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Let NV be the space of Gaussian distribution functions over R, regarded as a 2-
dimensional statistical manifold parameterized by the mean p and the deviation
o. In this paper, we show that the tangent bundle of N, endowed with its natural
Kihler structure, is the Siegel-Jacobi space appearing in the context of Number
Theory and Jacobi forms. Geometrical aspects of the Siegel-Jacobi space are dis-
cussed in detail (completeness, curvature, group of holomorphic isometries, space
of Kihler functions, and relationship to the Jacobi group), and are related to the
quantum formalism in its geometrical form, i.e., based on the Kihler structure of
the complex projective space. This paper is a continuation of our previous work
[M. Molitor, “Remarks on the statistical origin of the geometrical formulation of
quantum mechanics,” Int. J. Geom. Methods Mod. Phys. 9(3), 1220001, 9 (2012);
M. Molitor, “Information geometry and the hydrodynamical formulation of quan-
tum mechanics,” e-print arXiv (2012); M. Molitor, “Exponential families, Kéhler
geometry and quantum mechanics,” J. Geom. Phys. 70, 54-80 (2013)], where we
studied the quantum formalism from a geometric and information-theoretical point
of view. © 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4903182]

. MOTIVATION: THE QUANTUM FORMALISM

It was recently suggested that the quantum formalism might be “grounded on the Kihler geom-
etry which naturally emerges from statistics.”> What motivates this claim comes from the following
facts (see also Refs. 1 and 2).

There exists a large class of statistical manifolds, called exponential families (see Defini-
tion 2.29 and 2.31), whose tangent bundles possess automatically a Kéhler structure of information-
theoretical origin (see Sec. II F). For example, the space B(n) of binomial distributions p(k)
= (1) 4*(1 — )" * defined over {0,. . .,n} forms a 1-dimensional exponential family parameterized
by g € (0,1). Therefore, its tangent bundle is a Kihler manifold of real dimension 2, and one can
show that it is locally isomorphic to the natural Kihler structure of the sphere S multiplied by
n. Another important example is the following. Take a finite set Q := {xy,...,x,} and consider
the space P, of nowhere vanishing probabilities p : @ > R,p > 0,37 | p(xx) = 1. This is a
(n — 1)-dimensional exponential family, and it can be shown (see Ref. 1) that 7, is locally isomor-
phic to the complex projective space P(C") (see also Ref. 3 for a refinement of this statement using
the concept of “Kihlerification”).

Many authors have stressed the importance of Kéhler geometry in relation to the quantum
formalism.*~ It is known that a quantum system, with Hilbert space C”, can be entirely described
by means of the Kihler structure of P(C"); this is the so-called geometrical formulation of quantum
mechanics.'? Therefore, by recovering the Kihler structure of P(C") from a purely statistical object
like ), one may legitimately suspect that the quantum formalism has an information-theoretical
origin, at least for finite-dimensional Hilbert spaces.

a)pergame.mathieu @gmail.com
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In Ref. 3, we pursued this line of thought and observed that, in finite dimension, all the ingredi-
ents of the geometrical formulation of quantum mechanics (quantum state space, observables, prob-
abilistic interpretation, etc.) can be expressed in terms of the statistical structure of £ (+ comple-
tion arguments). This is a crucial observation, for it allows to somewhat enlarge the geometrical
formulation of quantum mechanics and gives new geometrical insight. For example, we character-
ized the so-called spin coherent states''°>%% in terms of the Veronese embedding S> — P(C**1),
simply by studying the derivative of the canonical injection B(n) < P (see Refs. 3 and 12).

It is important to note that the above “statistical-Kihler” geometry is not related to quan-
tum mechanics in the same way as symplectic manifolds are related to quantum mechanics via
a quantization scheme (e.g., geometric quantization'>!'#). In some sense, the above geometry is
“quantum” right from the start due to its statistical origin. Let us illustrate this point by the
following result (see Corollary 2.34). Let & be an exponential family (like B(n) or P,) defined
over a measure space (Q,dx), with canonical projection 7 : TE — &. Fix an arbitrary holomor-
phic isometry ® of T&. In this situation, it can be shown that there exists a vector space Ag of
random variables X : Q — R such that: (1) dim(Ag) = dim(&E) + 1, and (2) functions of the form
TE >R, pr [y X(x)[( o ®)(p)]|(x)dx are automatically Kéhler functions, that is, they preserve
the Kihler structure of T& (see Definition 2.20). Kéhler functions are important in relation to
the geometrical formulation of quantum mechanics, for they play the role of observables.!” The
geometrical formalism of quantum mechanics analysed in Ref. 3 under the light of the above
“Kihler decomposition” led naturally to the following definition: the spectrum of a Kéhler function
f 2 T& — Rof the form [, X(x)[(rr o ®)(p)](x)dx is Spec(f) = Im(X), where Im(X) is the image
of the random variable X € Ag. Using this definition, we described the spin of a particle passing
through two consecutive Stern-Gerlach devices, without using physicists’ standard approach based
on the unitary representations of su(2).

It is on the basis of the above facts (together with others that are collected in Refs. 1-3) that we
arrived at the conclusion that the quantum formalism might have an information-theoretical origin.
Now there are two possibilities:

1. The quantum formalism has indeed an information-theoretical origin. In this case, the formalism
should be rewritten and the role of the above statistical-Kihler geometry should be fully clari-
fied. Recently, many authors have tried to derive (or “reconstruct’) the quantum formalism from
purely information-theoretical principles.'>~2? These attempts have their own merits and respec-
tive successes, but to our knowledge, no consensus has emerged yet.

2. Quantum mechanics cannot be derived from information-theoretical principles. In this case,
one should still explain the relationship between the above definition of Spec(f), which is a
priori independent of representation theory, and the definition of the spectrum of an operator.
It may well be that there is some (obscure) geometrical content hidden behind the main results
of functional analysis that goes beyond the well-known correspondence between the space of
Kéhler functions of the complex projective space and the space of Hermitian operators (as
described for example in Ref. 5, or Lemma 7.6 in Ref. 3).

In any case, it is necessary to investigate the matter further and to study more examples.
In this paper, we investigate an example which for obvious reasons should be particularly impor-
tant, namely the family NV of Gaussian distribution functions

)2
\/%O_exp{—(xzog) } (x eR) (1)

defined over R. Clearly, N is a 2-dimensional statistical manifold parameterized by the mean y € R
and the deviation o > 0, and it is well-known that it is an exponential family (see Definition 2.31 and
(68)). Therefore, TN is naturally a Kéhler manifold of real dimension 4. The objective of this paper
is to study the geometry of TN, having in mind quantum mechanics as discussed above. We distin-
guish two aspects: the intrinsic geometry of TN, coming from the fact that TN is a Kihler manifold
by itself, and the extrinsic geometry, related to the fact that TN can be regarded as a submanifold
of an infinite-dimensional complex projective space P(H). Of these two approaches, it is extrinsic
geometry which makes the connection between 7N and the quantum formalism most transparent.



