.(z) = z + c.
Hence c € M if, and only if, K(P.) is connected. By a theorem of P. Fatou,

M={ceC | 0eK(P,)}.

Definition 1.1 (Misiurewicz point). A parameter ¢ € M is a Misiurewicz point if the
orbit of 0 under P, is strictly preperiodic. In other words, 0 is not a periodic point of

the quadratic map P, but some iterate P maps 0 to a periodic point of P..

If c is a Misiurewicz point, then c € J(P.) and c € M. A preliminary experiment

is presented in the following example.

Example 1.1 (Similarity at Misiurewicz points). The complex number —0.607 + 0.605:
is very close to a Misiurewicz point ¢ € 0 M satisfying P2(P2(c)) = P?(c). Experimentally,
one can observe that by magnifying the Julia set J(P,) centered at ¢, with a specific factor,

the images that appear are similar to each other up to a rotation.

The last three images in Figures 1.2 and 1.3 are very similar. Tan Lei [6] was the first to
give a rigorous proof of this similiarity at every Misiurewicz point (see Theorems 1.1,

1.2 and 1.3).
1



2 Chapter 1. Introduction

Figure 1.1: The Mandelbrot set M generated with a Python code. In the algorithm, a point c is coloured
black if its forward orbit ¢ — ¢® + ¢ — (¢® + ¢)* + ¢ > - - - diverges to infinity.

Figure 1.2: The Julia set J(P.) and successive magnifications centered at c ~ —.607 4 .605i. The last image
has width 1.6 x 107°.

1.1 The Hausdorff-Chabauty topology

Given a compact set A — C and ¢ > 0, the e-neighborhood of A is the set of all
z € C whose distance from A is less than ¢. Let d denote the Hausdorff distance function
between compact subsets of C. Recall that d(A, B) < ¢ if, and only if, A is contained in
the e-neighborhood of B, and B is contained in the e-neighborhood of A. Let ID, denote
the disk {ze C: |z| < r}. If A = Cis closed and r > 0, then we define
(A), = (AnD,) v dD,.
The Hausdorff-Chabauty distance

dr(A/B) = d((A)r/ (B)r)

is defined for every pair of closed subsets of the plane.
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(a)

(b) . () .
(d) (e) . (f) .

Figure 1.3: Successive magnifications of M centered at c. The last image has approximated width
1.1 x 107°.

1.2 Asymptotic similarity

Let A € C with |A] > 1. A nonempty closed subset F of the complex plane
is asymptotically self-similar about c € F with scale A if there exists r > 0 such that the
sequence A"(F — c) converges to F — c with respect to the metric d,. (For the following

theorem, the concept of multiplier is detailed in section 2.1).

Theorem 1.1 (Tan Lei, 1990). Let f : € — C be a rational map with degree at least two, and
let zy be a repelling periodic point of f with multiplier A. If z € J(f) is eventually mapped to zy

by some iterate of f, then the Julia set is asymptotically self-similar about zo with scale A.

By Proposition 2.4,
Uz

is a dense subset of the Julia set for every z, € J(f). It follows from Theorem 1.1 that
asymptotic self-similarity occurs on a dense subset of J(f), for every rational function

f with degree at least two.

Self-similarity at points of the Mandelbrot set

If ¢o is a Misiurewicz point for the quadratic family P.(z) = z* + ¢, then by
definition 0 is strictly preperiodic. There exists a first k > 0 such that P} (0) is periodic.
Therefore, P£ (0) determines a periodic orbit. We are going to show in Proposition 3.1

that this orbit is repelling. This is the repelling cycle associated with c.

Theorem 1.2 (Tan Lei, 1990). Let ¢y be a Misiurewicz point of the quadratic family z* + c.
Let A be the multiplier of the repelling cycle associated with cy. Then ¢y € O M. Moreover, M is

asymptotically self-similar about co with scale A.
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Suppose A and B are nonempty closed subsets of C which contain a common point c. If
d.(t(A—c),t(B—c)) —0
ast — oo, with t € C, we say that A and B are asymptotic similar about c.

Theorem 1.3 (Tan Lei, 1990). For every Misiurewicz point cy of the quadratic family z> + ¢
there exists A € C — {0} such that M and A]., are asymptotically similar about c,.

1.3 Nonuniform hyperbolicity

Suppose f : € — C is a rational map with degree at least 2. We say that f is
hyperbolic if the forward orbit of every critical point of f converges to an attracting
cycle of f. Equivalently, f is hyperbolic precisely when there exists a conformal metric
y(z)|dz| defined on a neighborhood of J(f) such that | f'(z)|, > 1, for every z in the Julia
set.

If ¢y is a Misiurewicz point for the quadratic family f,(z) = z?+c, then ¢y belongs
to the boundary of the Mandelbrot set and f., is not hyperbolic, since the critical point
0 belongs to the Julia set in this case (obviously, the Julia set does not contain attracting
cycles). Nevertheless, we shall see in section 3.2 that f,, expands a conformal metric
defined on a neighborhood of J(f,,), except for finitely many singularities in the Julia set.
Therefore, Misiurewicz points are associated with very simple examples of nonuniform

hyperbolicity.

1.4 Misiurewicz points are dense in oM

A component U of the interior of the Mandelbrot set M is hyperbolic if every
point ¢ € U yields a hyperbolic map z* + ¢. The following is a version of the Fatou

conjecture (proposed by Pierre Fatou in 1920) specialized to the quadratic family.
Fatou conjecture (1920). Every component of the interior of the Mandelbrot set is hyperbolic.

Concerning the dynamics of the quadratic family, one of the most difficult
questions is: what kind of behavior has the function f. when c is in the boundary of
the Mandelbrot set? A partial and incomplete classification includes parameters in oM
which are semi-hyperbolic, parabolic, Collet-Eckmann, Siegel, Cremer, Misiurewicz, infinitely
renormalizable and Feigenbaum. In a certain sense, the majority of points on d M does

not fit in any of these classes. Nevertheless, according to J. Milnor [10]:

Theorem 1.4 (Milnor, 1989). The set of Misiurewicz points of the quadratic family z* + c is
dense in OM.
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1.5 Hausdorff dimension of the boundary of the Mandel-
brot set

A rational map f : € — € with degree at least 2 is semi-hyperbolic if J(f) does
not contain the set of recurrent critical points and parabolic points of f. We denote the
set of semi-hyperbolic parameters for the quadratic family z? + ¢ by S.

Every Misiurwicz parameter belongs to S. Since Misiurewicz points are dense
in the boundary of the Mandelbrot set, it follows that S is a dense subset of d M as well.
Surprisingly, if we remove the Misiurewicz points from S the remaining set is a subset
of 0 M with Hausdorff dimension 2. (See Theorem 1.7).

Multibrot sets

The multibrot set M, is the connected locus of the family z% 4+ ¢, whered > 1is
an integer. Hence a point ¢ belongs to M, precisely when the orbit of the critical point 0
under z? + ¢ is bounded. Rivera-Letelier has generalized Tan Lei’s result of asymptotic

similarity to semi-hyperbolic points [11].

Theorem 1.5 (Rivera-Letelier, 2001). Let d > 1 be an integer. Suppose c is a parameter for
which z* + ¢ is semi-hyperbolic. Let ], denote the Julia set of z* + c. There exists a complex

number A # 0 such that A] and M are asymptotic similar about c.

The area of oM

Theorem 1.5 has some very important implications for the study of the Hausdorff
dimension of d M. Indeed, studying the Hausdorff dimension of Julia sets is easier than
in the parameter space. Roughly speaking, Theorem 1.5 reveals that at every semi-
hyperbolic parameter we can “see” some pieces of Julia sets in 0 M with Hausdorff

dimension approximately 2.

Theorem 1.6 (Shishikura, 1998). For every nonempty open set U < C intersecting M, the
Hausdorff dimention of U n oM is 2.

The original proof of Shishikura [12] is based on bifurcation of parabolic points.
The same result can be obtained with different methods (Kawahira and Kisaka [5]) using

the concept of semi-hyperbolicity:

Theorem 1.7 (Kawahira and Kisaka, 2021). Let S denote the set of semi-hyperbolic param-
eters in the boundary of the Mandelbrot set which are not Misiurewicz. Then the Hausdorff

dimension of S is 2.
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As far as we know, determining the value of the area of 0 M is still an open problem.'

1.6 Universality

From the experimental point of view, generating codes for visualizing the
Mandelbrot set is something quite trivial. This allows us to perform magnifications of
the Mandelbrot set at very small scales, such as 10-% (not even subatomic particles are
in such scales). Using such algorithmes, it is possible to observe infinitely many copies
of the Mandelbrot set inside itself. Explaining this phenomenon in pure mathematical
terms is a hard job that is way beyond the scope of this exposition. We defer to the
original papers of Eckmann and Epstein [4] as well as Douady and Hubbard [3] for a full
presentation of this subject. We can at least (informally) say that infinitely many copies of
the Mandelbrot set appear in a neighborhood of every Misiurewicz point. Since Misiurewicz
points are dense in the boundary of the Mandelbrot set, it follows that d M is almost

entirely made of copies of itself.

Bifurcation locus and general families of rational maps

We shall now explain what we mean by universality in our context. (For one-
dimensional real dynamics the same term is used with another meaning).

Let (fi)iea be a one-parameter family of rational maps parameterized on a
connected and complex manifold A. It is usual to identify this family with the map
f:AxC - Cgiven by (A,z) — fi(z). The family is said to be holomorphic if f is

holomorphic.

Figure 1.4: The Multibrot sets M, with d € {2,3,4}.

As described by McMullen in [8], for general holomorphic families f : A x € — C it

is possible to define a bifurcation locus B(f) that generalizes the notion of the Multibrot

!If you ask this question on Google, Artificial Intelligence claims, pretty confidently, that the area of
the Mandelbrot set (not the boundary) is 2.089 and gives a formula for calculating it. This is not true.
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sets; that is, if f is represented by the family z? + ¢, then oM, = B(f).
The Multibrot sets M; are universal in the sense that every bifurcation locus

B(f) contains a copy of 0 M,, for some integer d > 1.
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Chapter 2
Prerequisites

We are going to make an overview of some fundamental concepts on the
dynamics in one complex variable, which are found in the following references: [1],[7]

[9] and [2].

2.1 Local dynamics

Let U = C be an nonempty open setand f : U — U be a holomorphic function.
We define f°(z) = z and, inductively,

f'@ = fof' (),

for every n > 0. Every f" is an iterate of f. If f(z) = z, then z is a fixed point of f. If
f"(z) = z for some n > 0, then z is a periodic point and its period is the minimal positive
integer that satisfies this equation. Given a periodic point z € U of f, with period k, the

multiplier A of z is defined by
A=(f ()

A periodic point is classified in the following manner:
e attracting,if 0 < |A| < 1;
o repelling, if [A| > 1;
o superattracting, if |A| = 0;
o indifferent, if A = ¢>™°, for some 6 € [0, 1);

— rationally indifferent if 6 € Q;
— irrationally indifferent if 0 € R\Q.

A rationally indifferent periodic point is also called parabolic.
9
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Attracting and repelling periodic points. It is possible to show that a periodic point
zy is attracting if, and only, if there exists an open neighborhood V of z; such that
f(V) € Vand, forall z € V, the sequence f"(z) converges to zy as n — c0. We define the

basin of attraction A(z) of zo by

Alzo) = | F(V).

The basin of attraction A(zy) consists of all the points z € U such that f"(z) — zj as
n — . The immediate basin of attraction Ay(zo) of zy is the connected component that
contains z;.

We say that two holomorphic functions f : U< C - Uand g: V< C — V are
conjugated if there exists a biholomorphic map ¢ : U — V such thatpo f = go .