122102-3 Mathieu Molitor J. Math. Phys. 55, 122102 (2014)

Let us now describe our results regarding the geometry of TN

The intrinsic geometry. As a Kihler manifold, TN is the Siegel-Jacobi space S’ (see Defi-
nition 3.4 and Proposition 3.6). The Siegel-Jacobi space appears in the context of Number Theory,
in relation to the so-called Jacobi forms (see Refs. 23 and 24). As a complex manifold, it is the
product H x C, where H is the Poincaré upper half-plane {r € C|Im(7) > 0}, and its Kihler metric
is the Kdhler-Berndt metric gk g (see Definition 3.1). Using the general properties of Dombrowski’s
construction (see Secs. II A and II C), we compute the curvature of TN and observe that the scalar
curvature is constant and negative, albeit not Einstein. The group of holomorphic isometries of
TN is computed in Sec. III C; it is the affine symplectic group SL(2,R) =< R? (see Theorem 3.11).
We also describe the whole group of isometries using a result of Kulkarni which characterizes
curvature-preserving maps between Riemannian manifolds of dimension > 4 (see Theorem 3.33
and Proposition 3.34). A few geometrical consequences are derived in Proposition 3.31, the most
notable being that TN is a homogeneous Kihler manifold (a result which was already known for
S7). In Sec. III D, we study the space of Kihler functions on S’. As it turns out, they are conve-
niently described by means of the Jacobi group G’ (R), the semi-direct product SL(2,R) = Heis(R),
where Heis(R) is the Heisenberg group of dimension 3 (see Sec. IIl A). We show that the Ja-
cobi group acts in a Hamiltonian way on S’, and compute the corresponding momentum map
J : S7 — (g7) (here, g’ denotes the Lie algebra of G’/(R)). We then show that a smooth function
f : $/ = R is Kihler if and only if there exists £ € g/ such that f(p) = (J(p),£&) for all p € S,
where (, ) is the natural pairing between g’ and (g”)*. From this we deduce that the space of Kihler
functions on S’ is a Poisson algebra of dimension 6, isomorphic in the Lie algebra sense to g”.
We also use Kostant’s Coadjoint Orbit Covering Theorem? to deduce that S/ is a coadjoint orbit
of G’(R) (see Proposition 3.47). Having quantum mechanics in mind, we then study the spectral
properties of the Kihler functions of S’ in the sense discussed above and in Ref. 3. The Kihler
functions we consider on S are of the form (see Proposition 3.54) :

f(p) = /_0O (ax® + Bx + )| (7 0 @,-1)(p)|(x)dx, )

where p € S/, n 1 §/ = TN — N is the canonical projection, ®, -1 is a holomorphic isometry of
S7, dx is the Lebesgue measure over R and where ax? + Bx + ¥ is a polynomial with real coeffi-
cients in the variable x € R. We define the spectrum Spec(f) of a function of this type as the image
of the polynomial ax?+ Bx +y. In Lemmas 3.49 and 3.50, we check that this definition is inde-
pendent of the decomposition in (2). Instances of spectra are given in Example 3.55. Finally, given
a point p € S/ and a Kihler function f as above, we define a probability measure Py, on Spec(f)
as the probability distribution of the polynomial ax? + Bx + vy, regarded as a random variable with
respect to the probability measure [(7 o @,-1)(p)](x)dx (see Lemma 3.56 and Definition 3.57).
From a quantum mechanical point of view, the quantity Py, ,(A) is interpreted as the probability that
the observable f yields upon measurement an “eigenvalue” A € A C Spec(f) while the system is in
the state p € 7.

The extrinsic geometry. Let H := L%(R) be the Hilbert space of square-integrable functions
f : R > Cendowed with the Hermitian product {f, g) = fR fgdx, where dx is the Lebesgue mea-
sure. Associated to H is the complex projective space P(H) of complex lines in H, endowed with
its natural Kéhler structure (Fubini-Study symplectic form and metric). In Sec. IV, we introduce a
map ¥ : S/ — H and its companion map T := [¥] : S/ — P(%H) having the following properties.
The map T is a smooth and symplectic immersion, but it is not isometric nor holomorphic (see
Proposition 4.1). Moreover, it gives the following characterization (see Proposition 4.5): a smooth
function f : S/ — R is Kahler if and only if f can be written as

)= (¥, HY(p), (pes’), 3)

where H is a real linear combination of the following Hermitian operators acting on C*(R,C) :

2 . .
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(I denotes the identity operator). The precise statement involves a unitary representation of the
Lie algebra g’ which is essentially the infinitesimal Schrédinger-Weil representation (see Ref. 26).
Finally, in Sec. IV C, we discuss briefly the Schrodinger equation

dy

. _ 2
lz - H'ﬁ, (l// €L (R))’ (5)

where H is a linear combination of the above Hermitian operators. More precisely, given a Kahler
function f on S’ with Hamiltonian vector field X r, we observe that if o : [ — S’ is an integral
curve of Xy, then there exists a smooth map A : I — C — {0} such that M(r)¥(a(?)) satisfies the
above Schrodinger equation for an appropriate H (see Corollary 4.9). From a physical point of view,
the above operators are related to the free quantum particle, the quantum harmonic oscillator, and
the forced quantum harmonic oscillator (see Remark 4.3).

Let us comment the above results. Clearly, the main observation of this paper is the connection
between the space of Gaussian distributions, the Siegel-Jacobi space and the Jacobi group. Using
the terminology introduced in Ref. 3, one may say that the Kdhlerification of the space of Gaussian
distributions is the Siegel-Jacobi space.

As we already mentioned, the Siegel-Jacobi space and Jacobi group play an important role in
the context of Number Theory, in relation to Jacobi forms.?*** The latter are a mixture of modular
forms and elliptic functions that generalize classical functions like the Jacobi theta function and
the Fourier coefficients of the Siegel modular forms.>” Roughly, they are holomorphic functions f
on H x C enjoying invariance properties that involve the Jacobi group G”(R), together with “good”
Fourier expansions (see also Remark 3.2 for more details on the role of the Kédhler-Berndt metric).
In the context of physics, the Jacobi group, also known as the Schriodinger or Hagen group, is the
symmetry group of the one-dimensional Schrodinger equation of a free quantum particle.?®° In the
context of quantum optics, the Jacobi group is related to the so-called squeezed coherent states.>>3%-38

It is somehow surprising that with so little, the Gaussian distribution, one can arrive at impor-
tant objects like the Siegel-Jacobi space and the Jacobi group, and discuss a fair amount of their
quantum properties without any quantization scheme (especially in view of the intrinsic geometry).
This reassures us and lends credence to the idea that the above statistical-Kéhler geometry is one of
the keys to understand the foundations of quantum physics.

There are however two important questions which are not discussed in this paper: (1) what is
the origin of the map T : S/ — P(H) and (2) what are its equivariance properties? In Ref. 3, we
observed that the Veronese embedding S? < P(C"*!), which is a finite-dimensional analogue® of
T, is essentially the derivative of the inclusion map B(n) < P, (neglecting completion issues, it
is the derivative up to the actions of two discrete groups). In the case of 7', such interpretation is
not directly available for the following reason. Let D be the space of smooth density probability
functions over R with respect to the Lebesgue measure. The space D can be thought of as an
infinite-dimensional analogue of #)S, but contrary to the latter, its tangent bundle 79 does not
have a canonical Kihler structure that could be “compared” with that of P(L*(R)). Therefore, the
derivative of the inclusion map N < D cannot be interpreted directly as a map TN — P(L*(R)).
To overcome these difficulties, it is necessary to first get a clear idea of what should be the infinite
dimensional generalization of the statistical-Kahler geometry discussed above; Refs. 2 and 40-42
might be a good starting point in this respect. Regarding the second question, we observe that
T exhibits properties that are usually shared by coherent states (compare for example Proposi-
tion 4.5 and Corollary 4.9 with Refs. 43—46). Moreover, T is an infinite-dimensional analogue of the
Veronese embedding, which is known to characterize spin coherent states.®!'> Therefore, it is very
likely that 7T itself is a coherent state in the sense of Perelomov.** To prove this, one should establish
equivariance properties of the map T, probably by means of the Schrodinger-Weil representation.?
It is interesting to note, in this respect, that Yang considered in Refs. 47 and 48, a map S/ — L*(R)
which is very similar to ¥, and which enjoys such equivariance properties. It would be very interest-
ing to relate Yang’s work to the properties of 7', and then make a comparison with the coherent-state
approach of Berceanu,26-30:32-34:43

For the convenience of the reader, the paper starts with a rather detailed discussion on the relation
between Kihler geometry and statistics (see Sec. II). Some of these results are known (Proposition 2.5,
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Proposition 2.21, Corollary 2.27, Proposition 2.30, Proposition 2.32, Corollary 2.33), others are new
(Propositions 2.15, 2.25, 2.26, and 2.28), and others still appear in different contexts and different
guises (Propositions 2.10 and 2.12, Corollary 2.13). We shall present the subject in a uniform way by
using the concept of dually flat structure, with which not all readers may be familiar.** The intrinsic
and extrinsic geometry of TV are discussed in Secs. III and IV, respectively.