Theorem 2.1 (Attracting fixed point). Assume U is a nonempty open subset of the complex
plane. Let f : U — U be a holomorphic function and z, be a fixed point of f with multiplier
A satisfying 0 < |A| < 1. Then there exists a conformal map ¢ defined on a neighborhood of
zq onto a neighborhood of O that conjugates f with the linear function z — Az. This map @ is

unique up to a multiplication by a nonzero constant.
Proof. See [1, p. 31]. O

We may define the conjugation map for every z € A(z) as

(f"(2))
olm) = TLE

where 71 is large enough so that f"(z) is in the neighborhood of definition of ¢. A critical
point ¢ € U satisfies f'(c) = 0. It is possible to prove that the branch of the inverse
¢! that maps 0 onto z; can be extended until we find a critical point of f or leave the
domain of f.

A consequence of Theorem 2.1 is the existence of a conjugation between f and
z — Az in a neighborhood of a repelling fixed point z;. Since the multiplier A of z is
nonzero, we can apply 2.1 to the local inverse f~! and find a conjugation ¢ between
f~'and z — 1z, in a neighborhood of zy. The map ¢! will give a conjugation between

f and z — Az, in a neighborhood of z.

Theorem 2.2 (Koenigs 1884). Let f : U — U be a holomorphic function and z, be a fixed
point of f with multiplier A satisfying |A| # 0, 1. Then there exists a conformal map ¢ defined
on a neighborhood of zy onto a neighborhood of O that conjugates f with the linear function

z — Az. This map @ is unique up to a multiplication by a nonzero constant.
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Suppose f.: U — U, with ¢ € C, is a family of functions that depends analyti-
cally on c. Let zg be an attracting fixed point of f,,, with multiplier Ay. Letg: Cx U — C
be defined by

8(c,z) = fe(z) — z.
We have

0
g(co,z0) =0 and a—i(co,zo) # 0.

By the implicit mapping theorem, there exist a neighborhood V of ¢y and a function

C:V — C depending analytically on ¢, such that C(cy) = zo and

8(¢,C(c)) =0,

for all c € V. Hence, for every c € V the image ((c) is a fixed point under f.. The
multiplier A(c) of C(c) depends analytically on c. We may restrict V, if necessary, so that

C(c) is attracting. For every c € V, there exists the conjugation map

o) = m S

Since the convergence of this sequence is uniform, we get that ¢, depends analytically

on c. More precisely, there exists an analyticmap ®: V x W < U — V x C, defined by

®(c,z) = (¢, ¢c(2))-

This fact holds for the repelling case as well.

2.1.1 Superattracting periodic points

Theorem 2.3 (Boettcher 1904). Let f : U — U be a holomorphic function and z, be a super-
attracting fixed point under f, satisfying f(zg) = 0 foralli=1,..,d — 1 and f@(zy) # 0.
Then there exists a conformal map @ defined in a neighborhood of z, onto a neighborhood of 0
that conjugates f with the function z — z%. This map ¢ is unique up to a multiplication by a
(d — 1)th root of unity.

Proof. See [9, p. 90]. O

Asin the attracting case, the idea of the proof is to define a sequence of functions

that will converge to our conjugation map. This sequence ¢, is given by

Pulz) = f')".

We can’t easily extend the conjugation map to the basin of attraction. But it is

possible to show that the inverse ¢! can be extended analytically to a maximal disk
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D,, with 0 < r < 1. The map ¢! also extends homeomorphically to dD,. If r < 1,
then there is a critical point of f in ¢~'(JD,) and if r = 1, then ¢! : D — A(zy) is a
conformal isomorphism.

We can extend g(z) = log|¢@(z)| to the whole basin of attraction, by setting, for

all z € A(zy),

o g(f;(Z)),

where 71 is big enough so that f"(z) is in the neighborhood of definition of ¢. The

function g is harmonic, except for zy and its preimages, where it has logarithmic poles.

Indifferent periodic points. Givena parabolic fixed point z,, there exists a conjugation
between f and the translation z — z + 1. See [1, p. 35-41]. This conjugation is defined
in attracting and repelling “petals”, with z, contained in the boundary of these petals,

as represented in the image below.

Figure 2.1: Representation of an attracting and a repelling petal for a parabolic fixed point zo.

The parabolic fixed point has also a basin of attraction defined by the union of
the preimages of the attracting petals.
Suppose that z; is a fixed point of f, with multiplier

A=e"% with 0eR\Q.

There are some values of 0 for which there exists a conjugation between f and the
irrational rotation z — Az. According to Siegel, for O Diophantine, this conjugation
exists. See [1, p. 43]. When the conjugation exists, the domain of definition of the

conjugation is called a Siegel disk.

2.2 Global theory

From now on we will work with holomorphic functions defined on the Rie-
mann sphere € = C U {0}. The Riemann sphere can be geometrically described by the

stereographic projection.
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Figure 2.2: Riemann sphere and the stereographic projection h.

Since the stereographic projection yields a homemomorphism between € and
the unit sphere, it follows that C is a compact space. The Riemann sphere is a compact-
ification of the complex plane C. To define differentiability at infinity, we can use the

parametrization z — 1/z that maps a neighborhood of o0 onto a neighborhood of 0.

Julia sets and Fatou sets. It is possible to show that every holomorphic map defined
in C is a rational map R = P/Q, where P and Q are polynomials. The degree d of R is
defined as the maximum between the degrees of P and Q. Unless otherwise stated, the
degree is always assumed to be at least 2.

A family of functions ¥ = (fi1)ea, with f; : U — U is normal if every sequence
of functions (f,).en S ¥ admits a subsequence that converges on compact sets. Using
Arzela-Azcoli Theorem, a sequence of functions f, defined in € is normal if, and only
if, it is equicontinuous. Another result from Montel states that if a family of functions
omits the same three points of C, then it is a normal family.

Let R : € — C be a rational map with degree at least 2. The Fatou set F of R
is the largest open set in C where the sequence of iterates (R"),en is normal. It follows
that the sequence of iterates is equicontinuous. Then the basin of attraction of a given
periodic point of R is contained in Fg.

The Julia set ] of R is defined as C\Fx. By definition, the Julia set is closed.

Proposition 2.1. Let R : € — C be a rational map with degree at least two. Then Fg and Jr

are completely invariant:

R(Fg) = Fr = R7'(Fr) and R(Jg) = Jr = R7'(Jr).

Proof. See [1, p. 56]. O

Proposition 2.2. For a rational map R : C — C, with degree d > 2, the Julia set Jy is

nonempty.
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Proof. See [9, p. 46]. O

Proposition 2.3. The Julia set of a rational map either has empty interior, or is equal to the

whole Riemann sphere. The Julia set g is the closure of repelling periodic points of R.
Proof. For the first statement, see [9, p. 48]. For the second statement, see [1, p. 63] O

Proposition 2.4. Let R be a rational map with degree at least 2. Let z € Jg. Then

U R™(z) = Jk

n=0

Proof. See[1, p. 57]. O

2.2.1 Critical points

Theorem 2.4. If z is an attracting periodic point of a rational function R with degree at least

2, then the immediate basin of attraction Ay(zo) contains at least one critical point.
Proof. See [9, p. 59]. O

Example 2.1. Consider the quadratic family f.(z) = z* + ¢. It can be shown that if
¢ € D(—1, 1), the disk centered at —1, with radius 1/4, then there exists an attracting
cycle of period 2. The periodic points are given by

1+ /1 4(c+ 1) I VA ek GRS}
= > e 2 = .

2

21

By Theorem 2.4,

lim f2(0) - f2*10) =z -z = c + 1.
n—oo

Theorem 2.5. If zj is a parabolic periodic point of a rational function R with degree at least 2,

then each immediate basin of attraction associated with the cycle of zq contains a critical point.
Proof. See[1, p. 60]. O

Example 2.2. The rational function given by

322 +1
hiz) = 22+ 3

has a parabolic fixed point at 1, with multiplier A = 1. The function h has two critical
points at 0 and o. The fixed point 1 has two attracting petals, each invariant by forward
iteration under h. One petal is in the direction defined by the vector —1 and the other
in the direction defined by 1. The points in ID are mapped into D, so the critical point 0

must converge to —1 through the left side, while oo converges to —1 through the right.
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m\l Y () =3
NI

Figure 2.3: Representation of the convergence of the critical points

The postcritical set of a rational function with degree at least 2 is by definition
the closure of the set {f"(c) : n > 0, f’(c) = 0}.

Theorem 2.6. Let R be a rational function with degree at least 2. If U is a Siegel disk, then the

postcritical set of R contains oU.

Proof. See [1, p. 82]. O

Classification of periodic components. The image of any connected component of
the Fatou set Fg is a connected component of Fg. Let U be a connected component of

the Fatou set. We have the following possibilities:
o If R(U) = U, then U is a fixed component of Fg;

If R"(U) = U, then U is a periodic component of Fg;

If RP(R'(U)) = RY(U), then U a preperiodic component of F;

If R"(U) # U for all n € N, then U is a wondering domain.
Theorem 2.7 (Sullivan). A rational map with degree at least 2 has no wondering domains.

A Herman ring is a connected component of the Fatou set conformally isomor-
phic to a annulus
AR)={zeC | 1< |z| <R},

such that f or some iterate of f is conjugated to a irrational rotation on A(R). There are

no Herman rings for polynomials.

Theorem 2.8. Suppose U is a periodic connected component of Fr for a rational map R. Then

either

1. U contains a attracting periodic point;

N

. U is parabolic;

(O8]

. U is a Siegel disk;

W

. U is a Herman ring.

Proof. See [9, p. 167]. O
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Polynomials. Let f : € — C be a polynomial of degree d > 2. Using the parametriza-
tion z — 1/z it is possible to show that o is a superattracting fixed point of f, with local
degree d. Let A(x0) denote the basin of attraction of infinity. The set Ky = C\A(x)
is called the filled-in Julia set. Note that K¢ is closed by definition (it is actually a full

compact set, i.e., its complement is connected.).
Proposition 2.5. If f : € — C is a polynomial, then 0Ky = J; = 0A(0).
Proof. See [1, p. 65]. O

Since o is a superattracting fixed point of f, there exists a map B that conjugates
f with z — z% in a neighborhood of infinity. This map B is called the Béttcher map.
As we have seen, we can extend B through A(w) until we find a critical point of
f. If A(o) has no finite critical points, then the extended map C\Kf — C\D is a
conformal isomorphism. It follows that C\K  is simply connected, which implies that

K¢ is connected. The reciprocal is true.

Theorem 2.9 (Fatou). Let f : € — C be a polynomial. Then K f (consequently [r) is connected
if, and only if, all the finite critical points are in Ky. Otherwise K¢ has uncountably many

connected components.

Proof. See [1, p. 66-67]. O
The quadratic family. We shall study the quadratic family f.(z) = z* +¢. We will now
use the notation J. := J¢ and K. := K. The only finite critical point of f is 0.

We define the locus of connectedness M as the set of all the parameters ¢ € C for

which the filled-in Julia set K. is connected. Equivalently,
M={ceC | 0eK}.

We call M the Mandelbrot set. The set M is a compact subset of C.
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Conformal metrics and subhyperbolic

maps

3.1 Conformal metrics

Definition 3.1. A Riemannian metric ds defined in a open subset of U < C is given by

an expression of the form
ds® = gndx® + gradxdy + gndy?,

where [g;;] is a positive definite matrix depending smoothly on z € U.

A Riemannian metric is said to be a conformal metric if g11 = g» and g12 = 0.

In other words we can define a smooth map p positive and nonsingular so that

the conformal metric is given by
ds = p(z)|dz|,

where z is a local uniformizing parameter.

A conformal metric is said to be invariant under a conformal automorphism
f:u—-uif
p(w)|dw| = p(z)|dz|

whenever w = f(z). Equivalently,

for every z € U.
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Example 3.1. Consider the open disk ID. The conformal automorphisms of ID are of

the form
gz —a
plz) =e 1—az’
where a € D. The conformal metric
2|dz|
ds =
TP

is invariant under any conformal automorphism of ID. This metric, with density

| | ’

is called the hyperbolic metric of D.

Riemann Surfaces. A holomorphic map p: U — V between two Riemann surfaces is
called a covering map if for every z € V there is an open neighborhood W of z, such that
every connected component of p~! (W) is mapped onto W by a conformal isomorphism.
If there exists a covering map p : D — U, we say that U is a hyperbolic Riemann
surface.
Let U and V be two hyperbolic Riemann surfaces, with hyperbolic metrics
puldz| and py|dz|, respectively. We say that a holomorphic function f : U — V does not

increase the hyperbolic metric if

)22 <

The map f is a local isometry if the equality holds.

Theorem 3.1 (Schwarz-Pick). Every map f : U — V between two hyperbolic Riemann
surfaces does not increase the hyperbolic metric. The map f is a local isometry if, and only if, f

is a covering map.

Example 3.2. The half plane H = {z = x + iy € C | y > 0} is conformaly isomorphic to

D by the map
zZ—1
Y@ =—
By Schwarz-Pick’s Theorem it is possible to show that
1
H(z) = =
b Yy

The map z — €* is a covering map from H onto the punctured disk D* :=

D — {0}. Indeed, every strip of the form

{z=x+iyeH | 2(k—1)n < x < 2km}
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%L

Figure 3.1: Straight lines in the hyperbolic disk and in the hyperbolic upper half-plane.

is mapped homeomorphically onto D*\R,,. Using, Schwarz-Pick’s Theorem,

B 1
o) g
Another hyperbolic metric that can be computed using Schwarz-Pick’s The-
orem is the hyperbolic metric of the annulus A(R) = {z€C | 1 < |z| < R}. The map

225 isa covering map from H onto A(R). Indeed, let z = re’?, with 0 € (0, 7). Then

logR
Z T

2]

= R~.

We can compute the hyperbolic metric of A(R):

B 7/log R
~ sin(ntlog|z|/log R)|z|”

pAR)(2)

Example 3.3. Using the stereographic projection, we can define the spherical metric,
given by
2|dz|

ds — .
P

The set of conformal automorphisms of C is given by the Mobius transformations

_az+b
Cocz+d’

¢(z)

where a,b,c,d € C and ad — bc # 0. The spherical metric is not invariant under every

Mobius transformation, but it is invariant under z — 1/z.

3.2 Hyperbolic and subhyperbolic maps

Definition 3.2. A rational map R : € — € with degree at least 2 is hyperbolic if there
exists a conformal metric p(z)|dz|, defined in a neighborhood of the Julia set Jg, and

k > 1 satisfying

[R'(z)]

for every z € Ji.
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We also say that R is expanding on Jr for some conformal metric p.

Theorem 3.2. A rational map R of degree d > 2 is hyperbolic if and only if the orbit of every

critical point of R converges to an attracting cycle.
Proof. See [9, p. 206] O

Example 3.4. Let f. be a function in the quadratic family that admits an attracting
periodic point other than cc. It follows that f. is hyperbolic. For every ¢ ¢ M, the map
fe is hyperbolic.

Definition 3.3. A conformal metric on a Riemann surface, given by p(z)|dz| for a local
uniformizing parameter z, is an orbifold metric if it is smooth and nonzero except for
a locally finite set of points a;, 4, ..., where p blows up in such a way that for each 4;,

there is a number v; > 2 such that if we set z(w) = a; + w"i, the induced metric

p(e(w)) | 2| - o] = y (o)l

is smooth and nonsingular in some neighborhood of 0.

Remark. From the definition, in a neighborhood of 0, we have

p(z(w))vilw" ™| = y(w),
where w — y(w) is smooth and y(0) > 0. Then,

p(z) = LS D _al)l

1/1‘|Z—ai|v_i

in a neighborhood of 4;. Set

Vi — 1
= 1.
p S

Definition 3.4. A rational map R : € — C with degree at least two is said to be
subhyperbolic if there exist A > 1 and an orbifold metric p defined on a neighborhood

of Jr, with finitely many singularities in the Julia set, such that |R'(z)|, > A, whenever

z € Jg.

Theorem 3.3. A rational map R with degree at least 2 is subhyperbolic if, and only if, every
critical point in the Julia set is preperiodic and every critical point in the Fatou set converges to

an attracting cycle.

Proof. See [9, p. 211] O
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3.2.1 Misiurewicz points

A parameter ¢ € M is a Misiurewicz point if the orbit of 0 under f.(z) = z2 + c is

strictly preperiodic. There are minimal integers p, [ such that

F(fi(0)) = file).

Since 0 is a critical point, it follows that I > 1. Misiurewicz parameters are in d M and
form a dense subset of the boundary of the Mandelbrot set. A simple example of a
Misiurewicz parameter for the quadratic family is the value ¢ = —2. Indeed, the orbit
of Ounder f ,is0— —2+— 2+ 2.

Example 3.5. It follows directly from Theorems 3.2 and 3.3 that every hyperbolic ra-
tional function is subhyperbolic. The converse statement is not true. If c € oM is a

Misiurewicz point, then f, is subhyperbolic but is not hyperbolic.
Proposition 3.1. Let ¢y be a Misiurewicz point in the quadratic family. Then
1. The cycle to which 0 is eventually mapped is repelling.
2. The filled-in Julia set K., has no interior.

Proof. Since the orbit of the only finite critical point is preperiodic, it follows that f, is

subhyperbolic. For all z € |, except for a finite number of points, we have

p(fco (Z))
p(z)

for p(z)|dz| an orbifold metric. Set z, := f!(z). Then

fe ()] >k>1,

1Yz H\fq, ﬁo()” YR

p(zi

Let @ = f] (co) be the first periodic point of period p in the orbit of 0. The metric p(z)|dz|
is constructed in such a way that the postcritical points are the exceptional points. So

we have that a is approximated by a sequence of points a,, € ., that satisfy

Py y P (@)
) ) = e

Using the remark above, for m sufficiently large,

y (4/fo () —a)
y(Yam —a)

>k>1. (3.1)

B
Oy — QO

o PUB@)
) @) == = 1) )

[(f5) (a)'F
(3.2)

p(am) —q| moow
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Combining (3.1) with (3.2) we get
() (@) =k >1.

Thus «a is repelling.

To prove that K, has no interior, we just need to show that there can’t be a
Fatou component other than A(w). Using the Theorem 2.8 of classification of Fatou
components, we conclude that another Fatou component either contains an attracting
periodic point, a parabolic periodic point or a Siegel disk. But there cannot be an
attracting periodic point besides o, or a parabolic periodic point because in these
cases, from Theorems 2.4 and 2.5, we would have the orbit of 0 converging to the
periodic point. Since the eventual cycle of 0 is repelling, this cannot happen. There
cannot be a Siegel disk, since the postcritical points make a finite set. The postcritical

set does not contain the boundary of the disk (Theorem 2.6). We conclude that

Koy = Jeo-



Chapter 4
Transversality property

The main goal of this section is Theorem 4.3 (transversality), which is a key

property for establishing the similiarity between the Mandelbrot set and the Julia set.

Proper maps. Recall that a Riemann surface is a connected complex manifold with

dimension 1.

Definition 4.1. Let X and Y be Riemann surfaces. A nonconstant holomorphicmap f : X — Y
is proper if the pre-image of any compact subset of Y is a compact subset of X.

If f : X — Y is proper then the pre-image of any point in Y is a finite subset of
X (otherwise f would be constant, by the Identity Theorem). The set of critical points
B = {ce X : f'(c) = 0} is locally finite. The image R = f(B) is the set of ramification
points. Let B’ = f~!(R). It is easy to show that

f:X-B - Y-R

is a covering map between connected manifolds with finite degree d. For this reason, f

may also be called a d-fold branched covering.

4.1 Green’s function

Let f.(z) = z* + c¢. Using Theorem 2.3, we can define the Boettcher map B, in
a neighborhood of infinity. Let V be the maximum domain of the extension of B.. If
ce M, thenV = C\KC and B, : C\KC — C\E will be a conformal isomorphism. On
the contrary, if c € C\ M there exists a real number p > 1 such that B, : V — C\Ep isa

conformal isomorphism, satisfying 0 € B~!(¢ID,,).
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If z ¢ V, let 71 be large enough so that f'(z) € V. We can define the Green’s
function G, : C\Ky — R* by
Ge(z) = log|B.(2)],
if ze V and i
_ log |B.(f(2))
27 ’

if z ¢ V. The Green’s function has some properties.

Gc(2)

1. G, is positive harmonic;

2. G(fe(z)) = 2G.(z);
3. G¢(z) » Owhend(z,K.) — 0.

To prove 3, suppose that c € M. (The case c € C\ M is analogous). We will use the fact
that

B.(z) = lim f"(z)2".

n—aoo

Then
G.(z) = Tim o= log |f'(2).

Since d(z, K;) — 0, the orbit of z is getting closer to a bounded orbit. Hence log |f!(z)|
will be dominated by 1/2" and G.(z) — 0.

Proposition 4.1. A point z € C\Ky is critical for G. if, and only if, f'(z) is critical for f,, for

somen = 0.
Proof. Suppose f(z) is a critical point of f. for some n > 0. We have
Ge(f(c) = 2" Ge(2).

Then

Ge(z) = 2n1+1G2( 1 (2) - (A=) - (fi(=)) =0,

Conversely, suppose z is critical of G.. Then

G(fi(z) =0,

for every n > 0. Every point of the sequence f"(z) cannot be a critical of G, because
the sequence will be eventually contained in V, where B, is a conformal isomorphism.

Hence, for some n, the point f(z) must be critical for f..
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This proposition gives us explicitly a domain V where B, is defined, when
c e C\M. Themap B, : C\L, — C\ID,, whereL, = {z€ C | G.(z) < G,(0)}and p = ¢%©,
is a conformal isomorphism.

We want to extend G, continuously to C. Since G.(z) — 0 as d(z,K.) — 0, we
define G.(z) =0 forz € K..

Lemma 4.1. Let f : C — C be a monic polynomial of degree d given by

d—1

fz) =2+ a3+ - +ap.

Let
R*(f) :==1+|ag_a| + - + |aol.

If zy € C satisfies |zo| > R*(f), then the orbit of zo under f tends to infinity.
Proof. We are going to prove that

f'(z0) > 0 if n— 0.

We have
aq—1 a
flzo)] = 2ol |1+ 2L 4 4 20
d ‘ad—ly ]a()] )
= |2 1— _ o 7YE
= ( 2ol |Zo/?
> |zo|? (1 _ gaal+ -+ ‘00’)
|20l
|zo|”
R*(f)
Inductively, we come to
|zo|”

/" (z0)] > W — o0 when 71— 0.

Proposition 4.2. Let
K:={(cz) | ze K}.

Then K is closed and the map (c,z) — G.(z) is continuous.
Proof. For every c € Clet R*(c) = 1 + |c] and

Vii={(c,z) | R*(c) <|z[}.
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Define the map F : C x C — C x Cby F(c,z) = (¢, f.(z)). We have

(CxQ)/K = JF (V).

n=0

In fact, suppose (co, zo) € (C x C)/K. This means z, ¢ K,,. For n big enough,

| fo(20)] > R¥(co)-

Hence
Fn<CQ,ZO) = (CQ,fZé(ZQ)) € Vl.

Conversely, suppose F"(co, zo) € V1 for some n > 0. From Lemma 4.1, the orbit of £ (zo)
and, consequently, the orbit of z; tends to infinity. Then z, ¢ K.. Thus, since V; is open
and F is continuous, then K is closed.
Let V|, be the set
Vo:={(c,z) | R*(c)* < |z|}

and define ¢ : V1 — C x Cby ¢(c,z) = (¢, Bc(z)). If (¢, w) € Vy, then |w| > R*(c)?. There

exists z, with |z| > R*(c) such that z* = w. Then

B (w)| = [B:(z%)] = |£e(B: ' (2))] > R*(0).

c

Hence there is V < V; such that ¢ is an isomorphism between V and V. The map
(¢,z) — Gc(z) is continuous in V7, because if (c,z) € V;, then G.(z) > G.(0). Hence the
Bottcher map B, is well defined and depends analytically on c. The continuity holds
for each preimage F~"(V;) as well, since

G(f'(2))

Gelz) = =

We just need to prove continuity on K. If (c,z) € K, then G.(z) = 0. Then we have to

prove that for every ¢ > 0 the set
W, :={(c,2) | Ge(z) < €}

is an open set. It is sufficient to prove that, for any bounded open subset A < C, the
intersection W, n (A x C) is openin A x C. We can assume ¢ < 1, since we are interested
in neighborhoods of K. Let N > 0 be big enough such that

2Ve > sup R*(c)*. (4.1)
ceA

Then
Ax C(W. (A x €)= (A xC) n I,
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where W¢ := {(c,z) | G.(z) = ¢} . We have
(AxC)nW:=FN(AxC)nW5y,).
Indeed, if (¢, z) € (A x C) n W¢, then

Ge(fN(z)) = 2VG.(z) = 2Ne.