Il. Dually flat structures and Kéhler geometry
A. Dombrowski’s construction

Let M be a manifold endowed with an affine connection V. We denote by 7 : TM — M, the
canonical projection and by K, the connector associated to V. Recall that K is the unique map
T(TM) — TM satisfying (see Refs. 50-52)

VxY = KY.X (6)

for all vector fields X,Y on M (here, Y.X denotes the derivative of Y in the direction of X).
Given u,, € T,M, the subspaces

Hor(TM),, = {Z€T,,(TM)|KZ =0}, (7
Ver(TM),, = {ZeT,,(TM)]| Tyl = 0} 8)

are, respectively, called the space of horizontal tangent vectors and the space of vertical tangent
vectors of TM at u,,. They are both isomorphic to 7,M in a natural way, and led to the following
decomposition:

T.,(TM) = Hor(TM),,, ® Ver(TM)y,,, = T,M & T,M. )
More generally, V determines an isomorphism of vector bundles over M (see Refs. 50 and 51)
TIM)=TM&TM &TM, (10)
the isomorphism being

Tu,(TM) 3 Ay, = (up, 7o, Au,n K Au,,). (11)

up Up>
If there is no danger of confusion, we shall thus regard an element of 7, ,(TM) as a triple
(Up,vp,wp), Where up,v,,w, € T,M. The second component v,, is usually referred to as the hori-
zontal component (with respect to V) and w), the vertical component.

Let & be a Riemannian metric on M. Together with V, the couple (%,V) determines an almost

Hermitian structure on TM via the following formulas:

gup((“p’vﬂ’ wp), (Up,Vp,Wp)) = hp(0p,0p) + hp(wp, W), (metric)
“)up((“p’up’ wp)’(“p’ap’wp)) = hﬂ(up’wl?) - hn(ijp) ) (2-form)
Jup((pvp.wp)) = (up,—wp,v,), (almost complex structure)  (12)

where up,v,,wp,vp,w, € T,M . Clearly, J?=-1d and g(J.,J.)=g(.,.), which means that
(TM,g,J) is an almost Hermitian manifold, and one readily sees that g, J, and w are compatible,
i.e., that w = g(J ., ) The 2-form w is thus the fundamental 2-form of the almost Hermitian
manifold (T M, g, J). This is Dombrowski’s construction.

Remark 2.1. By construction, the map n . (TM,g) — (M, h) is a Riemannian submersion.

Remark 2.2. Let y(t) be a smooth curve in TM. Regarding y(t) as vector field V(t) along
c(t) = (moy)(t), one has n.y = ¢ and Ky = V.V, where y and ¢ are the time derivatives of y and
¢, respectively, and where V :V is the covariant derivative of V(t) along c(t). From this, it follows by
inspection of Dombrowski’s construction that

gy(,)()'/,)'/) = hc(,)(é,é) + hc(,)<VC~V, VCV>. (13)
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We now review the analytical properties of Dombrowski’s construction. Let V* be the unique
connection on M satisfying

X(h(Y,Z)) = h(VxY,Z) + h(Y, V' Z) (14)

for all vector fields X,Y,Z on M. In the statistical literature, V* is called the dual connection of
V with respect to & (and vice versa), and the triple (k,V,V") is called a dualistic structure (see
Ref. 53).

Definition 2.3. The dualistic structure (h,V,V*) is dually flat if both V and V* are flat, meaning
that their torsions and curvature tensors are zero.

As the literature is not uniform, let us agree that the torsion 7" and the curvature tensor R of a
connection V are defined as

T(X,Y) =VxY -VyX -[X,Y],
R(X,Y)Z = vayZ - Vyvxz - V[X’Y]Z , (15)
where X,Y, Z are vector fields on M.

Remark 2.4. Let R and R* be the curvature tensors of the dual connections V and V*, respec-
tively. Then,

WR(X,Y)Z,W) = —h(R"(X,Y)Z,W) (16)

for all vector fields X,Y,Z,W on M (see Ref. 53). In particular, R is identically zero if and only if R*
is identically zero.

Recall that an almost Hermitian structure (g, J,w) is Kdhler when the following two analytical
conditions are met: (1) J is integrable; (2) dw = 0.

Proposition 2.5. Let (h,V,V*) be a dualistic structure on M and (g, J,w) the almost Hermitian
structure on TM associated to (h,V) via Dombrowski’s construction. Then,

(TM,g,J,w) isKihler < (M,h,V,V7) is dually flat. (17)

Remark 2.6. Proposition 2.5 is an easy consequence of Remark 2.4 together with the following
equivalence which is due to Dombrowski (see Refs. 3 and 50):

J isintegrable <« V isflat (18)

(here, J is the almost complex structure associated to (h,V) via Dombrowski’s construction).

B. Local formulas

Let (h,V,V*) be a dualistic structure on a manifold M. We denote by (g,J,w), the almost
Hermitian structure of TM associated to (4, V) via Dombrowski’s construction. We also denote by
m : TM — M, the canonical projection and by K : T(TM) — T M, the connector associated to V.

Let x = (xy,...,X,) be system of coordinates on M. If dx; denotes the differential of x; (re-
garded as a local function on T M), then (x| o m,...,x, o m,dxy,...,dx,) forms a local coordinate
system on T'M. By repeating, we obtain coordinates on T(T'M), say (a;, b;,c;,d;),i = 1,...,n, where

a;=x;omonry, b= (dx;)onry, c¢;i=d(x;on), d;i=d(dx;), (19)

and where 7y, : T(TM) — TM is the canonical projection. Observe that d; is not zero, for dx; is
regarded as a local function on T M, not as a one form.
Let Fl’.‘j be the Christoffel symbols of V in the coordinates (x1,. .. ,x,), i.e.,

Vod; = > Tk, (20)
k=1
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where 9; = %. In the coordinates introduced above, one can check that
1A

K(a,b,c,d) = (a,d + T,(b,c)), 1)

n(a,b,c,d) = (a,c), (22)
where I, is the bilinear map R" X R" — R" defined by ([,(b, c))k = Fk (a)b ci,k=1,.
Observe that if (x;) is an affine coordinate system54 with respect to V, then K reduces to the

projection (a, b,c,d) — (a,d).
Let us fix a coordinate system (y;) on M, defined on the same neighborhood as (x;).

le

Definition 2.7. The couple ((x;),(y;)) is a pair of dual coordinate systems if :

G () ( respectively, (y;)) is an affine coordinate system with respect to V (respectively, V*),

(ii) h(ai "By ) 0;j (Kronecker symbol) for alli,j € {1,...,n}.

The system of coordinates (y;) is called the dual coordinate system of (x;) and vice versa.

Remark 2.8. If (x;) is an affine coordinate system with respect to V, then one can find a
coordinate system (y;) dual to (x;), i.e., such that (y;) is affine with respect to V* and such that

h(ge. 35) = 61 (see Refs. 53 and 55).

RemarkZ 9. If x=(x;) and y = (y;) are dual to each other, then the n X n matrices h;;
= h(2 a7 Bx; 9 and h'l = h(ay , 61/ ) are inverse to each other, and the following relations hold :
X _ g 2
g’—y/ = W'l and 55 = hij (see Ref. 53).
Throughout this paper, we shall write (xy,...,X,,X1,...,%,) = (x;,%;) instead of (x; o m,dx;)
for simplicity. We shall also use the “hybrid” coordinate system (yy,.. ., Yn, X1, . .,%,) = (y;, X;)-
Thus by definition,

{wwwzzu@»wm@ﬂhw%x

0 0
where v=a,—| +- --+ana— eT,M.

(y,%)(v) (n(P)s- - yn(p).ar,. .. ,an), Oxilp Xplp

(23)

Proposition 2.10. Let (h,V,V*) be a dually flat structure on a manifold M and let (g, J,w) be
the Kiihler structure on TM associated to (h,V) via Dombrowski’s construction. Let also (x;) and
(y;) be two coordinate systems on M dual to each other. Then locally,

(i) in the coordinates (x;, x;),

[hij o} [0 —1} [0 hij]
¢ = = Cw=| , (24)

0 hyj I 0 hij 0
where h;j = h(aixi,%), i,j €{l,...,n},
(ii) in the coordinates (y;, x;),
hv o0 0 —hy 0 I
g= coT= , w= : (25)
0 hy o0 -1 0
wherehif:zh(6L ,ﬁy)z]e{l ,n}.

Proof of Proposition 2.10. (i) Follows from Dombrowski’s construction (see (12)) taking into
account: (1) the explicit form of the isomorphism T(TM) - TM & TM & TM given in (11); (2) the
formulas K(a,b,c,d) = (a,d) and m.(a,b,c,d) = (a,c).
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(if) One has (x,%) o (y,%)™' = (x o y~!, %) and g—’;i = h'/ (see Remark 2.9). Thus, the differen-
tial of (x, ) o (y,x)~!is given by

(26)

K0
[(x,0) 0 (y,5)7"], = [ }

0 I

From this together with the formula /;;h"/ = I, one sees that the matrix representation of g in the

coordinates (y, X) is
‘Wi o] [y 0 [n7 o] [a7 o] [mn7 0] [A7 0 o
0 1|0 hy{|O 1| {0 I{| O Ayl [0 hy

(the superscript “¢” means that we take the transpose of the corresponding matrix). The matrix
representations of J and g are obtained similarly. The proposition follows. O

By inspection of (24) and (25), one sees that:

e If V is flat (which means that J is integrable, see Remark 2.6), and if (x;) is an affine
coordinate system with respect to V, then

(Z],...,Zn) = (x1+i)'c1,...,x,,+i)'c,,) (28)

are holomorphic coordinates on the complex manifold (TM,J). To see this, compare (24)
with, for example, the first chapter in Ref. 56.

e If (x;) and (y;) are dual to each other, then (y;, x;) are symplectic coordinates on 7'M, that is,
(y,x) is a Darboux chart for the symplectic manifold (T M, w).

Remark 2.11. In the context of toric Kdhler geometry, Abreu established formulas similar to
(24) and (25) in order to get symplectic coordinates on toric manifolds (see Ref. 57). Abreu does not
use the language of dually flat manifolds; instead, he focuses on the so-called Guillemin potential
and its associated Hessian metric, in a spirit close to Ref. 55.

C. Ricci curvature
Let N be a Kédhler manifold with Kéhler metric g. We denote by Ric the Ricci tensor of g:
Ric(X,Y) = Trace{Z — R(Z,X)Y}, (29)

where X, Y, Z are vector fields on N, and where R is the curvature tensor of g.

On the complexified tangent bundle TN® = TN ®z C, we extend C-linearly every tensor using
the superscript “C” to distinguish the corresponding extensions (g, Ric, etc.).

Regarding local computations and indices, Greek indices «, 8,y shall run over 1,...,n while
capital letters A, B,C,... shall run over 1,. com 1, 7. Let (z1,...,2,) be a system of com-
plex coordinates on N. If x, and y, are, respectively, the real part and the imaginary part of z,
(i.e., zo = Xq +1Yq), then fiberwise, the vectors

0 1,0 0 0 1,0 0
— = -1, — = —ti— 30
024 2{axa l@ya} 074 2{axa ’aya} G0
form a basis for TN®. Let Ricg g be the components of RicC in this basis, i.e.,
: C ._pisC . 9
Ric,z :=Ric"(Za,Zp), where Z,:= . and Zgz = FEm (3D

As it is well-known, these components are elegantly expressed via the following formulas (see
Refs. 56 and 58):

= 0*Ind
- C _p:C . C _p:C . C
Rlcaﬁ = RIC(;B— =0, Ric:, = RlCaB, RlcaB = ﬁzaﬁzﬁ}’

% (32)

where d is the determinant of the matrix gS 5= 8(Za, Zp).
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We now specialize to the case N = T M, assuming that g is the Kihler metric associated to a
dually flat structure (4, V,V*) on an M via Dombrowski’s construction.

Fix an affine coordinate system (xy,. . ., x,) with respect to V, and denote by (x,, X, ) the corre-
sponding coordinates on 7T M, as defined in Sec. Il B. If z, = x4 + iXq, then (zy,. . ., z,) is a system
of complex coordinates on 7 M, and one can apply (32). One obtains

1((9211'1d)o7r’

1
c _ 2 c _
hapon and Ric ;= 1

%= 3 (33)

0x,0xp

where d is the determinant of the matrix A,z = h(%, %). The second formula in (33) is the local

expression for the Ricci tensor in the basis {Z,, Z;}. Returning to the coordinates (x,x), a direct
calculation using

(9_6+6 and a_i(a_a)
0xq 074 074 Ax%q ‘074 0Za

shows the following result.

(34)

Proposition 2.12. Let (h,V,V*) be a dually flat structure on a manifold M and g the Kiihler
metric on TM associated to (h,V) via Dombrowski’s construction. If x = (x1,...,x,) is an affine
coordinate system on M, then in the coordinates (x, X), the matrix representation of the Ricci tensor

of gis

2 5(x 0 1 0%Ind
Ric(x,x) = Pap(x) ,  where Bup=-= —n, (35)
0 Bap(x) 2 0x,0xp
and where d is the determinant of the matrix hqpg = h(%, %).
Recall that the scalar curvature is by definition, the trace of the Ricci tensor.
Corollary 2.13. In the coordinates (x, x), the scalar curvature of g is given by
- 0’Ind
Seal(x, ) = — Y hP(x) 7 ——(x), (36)
oy 0x,0xp

where d is the determinant of the matrix hapg, and where h®F are the coefficients of the inverse
matrix of heg.

Remark 2.14. Observe that the scalar curvature on TM can be written Scal = S o , where
S : M — Ris a globally defined function whose local expression is given by the right hand side of
(36) (see also Ref. 55).

D. Completeness

Let (h,V,V*) be a dually flat structure on a manifold M. We denote by g the Riemannian
metric on TM associated to (h,V) via Dombrowski’s construction. The corresponding Riemannian
distances on M and T M are, respectively, denoted by d and p.

Proposition 2.15. In this situation, we have

(TM, p) iscomplete s (M,d) is complete. (37
The rest of this section is devoted to the proof of Proposition 2.15.
Lemma 2.16. If (TM, p) is complete, then (M,d) is complete.

Proof. This is a direct consequence of the fact that 7 : (TM,g) — (M, h) is a Riemannian
submersion (take horizontal geodesics in M and project them on M). O
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From now on we assume (M, d) is complete. Let us fix a Cauchy sequence (v,),cn in (TM, p).
Since 7 is a Riemannian submersion,
d(n(u),n(v)) < p(u,v) forall u,v € TM. (38)

In particular, if p, = n(v,), then (p,), ey is a Cauchy sequence in (M, d), and there exists p € M
such that p, — p when n — co. Take an affine coordinate system x : U — R”" around p. We
denote by h,, the Euclidean metric pulled-back on U via the coordinate system x : U — R". By
restricting U if necessary, we can assume that there exists C > 0 such that (by local compactness):

(hew)g(u,u) < C hy(u,u) forall g€ U andall ueT,M. (39)
We also choose £ > 0 and N € N such that
B(p,3¢):={qe M|d(q,p) <3¢} CU,
B(p,3 &) isanormal ball,
n,m> N = p(vp,0) < &,
n>N = v, € 1 (B(p,€)).