Let
(c,z) € (A xC) nWyy,.
Since G.(z) = 2Ne > R*(c)?, we have |B.(z)| = 2Ne. Hence

(A  ©) W) € FV67({(6,2) | 2% < [21}))
On the other hand if (c, z) satisfies | f¥(B.(z))| = 2V¢, then
Go(f¥(2)) = 2VGu(z) = 2Ve.
We conclude that
AxC(W.n (Ax ©) = FN@({(e2) | 2% < [21}),

which is a closed set.
O

The Bottcher map B, is well defined for every z such that G.(z) > G.(0). Then
for every ¢ € C\M, set
W(c) = B.(c).

The map VW is well defined, since G.(c) = 2G.(0) > G.(0).
Theorem 4.1. The map W : C\M — C\ID is a conformal isomorphism.

Proof. W is holomorphic because

L={(c,z) | ze L} ={(c,z) | Ge(z) < G.(0)}

is closed and the map (c,z) — B.(z) is holomorphic in C*\L.
We have that

fie) = (f (C>)<1+W>

0 (1 i) (1 g
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Continuing the argument inductively, we get

fé(e) = (1+ Cz) <1+ ( nl(c))2>

c

Recall that
Bi(c) = lim f1(c)”"
Then -
W) 15 c
- -1l () 42

For |c| > 4 the sequence of iterates of the critical point tends uniformly to infinity. So
the infinite product converges uniformly. Moreover, each factor of the product tends
to 1 as c goes to infinity. Hence, we have W(c)/c — 1, if c — o0 and W has a simple pole
at 0. Thus, we can extend W to €\ M by setting W(x) = co.

This extension is proper, since ¢ — ¢y € IM implies G.(c) — G,(co) = 0, which
givesus W — JID. The proper map W has a degree. Since W~!(c0) = oo with multiplicity
1, the degree of W is 1 and we have the desired result. O

Corollary 4.2. The Mandelbrot set M is connected.

4.2 External rays

Recall that for ¢ € M, the filled-in Julia set K, is connected and the Bottcher
map B, : C\K, — C\ID is a conformal isomorphism. For 6 € [0,1), the external ray
R(K,, 0) of K. with argument 0 is defined by

R(K., 0) = B7'({R - e go1).
We say that R(K,, 0) lands at a € K. if the limit below exists

lim B_}(R - e*™%) = a.
R—1+

In this case we also say that a has an external argument 0.
Using the fact that B, conjugates f, with z — 22, if z € R(K,, 6), we have
fe(z) € R(K, 20).

Let ¢y be a Misiurewicz point. Let I, p be the minimal integers that satisfy

5 ((f(c0))) = fz,(co)-

We already know, from Proposition 3.1, that the periodic point f} (co) is repelling. As

we did before, define an implicit function ay : W — C, from a neighborhood W of ¢
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into a neighborhood of the periodic point in such a way that for all c € W, the image

ap(c) is a repelling periodic point of period p and
ao(co) = fz,(co)-
Theorem 4.3 (Transversality). The function c — f!(c) — ay(c) has a simple root at cy.

Proof. From Proposition 3.1, we have K., = ], which is connected. The Boettcher map
B. is defined at every point z € C\K,. Then, every point in K, has an external argument.
Let O be an external argument of ¢y and let ¢ = 2'0 mod 1. The ray R(K,,, ¢) lands at
ao(cop). Indeed
lim B.(R %) = lim fl (B (R ")) = ag(co).
Consider the rays R(K, ¢) for c € W. Close to ay(c), we can use the inverse

mapping theorem to define a local inverse f, © in a neighborhood of ay(c). Then

lim £.7 o B,'(R-e*) = lim B_'(R-¢*™/*) = lim B_'(R - ™). (4.3)

R—-1+ R—1+ R—-1+
On the other hand, let ¢ be the Koenigs linearization map defined in a neighborhood

of ay(c), conjugating f! with z — A(c)z. We have

. 1 .
- - p-l(p . 2miey _ 1 [ _L . “1(p | 2mip
tim 705 R ) = gt (g (Jim BOR- ) ).
From (4.3) and (4.4), the ray R(K,, ¢) lands at a point that fixes the composition z —
(pc_l(ﬁ(pc(z)). Then it must be ay(c).

For t > 0, let a;(c) to be the point in R(K,, ¢) that satisfies
Ge(ay(c)) = t.

Then
B.(ay(c)) = ' - e¥™9, (4.5)

The map (c,t) — a;(c) depends continuously on ¢ and c and depends analytically on c,
for each fixed t. The equality (4.5) and the fact that the rays R(K,, ¢) land at ay(c) also
gives us that a;(c) tends to ay(c) as t — 0.

We cannot have ag(c) — f!(c) = 0 for every ¢ € W, or we would have £/ = f..

For ¢ close to ¢y, there is k > 1 and a4, # 0 such that
10N k k+1
ao(c) — fo(c) = ax(c — co)* + O(|c — co|*).
For small values of ¢, the equation

ai(c) = fi(c) =0 (4.6)
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has k solutions c;(t), ..., ck(t), counting with multiplicity and these solutions depend
continuously on t. They also tend to ¢y as t — 0. In particular, by definition
of a(c), it follows that fcl,-(t)(ci(t)) e R(Kyu), @). Since (f1)(co) # 0, we can as-

€0

sume that ( fC’i(t))’(ci(t)) # 0 and apply the appropriate branch of fci_(lt), so that we get
ci(t) € R(Ke ), 0).
We have
Beo (fo ) (ci(t)) = B (au(ci(t))) = e - .

Since c;(t) € R(Ke, 1), 0), we can apply the appropriate branch of the 2'th root to get
W(ci(t)) = Bep(ci(t)) = ot/2 . 20

Since WV is one-to-one, the solutions c;(t) coincide. Call the common value c(t). Then

for c close to c(t)
ar(c) — fl(c) = O(lc — c(B)[).
For values of z close to a;(c), we have
B.(z) = ¢ - ™ + O(|z — ay(c))).
Thus

W(c)? = B.(f(c))
= ¢ L O(|f!(c) — (<))
— ¢ 1+ O(lc — c(t) ).

Then W is a conformal isomorphism. Hence the map W(c)? has non-zero derivative at

c = c(t). We conclude that k = 1 and we have the desired result.
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Similarity at Misiurewicz points

5.1 Hausdorff- Chabauty distance and similarity

Definition 5.1 (Hausdorff distance). Let A and B be two compact subsets of C. The

semi-distance from A to B is given by

6(A,B) = supd(x, B).
xeA

and the Hausdorff distance between A and B is defined as
d(A, B) = sup(6(A, B),6(B,A)).

The Hausdorff distance is an useful tool to compare compact subsets of C. But,
for what we are aiming for, we need to be able to compare two closed subsets of C.

Let A be a closed subset of C and r > 0. We define the compact subset
A= (AnTD,) v aD,.

The disc D, centered in 0, with radius r, works as a window, through which we will
compare sets around 0. If we want to compare a set A around any given pointa € A we

use a translation 7_, : z — z — a and analyse the compact set (7_, A),.

Definition 5.2 (Hausdorff-Chabauty distance). Let A, B be two closed subsets of C and
r > 0. We define the Hausdorff-Chabauty distance between A and B to be

d,(A,B) = d(A,, By)
where d is the Hausdorff distance.

31
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Lemma 5.1. Let A, B be two closed subsets of C and fix r > 0. We have

d(a,B,) <d(a,B) <d(a,Bn Er), forevery aeAn D, (5.1)
and
6(A,,B,) < sup d(a,B) <d(AnD,,BnD,) (5.2)
ueAmﬁr

Proof. The geometric idea for (5.1) is pretty simple. We can see on the figure below an

example where the inequalities hold in a strict fashion.

<

Figure 5.1: Example of restrict inequalities.

Letae A ~ D,. We have

d(a,B,) = ian d(a,x).
We know that B, = (B N ﬁr) U dD,. Asa € ID,, it follows that d(a,0D,) < d(a, B\ﬁr).
Thus,

infd(a, x) < inf d(a,x) = d(a,B).
xeB, xe(BAD,)u(B\D;)

For the second inequality, note that B n ID, < B. Then,
d(a,B) < d(a,B nD,).

The inequalities in (5.2) are solved by first noting that d(x, B,) = 0, for every x € JD,.
Hence
0(A,, By) = supd(a, B,)
acA,

= sup d(a,B;)

aeAmﬁ,
< sup d(a,B).

aeAmﬁ,

For (5.2), we just use (5.1):

sup d(a,B) < sup d(a,BnD,) =6(AnD,BnD,).
ueAmﬁr aeAmﬁ,
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Since
d(An D,,B n E,) = max {6(14 ~nD,, Bn ﬁr),é(B D, AN Er)} ,

we have the desired result.

For the Definitions 5.3 and 5.4, assume ¢ = |g|e’?, with |g| > 1and 0 < 6 < 27.

Definition 5.3. A closed subset B < C is g-self-similar about 0 if there exists ¥ > 0 such
that
(0B)r = B,

We also say that B is self-similar about 0 with scale p.

Definition 5.4. A closed subset A < C is asymptotically p-self-similar about a point x € A

if there is r > 0 and a closed set B such that
(0"t_xA), > B, while n—
for the Hausdorff distance. The set B is called the limit model of A at x.

Definition 5.5. Two closed sets A, B = C are asymptotically similar about 0 if there is
r > 0 such that
lim d,(tA,tB) = 0.

teC,t—0
Proposition 5.1. Let A = C be a closed set asymptotically o-self-similar about x € A with
limit model B < C. Then B is g-self-similar.

Proof. We know that for some r > 0
(@"T,XA A ﬁ) U D, — (B A ﬁ) LD, while - .
By intersecting both sides of the limit with ES, with 0 < s <7, we get
o'ty An D, > Bn D, while n— w
Since |g| > 1

(0B):

<@B N ﬁr> v 0D,
0 ((B N ﬁ/@ U a]Dr/m)
=0 (lim[<@”LxA N ﬁ/m\) v alDr/lp\])

n—oo

= lim [(@”“T_xA N Er> U (91Dr]

n—aoo

= B,.
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Example 5.1. The disk D, is self-similar, for every 0 < s < r. A line is self-similar, for
every r > 0 and a segment is self-similar, for 0 < r < [/2, where [ is the length of the

segment.

Example 5.2. A regular curve is asymptotically similar to its tangent line about any

given point.

Example 5.3. The spiral S(A) = {e** | x € R} is e*-self-similar about 0 if |e!| > 1, for
every r > 0. Indeed, this fact comes directly from the properties of the exponential.
If z € e*S(A), then z = €* - €%, for some x € R, which implies that z = ¢}*+D e S(A).
Reciprocally, if z € S(A), then z = ¢!, for some x € R. Then z = ¢! - !~ € ¢1S(A).

Note that the argument for the self-similarity of S(A) is independent of the disk used.

Example 5.4. The Cantor set C is self-similar about any rational point. There is a bijec-
tion o : C — X between C and the space of sequences L := {(s;)ien | si € {0,2}, Vi e N},
where o is known as the itinerary map. Also, a point x € C is rational if and only if
the itinerary of x is eventually periodic, i.e if o(x) = (1, t2, ...) there is | and k such that
ty = tusk for every n > I. The number k is minimal and is called the eventual period of

X.