Lemma 2.17. Let y(t) be a piecewise smooth curve in TM joining v,, and v,, (n,m > N). If
the length l(y) of vy is less than 2 g, then c(t) := (o y)(¢t) lies in B(p,3 €) for all t. In particular,
y(t) € n=Y(U) for all t.

Proof. By hypothesis, I(y) < 2 &, and since 7 is a Riemannian submersion, /(c) < [(y). Thus,
I(c) < 2 &. Therefore, c(t) is a curve in M whose extremities p, and p,, lie in B(p,&) and such
that /(c) < 2 €. Since B(p,3 ) is a normal ball, this implies c(¢) € B(p,3 &) for all ¢ (otherwise, we
would have /(c) > 2 & by application of the Gauss Lemma). The lemma follows. O

Let y(¢) be a curve in TM as in Lemma 2.17, with I(y) < 2 &. Since y(t) € x7'(U) for all ¢, one
can represent vy in the coordinates (x;, X;):

70 = (xi, %) (y(0) = (c1(t),. - ., D), Vi(D), - . ., VD)) (40)

If y(¢) is regarded as a vector field V(¢) along the curve c¢(z) = (7 o y)(t), then (c1(t),. . .,c,(¢)) and
(V1(2), . . ., V,(¢)) are just the local expressions for ¢(¢) and V(¢) in the coordinates (x;). Observe also
that the local expression for the covariant derivative V.V is exactly (Vi,...,V,) since (x;) are affine
coordinates.

Similarly, we denote by 7, the local representation of v, in the coordinates (x;,x;) (n = N).
This defines a sequence (i), < in W C R?", where

W = x(B(p,&)) X R", 401
and where B(p, ) is the closure of B(p,&) in M.
Lemma 2.18. (0,)nen is a Cauchy sequence in W with respect to the Euclidean distance.

Proof. Let y(t) be a curve in T M joining v, and v, (n,m > N), whose length is less than 2 £. If
v is smooth at ¢, then

Let /., (7) be the length of ¥ with respect to the Euclidean metric and /(y) the length of y with
respect to g. Taking into account (39), (42) as well as Remark 2.2, we see that [,,(y) < Ve 1(y),
from which we get,

2 n

= > (16OP + ViP) = (hew)e(n(é,¢) + Urewe(VeV VeV, (42)
i=1

4y
dt

15, = Ol = [1700) = F(V)II < Lou(F) < VC (). (43)

Hence, ||3, — 0|l < VC I(y) for all curves y joining v, and v,, with I[(y) < 2&. In particular, using a
sequence (Y )k en Of curves joining v,, and v,, and such that I(y;) — p(v,,v,), we deduce that

Hijn - ﬁm” < \/Ep(vmvm) (44)
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Since (v,)nen is a Cauchy sequence in (T M, p), we conclude that (7,),cn is a Cauchy sequence in
W. The lemma follows. O

Since W is complete (it is a closed subspace of the Euclidean space R?"), (), converges
in W, and consequently, (v,),en converges in 77!(U) € TM. This achieves the proof of Proposi-
tion 2.15.

Remark 2.19. The above proof is inspired by a paper of Ebin where the following similar
result is shown (see Ref. 59). Let M be a Hilbert manifold endowed with a Riemannian metric h
and Levi-Civita connection V, not necessarily flat. Let also g be the Riemannian metric on TM
associated to (h,V) via Dombrowski’s construction. In this situation, if M is complete, then TM is
complete.

E. Kéhler functions

Let N be a Kihler manifold with Kihler structure (g, J,w).

Definition 2.20. A smooth function f : N — Ris called a Kahler function if it satisfies
£Lx.8 =0, (45)

where Xy is the Hamiltonian vector field associated to f (i.e., w(Xy,.) = df(.)) and where .§£Xf is
the Lie derivative in the direction of Xy.

Following Ref. 5, we shall denote by J# (N) the space of Kihler functions on N . When N has
a finite number of connected components, then X (N) is a finite dimensional®®®’ Lie algebra for the
Poisson bracket { f,g} = w(Xy, X,).

Given a smooth function f : N — R, we denote by Hess(f) the Riemannian Hessian of f with
respect to g. If D denotes the Levi-Civita connection with respect to g, then by definition

Hess(/)(u,0) = g(Dygrad(f).v), (46)

where u,v € TM, and where grad(f) is the Riemannian gradient of f with respect to g, i.e.,
g(grad(f), .) = df(.). It can be shown that Hess(f) is a symmetric tensor (see Ref. 61).

Proposition 2.21 (Cirelli-Mania-Pizzocchero®). A smooth function f : N — R is Kéhler if and
only if

Hess(f)(JX,JY) = Hess(f)(X,Y) 47
for all vector fields X,Y on N.

We now specialize to the case N = TM, assuming that g is the Kéhler metric associated to a
dually flat structure (4,V,V*) on an M via Dombrowski’s construction. We denote by 7 : TM — M
the canonical projection.

Let x : U — R” be an affine coordinate system on M with associated coordinates (x;,X;) on
a Y (U) CTM.Fori € {l1,...,n},set

0 0
= — - = — 48
3 ox, & a5, (48)
and denote by (I'¢ )i  the Christoffel symbols of g in the basis {f T SN STIRE ,é‘:ﬁ},
Deyép =) ()54 éc, 49)
C

where A,B,C € {1,...,n,1,...,n}. We also denote by (Fh)f?j the Christoffel symbols of / in the
coordinates (x,...,X,).
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Lemma 2.22. Fori,j,k € {1,...,n}, we have

T =@Mon I =0, ML = -0,
() =o. T = Mer @5 = o. (50)
Proof. By adirect calculation. O

Remark 2.23. Similar formulas can be obtained in relation to the curvature. Indeed, if RS and
R" are the curvature tensors of g and h, respectively, then one can show that

o AT,

hya
(Rg){ik - ( (R )uk dx; dx; )0”’

(51

and similar for (R8)%.,,(R$ )i‘j o ¢tc. In particular, one can prove the Ricci curvature formula given

ijk’
in Proposition 2.12 without using the classical formulas (32).%>

Lemma 2.24. Let f : TM — R be a smooth function. Then, on n~'(U),

Hess(f);; = F bon Hess =3 r’ bon (52

(ij = Z( Domg, (i Z( ") )
62

Hess(f);; = f Z TP on (53)

Proof. By adirect calculation using Lemma 2.22 and the definition of Hess( f). O

Proposition 2.25. Let (h,V,V*) be a dually flat structure on a manifold M and let (g, J,w) be
the Kdihler structure on TM associated to (h,V) via Dombrowski’s construction. Let f : TM — R
be a smooth function. Given an affine coordinate system x : U — R" with respect to V on M, we
have the following equivalence: f is Kéihler on n~\(U) if and only if

o’f o’f 7\
- = 2 I;
Bxiaxj Bxia)'cj Z( )

o’f o’f b o
= F’
Bxic')xj * ij()xi Z( )

(54)

foralli,j=1,...,n

Proof. According to Proposition 2.21, f is Kéhler if and only if Hess(f)(JX,JY) = Hess(f)
(X,Y) for all vector fields X,Y. If Hess(f) = [,B C] is the matrix representation of Hess(f) in the
coordinates (x;, x;), then this condition reads

t
0 -I||A B||0 -I A B CcC -'B A B
1 = t = t ’ (55)
I 0B C 0 B C -B A B C
that is, A = C and ‘B = —B. Writing explicitly these equations using Lemma 2.24 exactly yields
(54). The proposition follows. O
Using the complex coordinates (z1,. - .,2,) = (x1 + iXy,...,X, + iX,), one can rewrite Proposi-

tion 2.25 more compactly as follows.
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Proposition 2.26. In the same situation as above,

2 n
f isKihleron 77 '(U) & rr _ Z(rh)?.ona—f forall i,j=1,....n (56)
0z;0z; £ T 0z

9 ._ 110 ;0
(here a—Zk = E{m - la—xk})

Recall that a vector field X on a manifold M is V-parallel with respect to a connection V if
VyX = 0 for all vector fields Y on M .