Proposition 5.2. The Cantor set C is 37-self-similar about x € C if and only if x is rational and

the eventual period of x divides p.

Proof. Let x € C be a rational number, let /, k € IN be as in the example and let (¢;);en be
the itinerary of x, such that the eventual period k divides p. We can recover x from its

itinerary by the ternary expansion

xzz til..

1

W

0
=1

Now let r > 0 be small enough such that for every point y € C n [x — r,x + 7|, the
itinerary of y is equal to the itinerary of x in the first [ entries. If w € (1_,C),, then

w =1y —x,whereye Cn [x —r1,x+r], with o(y) = (si)ien. Hence,

O S — 1 O S — 1
_ 1 1 _ p 1 1
w = E 3 —3<§ 3i+p>.
i=1+1 i=l+1

But then, as x is rational and its eventual period divides p, it follows that w = 3”(a — x),
where a € C n [x — r,x + 1] has the first | + p entries of its itinerary equal to x. We have
w € 37(1_4C),. On the other hand, if z € 3/(7_,C),, then

Z= Z Si%l'_:i'

0
i=1
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We can make r small enough so that the first p entries of (s;)en are equal to the first p
entries of the sequence of x. Thus, we have z € (7_,C),.
Reciprocally, suppose the eventual period of x, if it exists, doesn’t divide p and

letr > 0and o(x) = (t;)ien. Let ax € C be a point, with itinerary

G(ﬂk) = (tll ceey tk—llsk/ tk-i—l/ ceey tk+p—1lsk+p/ tk+p+1/ )/

where s; # t; for j = k, k + p. We can take k big enough such that a; € [x — r,x + r] and
ty # tryp since p isn’t an eventual period of x. Let w := a; — x. It follows that w € (7_C),

and
Sk — tx Sk+p — tk+p

3k 3k+p
This leaves us with two cases: if t; = 0, then

2 2 . 2 2
R i b

But if w € 37(1_xC),, then t;, = 0, which is a contradiction because we assumed

tx # tirp. A similar analysis will give us a contradiction for the case f; = 2.

O

Proposition 5.3. Let A,B < C be closed sets and suppose there are r > 0 and o € C, with
lo| > 1 such that
lim d,(0"A, 0"B) = 0.
Then
lim d,(tA,tB) = 0.

t—o0,teC

In other words A and B are asymptotically similar about 0.

Proof. Let ¢ > 0. There is ny € IN such that for every n > ny

5((d"A),, (¢"B),)) < —

—. 53
R 53)

For any t € C such that [t| > |g|™, there is n > ny that satisfies |g|" < [t| < |g|"*!. If
x € (tA) n ID,, we have

x=ta=—-¢0"a, forsomeacA.

Then .
4

[t

|0"al = |x| -
Since x € D, and |t| > |g|", we have |g"a| < r. Hence, ¢"a € ¢"A n D,. From (5.3), we get

d(¢"a, 0"B) < €

— 54
i ©4
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Also,

t t —
E(@”B)r = (EQnB N Dr-t/w) U 0Dy /g1 (5.5)

Since |t| = |o|",

Er M Er-\t/g’ﬂ = Dr
and (5.6)
Er N (9]Dr.|t/0n| = @ or Er M (9]Dr.|t/gn| = a]D,.

Hence, using (5.5) and (5.6)

We have (in any case)

t t
—("B),) =|—=¢"B) . 5.7
(Q”(Q >>r (Q”Q )r )

Now, we may prove that given x = ta € (tA) n ID,, for |t| > |g|™, we have
d(x, (tB),) < e.

We begin by noting that (5.7) implies

From Lemma 5.1:

It follows that

‘n-&-l

Using (5.4) and since |t| < |g|""", we get

d(x, (tB),) <
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By Lemma 5.1:
O((tA),, (tB),) < sup d(x, (tB),) < e.

xe(tA)nD,

This proves that
o((tA),, (tB),) - 0 while t— oo.

The proof of this fact for 6((¢B),, (tA),) is analogous. Thus, we have the desired result.
O

Corollary 5.1. Let A < C be a asymptotically self-similar set with limit model B < C. Then

A is asymptotically similar to B.

Proof. We know, from Proposition 5.1, that B is p-self-similar. Let r > 0 such that
(¢B)r = B,.
It follows that
(¢"B), = B,. (5.8)
Indeed,
(0"B)r = 0"~ (0B) g
= &"'Byjgp
= (¢"'B),.

Continuing this argument inductively, we get (5.8). Since B is the limit model of A,

lim d,(0"A, ¢"B) = lim d,(¢"A,B) = 0.
n—0o

n—aoo

By Proposition 5.3 we have the desired result.
O

Proposition 5.4. Let U, V = R? be neighborhoods of x, y € R?, respectively, and let f : U — V
be a C'-diffeomorphism such that f(x) = y. If A < U is a closed set that contains x, there is
r > 0 such that

lim d,(H(t_,f(A)), IDf(x)(t_y A)) = 0.

teC, t—00

Proof. Fix r > 0. Since f is differentiable at x, for all ¢ > 0 there exists 6 > 0 such that if
0 < |lx —h|| <9, then

If(x) — f(h) = Df(x) (x = Il _ lly — f(h) = Df(x)(x — h)ll
llx — Al llx — Al

< €.
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Leta e tDf(x)(t_xA) N ID,. There is i € A such thata = tDf(x)(h — x). First, note that,
forafixedt e C,

d(tDf(x)(h — x), H(1_, f(A))) < |t| - | f(h) — y — DF(x)(lh — %) -
Indeed, we have

d(tDf(x)(h = x),tt—yf(A)) = inf d(EDf(x)(h—x),HC ~y))

< d(tDf(x)(h — x),t(f(h) — y))
=|t]-||f(h) =y — Df(x)(h — x)]|.

Since f is a C'-diffeomorphism, it follows that

h—x=Df(x)" <%> .

Then

ke — il < [|Df (x) l||”|Z|”\||Df(X)1||ﬁ- (5.9)

The last inequality in (5.9) is due to the fact that a € D,. Let ¢ := ||Df(x)*1” 1. If
|t| > ¢/, then for any

a=tDf(x)(h—x) e tDf(x)(1_yA) nDD,,
equation (5.9) gives us

llx —hll < — <.
|t|

Hence,

d(tDf (x)(h — x), t(1_, f(A))) < |t - | f(h) — y — DF(x)(h — )|

. ly — f(h) — Df(x)(x — h)| 5.10)
llx — hl|

From lemma 5.1,

S(IDF()T_A)y, (HryfA))) < sup  dla,H(t_yf(A)) <c-e.

actDf (x)(1_y A)nDD,

We need to prove that

S((HT_yf(A)y, (tDf(x)T_, A),) — 0 while t— oo,

Leta € t(T_yf(A))ﬂEr. Thena = t(f(h)—y) forsomeh € A. As fisa C'-diffeomorphism,

we have
h=f(3+).
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By the mean value inequality
e =l = ||f )~ £ (5 + )|

ze[h] |t]
< sup ”Df 1” ’:’

z€[x,h)

Define C := sup,, ||Df(z)_1|| -r. If |t| > C/6, then ||x — h|| < 0. Following the same
steps as in (5.10), we have the desired result.
O

Remark. This result can be adapted to the context of a regular curve in order to prove

the statement in the Example 5.2.

Proposition 5.5. Let f be as in Proposition 5.4 and A a closed set such that f(A) is asymp-
totically o-self-similar about y, with limit model B. If Df(x) is C-linear, then A is also
asymptotically o-self-similar about x, with limit model Df(x)™'B. In other words, there is
' > 0 such that

lim d, (0"t_A,Df(x)"'B) = 0.

Proof. We already know that Df(x) A and f(A) are similar. That is, for some 7 > 0

lim d,(6"Df(1)(x -+ A), 0", f(4)) =

Note that the definition of similarity between sets states that ¢ tends to infinity in any
direction. Particularly, we can choose the sequence (¢"),en that tends to infinity as

n — 0. Since f(A) is asymptotically g-self-similar about y, we have

lim d,(¢"t_,f(A),B) = 0.

Then,

lim d,(¢"Df (x)(1_+ A), B) < lim [d,(¢"1_,f(A), B) + d,(¢"Df (x)(1_x A), ¢"1_, f(A))] = 0

n—o0 n—aoo

Hence, Df(x)(t_+ A) is also asymptotically g-self-similar.
Since Df (x) is C-linear, it follows that

O"Df(x) (1< A) = Df(x)(¢"T < A).
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Now, let ' > 0 be small enough such that Df(x) D, < ID,. We have

(Df(x)—lB A ﬁ,) U Dy = Df(x)™! :<B A Df(x) E) o Df(x)&]Dr/]
— Df(x)"! :<B, A Df(x) E) U Df(x) ”]Dr/]
= Df()™" | (lim (¢ Df (x)(x_+A)), n Df(x) D) v Df(x)oDy |
= Df()”" | (lim Df(x)(¢"t < A) n Df(x) Dy ) u Df(x)2Dy |
= lim (g"t A~ D) L oD,.

Proposition 5.6. Let X < C be a g-self-similar set about 0. Define Y to be
Y:={zeC | e X}.
Then the set Y is also p-self-similar about 0. In fact this result holds for every scale p such that
d _
p- =0
Proof. Fixr > 0 such that (0X),« = X,«. Particularly,
QX M Drd =Xn IDrd.
Indeed this equality isn’t necessarily true for the closed disk, because in the definition
of self-similarity we include a union with the boundary of the disk. But, when we are
dealing with just the open disk, this equality holds. Note, from the definition of Y, that
YNnD,={zeC |z'eXnDu}.
Now, let z € pY n ID,, where p? = g. Then, z = py, where y € Y n D, ;. This implies
that yd € X N Dya) - But then, since X is o-self-similar, it follows that
de €oXNnDu=XnD,ya.
Hence,
o' = (py)'e XnDu=z=pyeYnD,

Thus, the set pY nID, € Y n D,.
On the other hand, let y € Y n ID,. Well there is z € C such that y = pz. Which
implies that
= (p2)'e X "Dy = pX "N D,a.

But then,
0z" € pX "Dy = 27 € X 0 D).
It follows that z € Y n D, . Thus,
y=pzepYnD,
and then, the set pY n D, = Y n ID,. We conclude that (pY), = Y.
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5.2 Self-similarity at points of the Julia set

Before tackling the asymptotic self-similarity of the Julia set at a Misiurewicz

point, we must prove the following lemma:

Lemma 5.2. Let U,V < C be neighborhoods of x,y € C respectively and let g : U — V a
holomorphic function such that g(x) = y and ¢'(x) = ¢"(x) = ... = ¢ V(x) = 0, with
gD (x) # 0. Suppose there exists a neighborhood V, of y, a real number s > 0 and a conformal
isomorphism ¢, : V,, — Dy, with ¢,(y) = 0. Then there exists a neighborhood U, of x and a

conformal isomorphism ¢, : U, — D, satisfying

d

Qyogop;(z) =2"

Proof. Since g has local degree d, let U, = D(x, r) be the disk centered at x, with radius
r > 0 small enough, such that g(U) < V, and where the expansion in power series of
h:= ¢, o gis defined:

h(z) =a(z—x)" +b(z —x)" + ...

We can also make U, small enough, so that we have ¢’(z) # 0 for all z € U, — {x}. Then,
themap h : U, — {x} — Dy — {0} is a covering map with d branches. Indeed, let z; € U,.
It follows that

zo—x=p-e?, with 0<p<r
Then, the image h(zy) has exactly d pre-images z; € U, such that

0-d+2mn-k
d

zxr—x=p- %, where 0=

fork = 0,..,d — 1. Since, for every z, we have g'(z;) # 0, the inverse mapping theorem
gives us that there exists neighborhoods Ui and V; of zy and h(zy), respectively, such that
h : Uy — Vy is a biholomorphism. Analogously, the function p : ID; — {0} — Dy — {0},
given by p(z) = z*
Let 711 (IDy — {0}) = Z be the fundamental group of D, — {0}. Since h and p are

covering maps, with d branches, it follows that

is a covering map, with d branches.

he(m(Uy — {x})) = dZ = p. (1 (D; — {0})),

where 1, and p, are the group homomorphisms induced by i and p, respectively. This
isomorphism between groups holds, because the index of the subgroup defined by
the image of a homomorphism induced by a covering map is equal to the number of

branches.
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Hence, by the lifting theorem, there exists a conformal isomorphism

@x : Uy — {x} = D, — {0}, satisfying

p=hog.".