Corollary 2.27 (Molitor’). Let (h,V,V*) be a dually flat structure on a manifold M and let
(g,J,w) be the Kdhler structure on TM associated to (h,V) via Dombrowski’s construction. Let
f i+ M — R be a smooth function. Then,

fom isKidhler &  grad(f) is V—parallel, 67

where grad(f) is the Riemannian gradient of f with respect to h.

Proof. We use Einstein summation convention and the notation 9; = %, hij = h(0;,0;). The
coeflicients of the inverse matrix of /;; are denoted by h.Let f : M — R be a smooth function. In

the affine coordinate system (xi,. . ., x,), we have:
h(Va,grad(f),0;) = h(V,(h“"0p(f)ar 8;)) = h(D:(h*")Bp(f)Ba + h**0i8p(f)Dar D)
= h* haj0:0p(f) + 0:(h“)Bu(f)haj = 0:0;(f) + 0i(h*” hajOb([))
~h*8;(haj)3p(f) = h*® ha;0:0p(f)

1
= 0;0;(f) + 0;0;(f) — 8;0;(f) - 2§hubaa(hij)ab(f)
= 0,0;(f) = 2(T")},0(f), (58)

where we have used the formula (Fh)f’j = 1h%d,(h;;) which comes from the fact that / is a Hessian
metric (see Refs. 53 and 55). From this, it is clear that grad(f) is V-parallel if and only if locally
0;0;(f) - Z(Fh)ﬁ’j@b(f) =0foralli,j=1,...,n Butthese are exactly the equations characterizing
locally a Kdhler function of the form f o 7 (compare with Proposition 2.25). O

Let (x;) (respectively, (y;)) be an affine coordinate system with respect to a flat connection V
(respectively, V*) on a Riemannian manifold (M, ). Assume that (4,V,V*) is dually flat and that
(x;) and (y;) are dual to each other (in particular, 7M is a Kdhler manifold for the Kihler structure
associated to (4,V) via Dombrowski’s construction). Taking into account Remark 2.9, it is not

difficult to see that grad(y;) = -2-, and since -2~ is obviously V-parallel, we deduce the following
result.

6_xl-’ (’)X,’

Proposition 2.28. In this situation, the function y;on : n~Y(U) = R is Kdihler for all i =
1,...,n.

F. Application: Information geometry

Definition 2.29. A statistical manifold (or statistical model) is a couple (S,J), where S is a
manifold and where j is an injective map from S to the space of all probability density functions p
defined on a fixed measure space (Q,dx):

j:S— {p : Q—>]R‘pismeasurable, p >0 and /p(x)dx: 1}. (59)
Q

If £ = (¢1,...,&,) is a coordinate system on a statistical manifold S, then we shall indistinctly
write p(x; &) or pg(x) for the probability density function determined by &.
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Given a “reasonable” statistical manifold S, it is possible to define a metric ir and a family of
connections V(@ on § (a € R) in the following way: for a chart £ = (£1,...,&,) of S, define

(hp)e(8:,0;) = Bp(diln (pg) - d;ln (p.f,:)), (60)

L&) =By [ (800 (pe) + —L91n (pe) - 810 (pe)) dyIn ()] (61)

where E, denotes the mean, or expectation, with respect to the probability ps dx , and where 0; is

a shorthand for T It can be shown that if the above expressions are defined and smooth for every
chart of S (this is not always the case), then hp is a well defined metric on S called the Fisher metric,
and that the 1"<")k’s define a connection V(®) via the formula F(a> (&) = (hp)g(V (9!,(9,() which is
called the a-connection.

Among the a-connections, the (+1)-connections are particularly important; the 1-connection is
usually referred to as the exponential connection, also denoted V(¢ while the (—1)-connection is
referred to as the mixture connection, denoted V™)

In this paper, we will only consider statistical manifolds S for which the Fisher metric and
a-connections are well defined.

Proposition 2.30. Let S be a statistical manifold. Then, (hg,V'®),V"®) is a dualistic structure
on S. In particular, V&) is the dual connection of V'®).

Proof. See Ref. 53. O
We now introduce an important class of statistical manifolds.

Definition 2.31. An exponential family & on a measure space (Q,dx) is a set of probability
density functions p(x; 0) of the form

pxi0) = exp {C(0) + )" OF(x) - w(0)] (62)
i=1
where C,F\,. .., F, are measurable functions on Q.0 = (04,...,0,) is a vector varying in an open

subset O of R" and where \ is a function defined on © .

In the above definition, it is assumed that the family {1, F},...,F,} is linearly independent,
so that the map p(x,0) — 6 € ® becomes a bijection, hence defining a global chart of &. The
parameters 6y,. . . ,0, are called the natural or canonical parameters of the exponential family & .

Besides the natural parameters 6,. . .,6, , an exponential family & possesses another particu-
larly important parametrization which is given by the expectation or dual parameters i1, . .. ,n,

ni(pe) = Epg(F) = /Q Fi(x) po(x) dx. 63)

It is not difficult, assuming ¢ to be smooth, to show that 1;(pe) = 9,4/ . The map 1 = (71,...,7,)
is thus a global chart of & provided that (0p,¥,. . .,0,%¥) : ® — R" is a diffeomorphism onto its
image, condition that we will always assume.

Proposition 2.32. Let & be an exponential family such as in (62). Then, (&,hp,V©), V™)
is dually flat and 0 = (0,,...,60,) is an affine coordinate system with respect to V'€ while n
= (11, ..,1y) is an affine coordinate system with respect to V™ . Moreover, the following relation
holds :

0 0
hp|—.7—) = dij, 64
F(agi am) : (64)
that is, 6 and n are mutually dual coordinate systems.

Proof. See Ref. 53. O
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Corollary 2.33. The tangent bundle TE of an exponential family & is a Kihler manifold for the
Kéihler structure (g, J,w) associated to (hp,V'®)) via Dombrowski’s construction.

In the sequel, by the Kéhler structure of 7E , we shall implicitly refer to the Kéhler structure of
T & described in Corollary 2.33.

Corollary 2.34 (Molitor’). Let & be an exponential family defined over a measure space (Q, dx)
(as in Definition 2.31), and let Ag be the real vector space generated by the random vari-
ables 1,F,...,F, : Q — R. In this situation, if ® : TE — TE is a holomorphic isometry and if
X € Ag, then the function

TE SR, prs /Q X(x)[( 0 ©)(p)](x)dx (65)

is Kdhler (here, 1 : TE — & is the canonical projection).

Proof. Assume that X = Ay + AjFy + - - - + M, F, A; € R. Clearly, the above function is Kéhler if
andonly if T€ 3 p [, X(x)r(p)(x)dx is Kihler, which is the case since it is a linear combination

of Kéhler functions. Indeed, taking into account the definition of the expectation parameters 7;, one
has

/Q X()r(p)(x)dx =ho+ Y A /Q F()m(p)(x)dx = ho+ ), (i 0 m)(p), (66)
i=1 i=1

and since 6 and 7 are affine coordinate systems dual to each other (see Proposition 2.32), it follows
from Proposition 2.28 that n; o & is Kéhler for alli = 1,...,n. The corollary follows. O

lll. GAUSSIAN DISTRIBUTIONS: INTRINSIC GEOMETRY

Let NV be the set of all Gaussian distributions of mean u and deviation o over R, that is, N is
the set of all p(x; u, o), where

plx; p,0) = vz_trgexp{ _x- “)2}. 67)

202

It is a 2-dimensional statistical manifold parameterized by u € R and o > 0, and since p(x; u,0)
= exp{Fi(x)6 + Fx(x)6> — y(6)}, where

9|=£, 0 =

LS|
p 3 CW =0, () =x, Akx)=x, wo)= -0 Ly (_0%)’ (68)

460, 2
it is also an exponential family (see Definition 2.31). Observe that 6; € R and 6, < 0, and that the
expectation parameters are (see Ref. 53)

6,)* - 26
= 4ot = ) =202 (69)

LT 402

6,
We denote by hp, V@ and V™ the Fisher metric, exponential connection, and mixture connec-
tion on N, respectively. According to Proposition 2.32, (hp,V(©, V(™) is a dually flat structure,
and consequently, the almost Hermitian structure (g, J,w) on TA associated to (hz, V®)) via Dom-
browski’s construction is Kihler.
In this section, we study the geometrical properties of TN, regarded as a Kéhler manifold.



122102-16 Mathieu Molitor J. Math. Phys. 55, 122102 (2014)

A. Preliminaries: Siegel-Jacobi space and Jacobi group

Let Heis(R) and SL(2,R) denote, respectively, the Heisenberg group and the special linear
group of dimension 3. Recall that Heis(R) can be identified with R?> x R endowed with the multipli-
cation

(Xlskl) . (Xz, K2) = (X1 + Xz,Kl + Ky + Q(Xl,Xz)), (70)
where Q is the symplectic form on R? whose matrix representation in the canonical basis of R? is

_01 (1)], i.e., Q(X1,X2) = Mus — hopy, where Xy = (A, pp) and X, = (g, uo). Recall also that

SL(2,R) := {[j Z} € Mat(2,R) | ad - be = 1} 1)

(here, Mat(n,R) denote the space of n X n real matrices), and that we have the identification
SL(2,R) = Sp(2,R), where

Sp(2.R) := {M € Mat2,R)|'MQM = Q}, where Q=" ] (72)

Let Aut(Heis(R)) denote the group of automorphisms of Heis(R), that is, the group of diffeo-
morphisms of Heis(R) that are also homeomorphisms. Consider the following map:

7 : SL(2,R) - Aut(Heis(R)), 7(M)(X,k) = (XM, ), (73)

where M € SL(2,R), (X, «) € Heis(R), and where XM has to be understood has the multiplica-
tion of a row vector with a 2 X 2 matrix. The fact that (M) is an automorphism of Heis(R) is a
simple consequence of the identity SL(2,R) = Sp(2,R), and clearly, 7 is an anti-homomorphism of
groups, i.e., T(M\M;) = T(M;) o 7(M,). Therefore, one can form the semi-direct product SL(2,R)
= Heis(R). By definition,® it is the Cartesian product SL(2,R) x Heis(R) endowed with the multi-
plication

(M1, X1,K1) - (Ma, X0, k2) = (M1 Mo, X1 Ms + Xo, k1 + ko + QX1 M>, X5)), (74)

where M, M, € SL(2,R), and (Xi,«1),(X2,k2) € Heis(R). Following Refs. 23 and 24, we call
SL(2,R) = Heis(R) the Jacobi group, and denote it by G’ (R), that is,

G’(R) := SL(2,R) x Heis(R). (75)
We shall also consider the affine symplectic group,
ASp(2,R) = SL(2,R) = R?, (76)

which is by definition the semi-direct product of SL(2,R) with the abelian group R relative to the
following anti-homomorphism of groups:

7 : SL(2,R) — Aut(R?), 7(M)X := XM (row vector X square matrix), a7

where M € SL(2,R) and X € R2. By definition, the group multiplication on ASp(2,R) is (M, X;) -
(Mz, Xz) = (Mle, XM, + Xz), where M, M, € SL(2,R), and X1, X, € R2. Beware that ASp(Z,R) is
not a subgroup of G’ (R), but the latter is a central extension of the former for, there is a short exact
sequence of Lie groups,

{e} — R-5 G/ (R) 55 ASp(2,R) — {e}, (78)

where i(k) = (| (1) (1) 1,0, ) and 7 ( a Z],X, K) = ([f Z ], X), and where obviously the image of i lies in
the center of G'(R).
Let H = {r € C|Im(7) > 0} denote the upper half-plane. We define a left action of the Jacobi
group G’(R) on H x C as follows:
a b at+b z+ M+ u
c d ct+d ct+d

(79)

,()\.,/J,K)) ° (T’ Z) = (
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where (7,z) € H x C. It is not an effective action, but by “forgetting” « in the above formula, one ob-
tains a left action of ASp(2,R) on H x C which is effective. In particular, one can regard ASp(2,R)
as a subgroup of the group Diff(H x C) of diffeomorphisms of H x C.

Definition 3.1 (Kdhler-Berndt metric). Let A, B > 0 be arbitrary. The Kdhler-Berndt metric is
the metric g4, g on H X C whose matrix representation in the coordinates (u,v,x, y) is

Av+By? B
e B I
U v
0 AquBy2 0 _By
8a,B(1,2) = By N B o (80)
e 0 v 0
B
0 -=Z 0 B
v v

wheret =u+iv € Hand z = x +iy € C.

Remark 3.2. The Kdhler-Berndt metric is a Kdhler metric with respect to the natural complex
structure of H x C, invariant under the action of the Jacobi group G’ (R) (see for example Refs.
64 and 65 and below). It was introduced independently by Kdihler and Berndt in the 80’s for the
following reasons. Berndt was apparently looking for an invariant Riemannian metric on Hx C
whose Laplacian could be used to impose good analytical conditions (like being an eigenfunction)
on complex functions defined on H x C, the objective being to define “Jacobi-like” functions;%
this was just before Eichler and Zagier introduced and systematically studied Jacobi forms in their
classic book.** Kiihler, on the other hand, was apparently motivated by totally different reasons

related to physics (see Refs. 67 and 68).

Remark 3.3. Berceanu showed that the Kdhler-Berndt metric can be understood within the
group-theoretical framework of Perelomov’s coherent states.>*0-32-34

In a series of papers, Yang introduced the terminology “Siegel-Jacobi space” (or “Siegel-Jacobi
disk”) for the complex space H x C together with a choice of one of the Kéhler metrics g4 p above
(see Refs. 64, 65, and 69-71). In this paper, we shall adopt the following definition.

Definition 3.4 (Siegel-Jacobi space S”). The Siegel-Jacobi space is the Kihler manifold
SJ = (HXC,%gl’l). (81)

In the sequel, we shall denote by gk p and wk p the metric and symplectic form of S7, that is,
gKB = % g1.1. From now on, we shall refer to this metric as the Kdhler-Berndt metric.

B. Kahler structure

In this section, we return to the study of the Kéhler structure (g,J,w) of TN. We start by
recalling the following result (see Ref. 53).

Proposition 3.5.
(1)  In the natural coordinates 0 = (01,0,), the Fisher metric reads

) 01

02— (61) | (82)
2

(ii) in the coordinates (01,0,), the Christoffel symbols l"l’.‘j of hr are

1

h®) = 3@ | 6,

0 (61)? + 6, 1,63
1 _ 91 1 I S Ve 1 - (2
Me) =5 Tu® =-S5 O =3(3) (83)
1 6 (61)? - 26,
0 == 50 =-—— I? 4
11(6) 2$ 12(0) 2029 22(9) 2(02)2 ’ (8 )
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(iii) (N, hF) is a complete Riemannian manifold with constant sectional curvature —%.