Since

limg,(z) =0,

we can extend ¢, analytically to x, by declaring ¢, (x) = 0.
O

Theorem 5.2. Let f : C — C be a rational map and A < C be a closed subset, completely in-
variant under f. If x € A is an eventually repelling periodic point for f, then A is asymptotically
o-self-similar about x, where g is the multiplier of the eventual cycle of x.

Moreover, there exist a conformal mapping ¢ defined in a closed neighborhood U of x
such that the limit model of A is the set

1
B:=
¢'(x)
Furthermore, if x is periodic, then ¢ can be chosen to satisfy ¢'(x) = 1. And if x is

eventually periodic satisfying

@) = fix) with () (x) #0,

then A is asymptotically g-self-similar about f'(x), with the same limit model as x up to
multiplication by (f')(x).

H(A N U).

Proof. By definition, since A is completely invariant under f,
f(4) = A= f(A).
It follows that, for every subset U < C,
fAnU)=Anf(U) and fYANfU)NU=ANnU (5.11)

Indeed,
flAnU) < f(A)n f(U) = An f(U).
On the other hand, if y € A n f(U), then y = f(x) € A, where x € U. But, since A is

completely invariant, we have x € A. Hence, the image y € f(A n U). Thus,
f(AnU)=An f(U).
For the second equality in (5.11), since U = f~1(f(U)),

fFHlAnfU) nU=fHA) n ffU)nU=AnL
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Now, let x € A be an eventually repelling periodic point for f and let [, p be the

minimal integers such that

F(f() = f(x).
Then, the periodic point y := f!(x) is repelling. Which means that g := (f?)'(y) satisfies
lo| > 1. By Konig’s theorem, there are neighborhoods V and V) of y and 0 respectively

and a conformal mapping ¢ : V — V| that satisfies

po f(z) = 0¢p(2),

for every z € V. Moreover, we have ¢(y) = 0 and ¢'(y) = 1.
Let r > 0 be small enough such that D, < V,. Set

U := ¢ (IDy)

Since f? is continuous and ¢ is conformal,

fft) < frU) and ¢ (D) = (D).

Also, we have
97 (2)) = 97 (02),

for every z € V. Then,

fU) = fru) = frp=1(IDy)
= @ 1 (0Dyy4))
= ¢~ 1(IDy)
= ¢ (D).

(5.12)

Since D, < V,, it follows that 1P (U) < V. By the definition of U and the fact that
fP(U) = ¢~ 1(ID,), we have U < f#(U). Hence, from (5.11),

FPFARU)AU=AnfPU)nU=AnU

It follows that

P(fPLANU) A U) =pAnU) =pAnUnU).

Since @ is bijective, it preserves intersection:

P(fF(Anl)) npU) =@AnU) ne).

The conjugation implies

0p(AnU) N Dyyy = @(AnU) D,y
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Thus, the set (A n U) is g-self-similar about 0. In particular it is asymptotically o-
self-similar about 0, with limit model equals to itself. We can apply Proposition 5.5
to ¢ : V — Vj and conclude that A is asymptotically g-self-similar about y, with limit

model
QO%y)qO(A AU) = (A nU).

This already proves that if x is periodic, then A is asymptotically g-self-similar about x.

Now, we need to prove it for the case x strictly eventually periodic.

First assume that (f')'(x) # 0. By the inverse mapping theorem, there are
W, and Wy neighborhoods of x and y respectively, such that f' : W, — Wy is a
biholomorphism. We can make W, small enough such that Wy c U. Then, since f'is a
biholomorphism,

AN, =An Wy.

Since A is already asymptotically g-self-similar about y,we can apply proposition 5.5
again for f' to conclude that A is asymptotically g-self-similar about x, with limit model

1 _
FymPdnt

Note the limit model is the same up to multiplication by (f')'(x). Actually, by choosing
' > 0 such that

Er’ S@o fl(Wx)/
we can follow an analogous argument as above to prove

e fAn T
is also a limit model.

Finally, we will see now the case (f')'(x) = 0. Let d be an integer such that
(D (x) =0, fori=1,..,d—1and (f)¥(x) # 0. From Lemma 5.2, there exist s > 0,
neighborhoods V, < V and W, of y and x respectively, and ¢, : U, — ID; a conformal
mapping, such that

poflopt =2, (5.13)

for every z € ID,. Let s’ < s and call K := ¢;'(Dy). Also set
X:=¢of(AnK) and Y:={zeC |z'eX}.
The set X is p-self-similar about 0, because of Proposition 5.5 and the fact that

¢ '(X) =An fi(K),
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which we know is g-self-similar about y. Then, from Proposition 5.6, the set Y is also

o-self-similar about 0. From (5.13), we have

= (px(A N K))".

Then Y = ¢,(A n K). Applying proposition 5.5 again, we have

1( )(Px(A mK>> 0,

lim d, ( (T A
0 ), e

n—o0

for some 7' > 0.

O

Corollary 5.3. Let ¢ be a Misiurewicz point of the family f.(z) = z* + c and let 1, p be the

minimal integers such that
f(f(0) = fi(o).
Define
a:=fl(c) and o:=(f) (a).

Then, the Julia set |. is asymptotically o-self-similar about ¢ and is asymptotically p-self-similar

about o, with the same limit model as ¢ up to multiplication by (f!)'(c).

Proof. The Julia set is closed by definition and, from 2.1, is completely invariant. Also,
from proposition 3.1, the eventual cycle of 0 is repelling. Then, the Julia set J. is

asymptotically self-similar about @, with limit model

(P(]C N V)I

where ¢ is the Konig’s linearization map and V is a neighborhood of a. Since 0 is the
unique critical point of f. and 0 is strictly preperiodic at a Misiurewicz point, we have
(f1Y(c) # 0. Then,

tim d, (&1, (.0 7))

1
e’

O

Remark. The proof of theorem 5.2 also gives us the existence of a neighborhood U of ¢

that satisfies

tim do (&0 ], o 1.0 D),

(fl) (c)

for some 7' > 0.

Example 5.5. An implication of theorem 5.2 is that, given ¢ € C such that the function

fc has a repelling cycle, the Julia set ] is asymptotically p-self-similar about a point in
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Figure 5.2: K. atc = —0.5 4+ 0.5i

() m (b) u (c) g (d) E

Figure 5.3: K, centered at p. (a) Magnification factor: |¢?|. (b) Magnification factor: |¢*|. (c) Magnification
factor: |¢°|. (d) Magnification factor: |¢®|.

that cycle. Take c = —0.5 + 0.5i for example. The function f, has a repelling fixed point
atp ~ 1.409 — 0.275i. The multiplier of p is

0:= fl(p) = 2p.

Then, from theorem 5.2, the Julia set J. is asymptotically g-self-similar about p.

Above we can see magnifications of the filled-in Julia set K., centered at p. Note
that the set on the figures is roughly the same up to rotation. This is due to the fact that
to generate the images, we used |g| as the factor instead of p. Another limitation of the
method used to generate these images is the squared frame, that reveals more or less
information of the magnified set depending on the position of it. Still we can observe

the self-similarity.

Example 5.6. An example of a Misiurewicz point is ¢ = i. Indeed, the orbit of 0 under
fiis given by

O—i—i—1——-i—i-1

Using the notation from corollary 5.3, wehavel =1,p =2and a =i — 1. Also

o:=(f1)(@) = (f)(i-1)=4v2-e¥ and (f)(c) = (f)(i) = 2i

Then J; is asymptotically g-self-similar about i.
We have again a rotation of the set represented in the image. Note that the
rotation angle from one magnification to another is 45°, which is exactly the argument

of o.
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Figure5.4: | atc = i.

a) . (b) . (c) . (d) .

Figure 5.5: J; centered at i. (a) Magnification factor: |g|. (b) Magnification factor: |¢?|. (c) Magnification

factor: |¢*|. (d) Magnification factor: |g*|.

Figure 5.6: (a) Center i, magnification factor: |¢°|. (b) Center i, magnification factor: |¢®|. (c) Centeri—1,

magnification factor: 1|¢°|. (d) Center i — 1, magnification factor: (g%

Corollary 5.3 also gives us that J; is asymptotically g-self-similar abouti—1 and
if the limit model foriis X and fori — 1is Y, then X = %Y.

Still in the example ¢ = i, from theorem 5.2, the set J; is also asymptotically
o-self-similar about 0. Of course, the limit model for 0 isn’t the same as we’ve seen for

iand i — 1, as we can appreciate in the figure below. This happens because in this case
(£)(0) = (f2)(0) =

These examples can show us the beauty of this result. Still they also show
that we didn’t need to work exclusively with Misiurewicz points, as the Julia set is
asymptotically self-similar about any pre-image of a repelling cycle according to the
theorem 5.2. Since the Julia set is the closure of the repelling cycles of a given function,
this property can be observed at most points of any Julia set of the quadratic family.

The next result though is even more remarkable. It enable us to compare sets
on the space of parameters, in which we define the Mandelbrot set, with sets on the

dynamic space, in which lies a given Julia set.
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(a) . (b) . (c) . (d) .

Figure 5.7: J; centered at 0. (a) Magnification factor: |¢°|. (b) Magnification factor: |¢°|. (c) Magnification
factor: |¢”|. (d) Magnification factor: |¢®|.

5.3 Similarity between M and J.

Let’s do an experiment and stick with the example ¢ = i, but now we are going
to magnify the Mandelbrot set using the same factor |g|. In the next example, we can
see that a similar phenomenon occurs around a neighborhood of c at the Mandelbrot
set. By magnifying the Mandelbrot set around ¢, we can see that the set is converging
to a limit model as well.

We aim to prove the asymptotic similarity between the Mandelbrot set and the
Julia set ]. about a Misiurewicz point c. This theorem is far from trivial and to prove
this we will need a proposition that gives us certain conditions for the asymptotic
self-similarity of a neighborhood of a Misiurewicz point intersected with M.

Let A be an open neighborhood of ¢y € C and X be a subset of A x C. For each
c € A\, define

X(c)={zeC | (¢,z) e X}.

Suppose A < X(cp) is dense in X(cy) and, for every z € A, there exists a
neighborhood U, < A of ¢y and a continuous mapping h, : U, — C, satisfying h.(cy) = z
and h,(c) € X(c) for every ¢ € U,. Then we say that there exists a dense set of continuous

sections at (co, 0).

Proposition 5.7. Let X < A x C, where A is an open neighborhood of cy. Assume X is
closed and that there exists a dense set of continuous sections at (co,0). Suppose there exists a
holomorphic map o : A — C such that X(c) is o(c)-self-similar for a fixed v’ > 0. Letu : A — C
be a holomorphic function, with u(cy) = 0 and u'(cy) # 0. Let M be the set

M:={ce A | u(c)e X(c)}.
Then M is asymptotically o(co)-self-similar about c, and the limit model is X(co)/u’(co).

There is a certain stability related to the repelling cycle associated with a Misi-
urewicz point cy. Later, we will define the function g as the multiplier associated with

the repelling periodic point a(c) of the map f!, where c is near ¢y. We will define the
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map u and the sets X(c) in such a way that M will be a neighborhood of ¢, intersected
with M. Finally the limit model, for the asymptotic self-similarity of M, will be a
linearization of the Julia set ], intersected with a neighborhood of ¢, up to a rotation.
All of this will be explained with more details at Theorem 5.4.

In order to prove the proposition 5.7, we will show a more general result for
higher complex dimensions. We need to define similarity and self-similarity in this
context. Let E = C* and ID, be the ball of E centered at 0 with radius . We can define
the Hausdorff-Chabauty distance the same way as in the one dimensional case. We
now need to define our magnification scale.

Let T : E — E be a linear mapping. We say that T is contracting if there is
0 <A <landC > Osuchthatforallne N

IT"]| < CA™.

And T is expanding if T is invertible and T~! is contracting. Now, the expanding linear

mappings will play the role of the scale for the definition of self-similarity.

Definition 5.6. A closed subset B of EE is T-self-similar about 0if T : E — [E is expanding

and there exists r > 0 such that
(TB), = B,

Definition 5.7. A closed subset A of E is asymptotically T-self-similar about x € A if
T : E — E is expanding and there exist r > 0 and a closed subset B of [E such that

lim(T"t_,A), = B,,

n—o0

for the Hausdorff distance. The set B is called the limit model of A at x.

It is possible to show that if B is a limit model for a asymptotically T-self-similar
set A, then B is T-self-similar about 0. The proof is analogue to proposition 5.1, since T
preserves intersection and union of sets by virtue of being invertible.

For the next results, analogously to the one dimensional case, let A be a neigh-
borhood of Ay € E and X be a subset of A x [E. For each A € A, define

X(A):={xeE | (A x)eX}.

Lemma 5.3. The set X is closed if and only if for each C € A, the set X(C) is closed in [E and for

everyr > (0

%\IEECX(X(A))W (X(C))r) = 0.
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Proof. Suppose that X is closed. Let (x,).cn be a convergent sequence of points in X(C),

with x, — x. Then, the sequence (C, x,).en < X is convergent. Since X is closed, the

limit of the sequence (C, x) lies in X, which implies that x € X(C). So X(C) is closed.
Now, fix r > 0 and assume by contradiction that there exists ¢ > 0 such that for

every n > 0, there exist A, and x,, € X(A,) N D, such that
A—Cl <> and d(x,X(0) nD,) > (5.14)

Consider the sequence (A,, x,) € X. It is a sequence contained in a closed set X and it
is limited, since A, converges to C and x,, € D,. Then, there is a subsequence (A, xy,)
converging to some point (,x) € X. It follows that x € X(C) n D,. Well, take N € N

such that for every n, > N we have
|xn, — x| < €.

This yields an absurd, since the sequence (x,),en Was constructed as in (5.14). Then,

for every ¢ > 0, there exists n > 0 such that if |1 — C| < 1), then

d(x,X(0) nDD,) < ¢,

for every x € X(A) n D,.
On the other hand, suppose that for each C € A, the set X(C) is closed and
lim 6((X(A))y, (X(C))r) =0,

A—C

for all r > 0. Let (A,,x,) — (C,x) be a convergent sequence in X. Since the sequence
(x4)nen is convergent, it is limited. So we can take r > 0 big enough such that x, € D,,
for every n € IN. Then, since A, — C, for every ¢ > 0, there exists 19 > 0 such that if

n > ngp, then

d(x,, (X(Q))r) <

W m

By taking a larger r > 0 we can assume

el &

d(x, X(0) D)) < 3 (5.15)

Since X(C) n D, is a compact set, it follows that for every n > n, the distance in (5.15)

is realized by some x, € X(C) n ID,. This creates a sequence (x/,),~,, on a compact set.

It follows that there exists a subsequence x;, converging to some point x" € X(C) N D,.
Now, let N > 0 be large enough such that (5.15) is satisfied and

&

€
lx, — x| < 3 and |x, — x| < 3
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for all n > N. Hence,
[ — x| < x = x| + xg, — X, |+ X, — X < e

Thus, x = ¥’ and (C, x) € X. We conclude that X is closed.
O

Proposition 5.8. Suppose that X is closed in A x E and assume there exists a dense set A of
continuous sections at (Ag,0). Then there is r > 0 such that

lim d,(X(1), X(Ao)) = 0.

Proof. We already know from lemma 5.3 that if X is closed, then X(A) is closed for every
A e Aand

/‘li_)].’]/.’\lo 6((X(A))r/ (X(AO))r) = 0.

We just need to prove that

lim 6((X(A0)), (X(A)),) = 0.

A—Ag

Since A is dense in X(Ay), for every € > 0 the set

|JD(x,¢/2)
xeA
is an open cover of X(Aq), where D(x, €/2) is the disk centered at x, with radius ¢/2. But

the set X(Ag) N D, is compact, so there exist finitely many x, ..., x¢ in A such that
o k
X(Ao) "D, = | JD(x;, £/2).
i=1

For each x;, there is a continuous mapping h,, such that . (Ag) = x;. Then, there is
0; > 0 such that if ||A — Ag|| < 0;, then

Hence, since h,,(A) € X(A),
d(x;, X(A)) < g
Thus, for every ¢ > 0, there exists 6 = min{0;} such that if |1 — Aq|| < 9, then for all

x € X(A9) n D, we have

d(x, X(A)) < llx — x|l + d(x;, X(A)) < ¢,



52 Chapter 5. Similarity at Misiurewicz points

for somei € {1, ..., k}. We already know that

6((X(Ao)r, (X(A));) < sup  d(x,X(A)).

xeX(Ag) D,

Since X(A¢) n D, is compact and X(A) is closed, the supreme is realized and we have
the desired result.
O

To prove the next proposition, we are going to need a lemma from algebraic

topology.

Lemma 5.4. Let A’ < E be a neighborhood of 0 and u : A" — E be continuous such that
u(0) = 0. Suppose the derivative Du(0) exists and is non-singular. Then there exists n > 0
such that for any continuous mapping w : A' — E, with ||w(x)|| < n, the mapping u + w has

at least one zero in \'.

Proof. Since Du(0) is non-singular there exists D, c A’ such that u restricted to D, is a
diffeomorphism. We can take r small enough so that 0 is the only zero of u. It follows

that the induced homomorphism on the (k — 1)-th homology group
u* : Hy 1(S,) > He 1 (E—{0}) = Z
is an isomorphism, where S, is the sphere centered at 0, with radius r. Set

n = inf|lu(x)].

X€ES,

Then, for every continuous mapping w : A’ — E that satisfies |[w(x)|| < 7, for every
x € A/, the mapping u +w : S, — [E — {0} is well defined. The induced homomorphism
(u +w)* is also an isomorphism, since u is homotopic to 1 + w, by the homotopy u + tw.

Suppose there are no zeroes in D,. Then,
(# +w)* : He_1(By) — He—1(E — {0})

would be an isomorphism. This yields a contradiction, because D, is convex, so its
homology group is trivial, while H;_; (E — {0}) = Z.
O

Proposition 5.9. Assume X is closed and that there exists a dense set A of continuous sections
at (Ao,0). Let u : A — [E be a continuous mapping, with u(Ay) = 0. Suppose the derivative

S := Du(Ay) exists and is non-singular, satisfying

(1) = S(A = Ao)ll = O(IA — AlP).
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Set
M:={AeA | ulA)eXA)}.

Suppose that, for all A € A, the set X(A) is T(A)-self-similar about 0O, for a fixed ¥ > 0,
where A — T(A) is a continuous mapping that maps a point A € A into a expanding linear

transformation T(A), satisfying
IT(A) = T(Ao)ll = O(lIA = Aqll).
Also, assume there exist uy, U, € R, with u, <1, such that forall A € A,
ITI < and IT(A)7H < pa

with
po=pnopy <L
Then, there exists v > O such that the set St_,, M is asymptotically T(Ao)-self-similar
about 0, with limit model X(Ay). That is

Hm (T(Ao)" - ST_s, M), = (X(Ao)),-

n—0o0

Furthermore, if the linear transformations S and T(Ag) commute, then M is asymptotically
T(Ao)-self-similar about Ay and the limit model is S™'X(Ag). In other words, there exists s > 0
such that

lim (T(Ag)"t_1, M)s = (S7'X(Ao))s.

n—0o0

Proof. Let0 < r < r’ and set
M(n) :=T(Ay)" - St_», M.
We are going to prove that
o((M(n)),, (X(A));) 0 when n — oo.

It’s sufficient to prove that for every point

y=T(A)" - St_s, A € M(n) n D, (5.16)
we have
lim d(T(Ag)" - St_p, A, (X(Ao))r) = 0. (5.17)

We begin by estimating ||A — Aol|. From (5.16) and since [|T(Ao)|| < p2 and y € D,, we
have
1A = Aoll < IISTHI- T A" - Nyl < WSTHI - iy - 7 = ey, (5.18)
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where ¢ is a non-zero constant.

Now, we turn our attention to the limit in (5.17). We have

d(T(Ag)" - ST_pe A, (X(A0))r) < IT(A0)" - ST_2g A = T(A)"u(A)|| + d(T(A)"u(A), (X(Ao)),)-

In order to prove that the limit is 0, we must show that
1irro})||T(/\0)” STy A =TA)"u(A)|l =0
and
lim d(T(A)"u(A), (X(Ao)),) = 0
n—0

For (5.19), note that

||T(/\0) -ST_ Ao A— T( ) ( )” <||T<A0> ST_)\O A— T()\O)”u(/\)ll

+ T (Ao)"u(A) = T(A)" u(A)Il.

We have

IT(A0)" - ST_py A = T(Ao)" u(A)ll < IT(A)II" - IS(A = Ao) — u(A)]
Using the hypotheses and the estimate in (5.18),

IT(Ag)" - ST g A — T(Ao)" u( M) < crf - IA — Aol
< owepy gyt = op.
On the other hand by summing and subtracting the terms
T(Ag)"™ - T(A)"u(A),

fori=1,..,n -1, we get

| T(Ao)"u(A) — T(A)"u(A)|| = Z 0)" " T(A)' = T(Ao)" ' T(A)*)u(A)

< DTy T (T(ho) — TN

< 2 Il ™ rayIr@o) - T fu]

i=0

Since ||T(A)|| < u; for every A € A, we have
[7a0)d) — Ty u) | < mit T 00) — T )]
From the hypotheses, we have that

IT(A) = T(Ao)ll = O(IA = Aoll)-

(5.19)

(5.20)

(5.21)

(5.22)



5.3. Similarity between M and ], 55

Also, from the mean value inequality,

lu(Mll < sup IDu(Q)]l - [IA = Aoll-
Ce[AAo]

Then, by using the estimate at (5.18),
T (10)"1(A) = T(A)"u(A)]| < e IA = Aol
<™

-1, n
=Gy

= csnu”.

(5.23)

Since

lim p" = lim nuy" =0,

n—0oo n—ao
from (5.23), (5.22) and (5.21), we get (5.19).
Now, we are going to use (5.19) to prove (5.20). For every ¢ > 0, thereis 1y € IN

such that if n > n,, then
IT(Ao)" - ST_pg A — T(A)"u(A)]] < e.
Then, by triangular inequality and using the fact that T(Ay)" - ST_,, A € D,, we get
IT(A)"u(A)l <7+ e. (5.24)

We can make ¢ small enough such thatr+¢ < r’. Since A € M, it follows thatu(A) € X(A).
But X(A) is T(A)-self-similar about 0. Hence,

T(A)"u(A) e X(A). (5.25)
The equation (5.24) guarantees
d(T(A)"u(A),dD,) <& or T(A)"u(A) e X(A) nD,.

If the first is true, the limit in (5.20) follows directly. If not, then T(A)"u(A) € (X(A)),.

From proposition 5.8 we have

lim d((X(A)),, (X(Ao)),) = 0.

A—Ag

From (5.18), if n — o then A — Ay. Thus, we get (5.20) and we’ve proven the limit for

one of the semi-distances:

lim 6((M(n))s, (X(Ao))r) = 0.

n—o0

Now, we aim to prove the limit for the other semi-distance. That is

o0((X(Ao))r, (M(n)),) -0 when n— .
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Firstly, we may prove that for each x € A n D, we have
d(x,(M(n)),) - 0 when n— .

Remember A is a dense set in X(A¢) for which, given x € A, there exists a continuous
map h, : A — E satisfying h,(A¢) = x and h,(A) € X(A), for every A € A.

We can use lemma 5.4 to show that, for any open neighborhood A" = A of A,,
satisfying A’ < A, there exists 1y > 0 such that if n > ny, then the following equation

has at least one solution:
u(Ao+A) —=T(Ag+ A)"hy(Ag + A) = 0. (5.26)

Indeed, the mapping ii(A) = u(Ag + A) satisfies 7(0) = 0. Then, using the notation from
the lemma, set w(A) = —T(Ag + A)"hy(Ag + A). Since h, is continuous,

1h:(Ao + Al < lsuplii (M)l = C.

AEN

Which gives us
lw(A)]| = IT(Ag + A) "he(Ag + A)|l < Cpd. (5.27)

Hence, for any given 1 from lemma 5.4, we can make n big enough so that the hypotheses
of the lemma are satisfied.
Let A, € A’ be the solution in the form A, := Ag + A of (5.26) for n > ny. Then

Take ¢ > 0 such that 7 + ¢ < . We can make A’ small enough such that
WA <Xl +e<r+e<7.

Then h,(A,) € X(A,) n ID,. Combining with the fact that X(A,) is T(A,)-self-similar, we
have A, € M. Hence,
T(Aog)ST_2y An € M(n).

Then,

d(x, (M(n))) < d(x, M(n))
< |lx — T(Ao)ST_p, Al
< ”x - hx(/\n)” + ”T(/\n)nu<An) - T<AO)ST—/\0 An”

We must show the following limits to get the desired result:

lim [lx — hy ()l (5.28)
n—o0
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and
lm || T(An)" u(An) — T(Ao)ST—py Aull- (5.29)
n—oo

Note that (5.29) is the same as (5.19) with the only difference being that we don’t
necessarily have T(19)S7_,, A, € ID,. This property permitted us to make the estimate
in (5.18), which was crucial to get (5.19). We may surpass this obstacle by getting to
(5.18) by another path. From (5.26) and (5.27), we already have

(Al < Cusj. (5.30)

Also, we have

() =0 \[ Nu(d) =S — Aol
=l = HS (MA . Aon) H R R v
le(A) — S(A — A
Mf%”_ 1A — Aoll

(5.31)

But S = Du(A) is non-singular. Then,

A —SA—A
inf ||So|l=C; >0 and lim l4(A) — S( o)ll

=0.
ol =1 A—Ag IA — Aoll

Then, we can make A’ small enough such that

[[u(A) — S(A — A)
1A = Aoll

<p<C,

for some > 0. Hence, from (5.31),

(O

—B:=C, > 0.
T A

Using (5.30), we have

1 c
”/\n - /\0” < C_2||u<An)|| < C_Z‘uz

Thus, from (5.21), (5.22) and (5.23), we get (5.29). And, since h, is continuous, we also
get (5.28). So, forx e A n D,, we can conclude that

d(x,(M(n)),) >0 when n — o0.

For the general case, we use the same idea as in proposition 5.8. Given ¢ > 0,

there exist x, ..., x; in A such that
o k
X(Ao) n D, < | JD(x;, £/2).
i—1

Then, for every x € X(Ao) N ID,, for n large enough, we have

d(x, (M(n)),) < llx — xill + d(x;, (M(n)),) < g,
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for some i€ {1,..., k}. Of course, the case x € JD, is trivial. Thus, we finally have
0((X(Ao))r, (M(n)),) > 0 when n — o

and consequently,
lim dr(T(Ao)n . S’I_AO M, X(Ao)) =0.

n—oo
To prove the second claim of the proposition, assume Ay = 0 and let s < r/||S]].
Then,
S(D,) < D,.

Since S and T(0) commute, we have

lim d,(S - T(Ag)"M, X(Ao)) = 0.

n—0o0

Hence,

lim (T(0)"M), = lim (S™ - S - T(0)"M),
_ —1’hm<s-T "Mmsﬁ) le]

| 1—00

O

Remark. Note that the hypothesis of Proposition 5.7 satisfy all hypothesis from Propo-
sition 5.9 in the one dimensional case. Indeed, since u is analytic, it has an expansion

in power series around cy:
u(c) = t'(co)(c — co) + O(|c — co?).
Then, if S = 1/(cy), it follows that
[u(e) = S(c = co)| = O(le — cof).
If we define T(c) := Ip(c), for each c € A, the mean value inequality gives us
lo(c) — o] = Ole = col)-

Moreover,
IT(e)I-IIT(c) M = [o(e)] - lo(e)] % = [ole)| ™" < 1.

Then Proposition 5.7 can be seen as a particular case of Proposition 5.9.
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We now go back to the quadratic family f,.(z) = z* + ¢ to prove our main result.

A quick remark, before stating the theorem, recall that the Mandelbrot set is defined as
M:={ceC | 0eK}.

It is equivalent to say
M={ceC | ceK.}.

Theorem 5.4. Suppose cy is a Misiurewicz point. Then the Mandelbrot set M is asymptotically
similar to J., about ¢y up to multiplication by a constant A € C — {0}. In other words, there
exists s > 0 such that

lim ds(tt_, M, tAT_¢]:) = 0.

teC, t—00

Proof. Let ¢y be a Misiurewicz point and let [ and p be the minimal integers such that

7 (fl (o)) = fi(co)-

Set
ap = fi(co) and (ff) (o) = co.

Define g: C x C — Cby

8(c,z) = fl(z) — z.
We have

08
g(co, ) =0 and E(CO, ag) =00 —1#0.

Then, by the implicit mapping theorem, there exists a neighborhood W of ¢, and an

analytic function a : W — C, with ¢ — a(c) such that

f(a(e)) = a(o),

for every c € W. Consequently, we can define an analytic function ¢ : W — C given by

o(c) = (f)'(a(0))-

Since g is continuous, we can restrict W in such a way that |o(c)| > 1, for every c € W.

We aim to use proposition 5.7. We will determinate an explicit form for X(c) at
each c € W, so we can define the set X and the function u that will satisfy the hypotheses
of the proposition. For every c € W, it is defined the Konig’s linearization map ¢, about
a(c) and the map ¢. varies analytically with respect to c. In other words, there exists a
analyticmap ¢ : U < W x C — C x C defined by

P(c,2) = (¢, @e(2)).
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Since the function (c,z) — (c, f(z)) is analytic, the composition

D(c,z) = (c, . o fl(z))

is also analytic.
The set U = W’ x V for some W’ < W and an open set V. Let r > 0 such that
D(ap,r) < V. Restrict W', if necessary, so if c € W’ then a(c) € D(ay, r/2). By the mean

value inequality,

la(e) — o' (x)| < M- [x,

for every x € p.(D(ay,r)). Note that we can restrict V so we get an uniform constant M
for all c e W'. Then,

r
- < inf alc) — o (x)| < inf M - |x|.
2 xeq)c(aD(ao,r))| (€) =g (%)l x€pc(0D(ao,r)) u

Hence, given ' < r/(2 - M), we get
Dr/ < (pC(V),

forallce W'.

Now, assume W' is closed and restrict it, if necessary, so that we have
®(c,c) e W x Dy, (5.32)
for every c € W'. Set
Q=0 W xD,) and Q.= {zeC | (c,z) e Q}

Since W' x D, is closed and @ continuous, the set Q is closed. From lemma 5.3, the
set ). is closed, for each c € W'. Also, note that (5.32) guarantees that c € Q,, for each
ce W.

Now we can express an explicit form for X(c) and X. Define
K ={(c,z) | ze K}

X(e) = pc o fi(Ke n Q)

and
X=0(KnQ).

Using the notation from proposition 5.7, we can put A = W'. Then,

X(c)={zeC | (c,z) € X}.



5.3. Similarity between M and ], 61

Indeed, let z € C such that (c,z) € X. By definition, there exists x € C such that
(c,x) € K nQand ¢, o fl(x) = z. But (¢, x) € K n Qif and only if x € K. n Q.. Hence,
ze .o fi K. n Q).

The set X is closed, since K is closed, according to proposition 4.2, and X(c) is
o(c)-self-similar about 0. Indeed, this can be proven using the same ideas from theorem
5.2 and setting U = ;" (Dyr/15(0)))-

As in proposition 5.7, define u : W' — C by

u(c) = pc(fi(c)).
Then, u(cy) = 0 and
M={ceW |u(c)eX(c)} ={ce W | .o fl(c) e pc o fl(K.nQ)}.

Which means
M={ceW | ceK.nQ.}.

But c € Q. for each ¢ € W. Hence
M={ceW | ceK}=MnW.

So M is actually a neighborhood of ¢, intersected with the Mandelbrot set. The fact
that 1/(cy) # 0 is proven by lemma 5.5. We will see that it has an explicit form, which
is quite useful to create examples.

We have all but one of the hypotheses satisfied from proposition 5.7. Let
R;, € K¢, N Q, be the set of repelling periodic points in K, n €),,. We know that R, is
dense in K., n Q. So A := ¢, o f! (R;) is dense in X(co). Let x € R, be a k-periodic
point under f.,. Define the function ¢ : C x C — C by

P(ez) = filz) ~ 2

Then

0

Y(co,x) =0 and (;—lb(co,x) = (f*Y(x) =1 0.

Therefore, by the implicit mapping theorem, there exists a neighborhood U, of ¢y and
a function 1, : U, — C such that

Yu(co) =x and  fE(Y(0)) = ¢u(o),

for all ¢ € U,. We can assume that 1, (c) will be a repelling periodic point under f..

Hence, Yi(c) € K.. Also, since x € (), it follows that

qD(Co,X) € W/ X Eru
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We can restrict U, in a way that U, < W' and, since @ is continuous, again by restricting
U,, if necessary, we get Yn(c) € Q,, for all ¢ € U,. Now, set ¥’ = ¢. o fcl(x) and
he(c) = @ o fl o,(c).We conclude that h,(cy) = x’ and hy(c) € X(c).

Finally, all the hypotheses of proposition 5.7 are satisfied. We can conclude that

M is asymptotically go-self-similar about cy, with limit model.

——X(cp).
But the Julia set ], is asymptotically go-self-similar about ¢y with limit model

1
(f&,)'(co)
Then, the limit model of M can be written as

(f&,) (co) Z.

' (co)

7 =

X(Co).

Set

Thus, there exists s > 0 such that
ligl dS(LOgT—CU M, LOE)ZAT—COICO) = 0.

From proposition 5.3, we get the desired result.

The only missing part is the proof that #'(co) # 0.

Lemma 5.5. Let u : W — C be as in theorem 5.4. Then,

W (E0) = S (Dt — 0wty # 0.

Proof. Using the same notation as in the previous theorem, set @« : W' — C and define
p:C— Cby

plc) = fi(c) = £7(0).
It follows that B(cy) = ap. Also, set F(c,z) = ¢.(z). We have F(c, f(c)) = u(c). Then,

OF oF
' (co) = Z_C(CO’ a0) + 5= (co, a0) - B (co). (5.33)
We have
OF ,
—(co, o) = ¢ () =1 (5.34)

0z
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and, on the other hand,

@F . F(C, 0(0) — F(Co, 0(0)
—(co, p) = lim .
oc c—Co C—Co

Since F(co, ag) = F(c,a(c)) = 0, we can substitute one by the other to get

F P 7 - P , . F , o P ,
a_<C0/ ap) = lim (€ a0) (¢, a(c)) = —lim (c,a(c)) (c ao).
oc =0 c— 0o c—Cp Cc—Cp

But
P 7 - F ’ . —
a_F(CO, ) - &' (cg) = lim (c0,2) (o, o) - lim M
0z z—ap Z— Qg c>t € — Cp
_ lim F(c,a(c)) — F(c, ap) tim alc) —ao
c—Co OZ(C) — Oy =0 C— Cp
. F(c,a(c)) — F(c,a0)
= lim .
c—Co Cc — CO

Hence, from (5.33), (5.34) and (5.35), we get
u'(co) = B'(co) — a'(co)-

The proof that u'(cy) # 0 is in Theorem 4.3.
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(5.35)

(5.36)
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