Proposition 3.6. As a Kéhler manifold, TN is the Siegel-Jacobi space S’ (see Definition 3.4),
that is,

TN = §7. (85)

Proof. According to Proposition 2.32, (6,,6,) are affine coordinates with respect to V¢). Conse-
quently, one can apply Proposition 2.10 and conclude that in the coordinates (8,6) = (6,6,,61,6-)
the matrix representations of g, J,w are

- [re@) 0 - Jo -1 [0 hee)
g(@,@)—[ 0 hF(H)}’ J(G,G)—[I O}’ w(@,@)—[_hF(e) 0 }, (86)

where hy(6) is given in (82), and where [ is the 2 x 2 identity matrix (recall that ; is just the
differential of 6y, regarded as a function TN — R). From a complex point of view, we know that
(z1,22) = (61 + 11,0, + i6,) are global holomorphic coordinates on the complex manifold (TN, J)
(see (28)). Consequently, one has an identification of complex manifolds TN = C x iH (observe
thatiH = {z € C|Real(z) < 0}). Let f be the map

TN =CxiH->HXC, (z1,22) = (=iz2,izy). 87)

Clearly, f is biholomorphic, and in the coordinates (0,6) on TN and (u,v,x, y) on H x C (see Defi-
nition 3.1), it reads £(8,0) = (62,—0,,—61,6;). Now, using (86) together with the explicit description
of g1.1 given in Definition 3.1, a straightforward computation shows that f*gxp = g. The proposi-
tion follows. ]

Proposition 3.7. (TN ,g) is complete.

Proof. There are two ways to prove it. The first is to use Proposition 2.15 and the fact that
(N, hr) is complete (see Proposition 3.5). The second is to observe that the Siegel-Jacobi space S’
is a homogeneous Riemannian manifold (see Remark 3.2 and Proposition 3.31). O

Proposition 3.8. In the coordinates (8,0), the matrix representation of the Ricci tensor of g is

Ric(6,6) = o) 0 h ) = 300 88
ic(0,6) = 0 ﬁ(g),wereﬁ —50(6}%. (88)
2)
Proof. Follows from Propositions 2.12 and 3.5. O

From Proposition 3.8, one easily deduces the following corollary.

Corollary 3.9.

(1) Ric(X,X)<O0forall X e T(TN).
(i) (TN,g) is not Einstein.”® In particular, the holomorphic sectional curvature”™ of TN is
not constant.
(iii)  The scalar curvature of (TN, g) is constant and equal to —6.

Remark 3.10. Since TN = S, one has the analogues of Proposition 3.7, Proposition 3.8, and
Corollary 3.9 for the Siegel-Jacobi space S”. The analogue of Corollary 3.9 for S’ was established
by Yang in Ref. 69, and later on generalized by Berceanu® and Yang'' for the metric ga.p. They

showed, in particular, that the scalar curvature of ga, g is constant and equal to —%.
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C. The group of holomorphic isometries

Recall that the affine symplectic group ASp(2,R) acts effectively on the Siegel-Jacobi space
S’ = TN. Therefore, ASp(2,R) can be regarded as a subgroup of the group Diff(TN) of diffeo-
morphisms of T/N. Recall also that the group of holomorphic isometries of TN is the subgroup of
Diff(T N') whose elements satisfy ¢*g = g and ¢.J = Jo..

Theorem 3.11. The group of holomorphic isometries of TN is the affine symplectic group
ASp(2,R).

As explained below, our proof relies on the resolution of the following system of partial
differential equations

(52)+ (G = (%),

(89)
Au =0,
where u(x, y) is a smooth function defined on U := {(x, y) € R? | x < 0}, and where A = 06—52 + 06—;2

is the Laplace operator.

Remark 3.12. If a solution u of the first equation in (89) satisfies u(x,y) < 0 for all (x,y) € U,
then v := In(—u) is a solution of the 2-dimensional Eikonal equation

ov\2 ov\2 1
B 90
(6x) + (ay) (f(x,y))Z ( )

with f(x,y) = x. In geometrical optics, the Eikonal equation describes the wave fronts of light in
an inhomogeneous medium with a variable index of refraction flz (see for example Refs. 74 and 75).

Mathematically, only a few explicit solutions are known (see Refs. 76 and 77).

Remark 3.13. Every solution of (89) is real analytic (since it is harmonic). In particular, if u,v
are two solutions of (89) which coincide on an open subset of U, then they coincide on U (see Ref.
78).

Let us fix a smooth solution u of (89) satisfying u(x, y) < 0 for all (x,y) € U (this last condi-
tion will be justified below). Set

ou
Up = {(x.y) € U 7 (x.5) = 0} 1)
y
Lemma 3.14. If Uy =U (i.e., 2% =0 on U), then there exists a € R,a # 0, such that for all

o1
(x.y) € U. '
u(x,y) = a*x. 92)

Proof. By adirect calculation. O

Let us now assume Uy # U. This means that there exists p = (py,p2) € U such that g—';(p) # 0.

Without loss of generality, we can assume g—;(p) > 0 (the case < 0 is completely analog). Fix ¢ > 0
such that

0
a—u(q) >0 forall gelpi—-e,pi+elX]lpp—e,pr+e[=C. (93)
y
On C, there exists a smooth function @ : C — R which satisfies (see the first equation in (89))
0 0
o cos(a(x, y)) and o sin(a(x, y)) 94)
uox udy

for all (x, y) € C. By specifying the image of «, such a function is unique. We choose 0 < a < 7.
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Lemma 3.15. We have

da sin(a)
dx x
da 1 -cos(a) ©5)
oy x '
Proof. Observe that (94) can be rewritten
%(ln(—u)) = %@“) and %(ln(—u)) = %(a) (96)

Taking the partial derivative with respect to y of the first equation and the partial derivative with
respect to x of the second equation immediately yields the equality

0 (cos(a)y 0 sin(a)
By( X )_6x( X ) ©7)
which can be rewritten
0 0 i
cos(a)—a + sin(a/)—a = w (98)
0x Jy X
On the other hand, the equation Au = 0 together with (94) yields
0 (u 0 (u
x (; cos(a/)) + £<; s1n(a)) =0, (99)
which is equivalent to
0 0 -1
- sin(a)—a/ + cos(a)—a, = M. (100)
ox Jdy X

Multiplying (98) by sin(a) (respectively, cos(a)) and (100) by cos(a) (respectively, sin(a)), then
summing (respectively, subtracting) exactly yields (95). The lemma follows. O

Lemma 3.16. There exists b € R such that on C,

+b)? -2
cosa(x.y) = WrH-x
(y + D)%+ x2
(101)
sina(x.y) = —-2Wrb
W= (y +b)2 + x2
Proof. According to Lemma 3.15, we have
_ I Qo 1 In(tan(a/2)) = In(-x) + g(y) = tan(a/2) = —xesW), (102)
sinf@) 0x  x
I da _1 1y 1
1—cos(@) 9y  x = tan(a/2)  x *h(x) = tan@/2)= L+ h(x) (103)
where g and & are smooth functions of the variables y and x, respectively. Thus,
1
—X eg(”) = —m = xh(X) = eg(y) - Y, (104)

from which we deduce the existence of a constant E € R such that xA(x) = E and e2¥) — y = E for
allxe]p—g,p1+elandall y €| p, — &,pr + £[. Thus,

s() = —In(E+y). h(x)="

. (105)
X
Taking into account the last equation in (102) (or (103)), we thus have
X
,y) = —2arct . 106
a(x,y) arc an(y +E) (106)
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The lemma is now a simple consequence of (106) together with the following formulas: cos(2
1-r2
1+r2

and sin (2 arctan(r)) = 25,7 € R. o

arctan(r)) = e

Lemma 3.17. There exists a € R,a # 0, and b € R such that on U,

a2x

u(x, y) =

Proof. Since ﬁg—‘y‘ = sin(a), Lemma 3.16 implies that on C,

d 2y +b

@(ln(—u)) = —% & In(-u) = —In((y + b)* + x*) + f(x) (108)
ol

R PF Y ey {1

where f is a smooth function depending on the variable x € | p; — &,p; + €. In order to find f, we
differentiate the right hand side of the equivalence in (108) and use %(ln(—u)) = %(x) We obtain,

, 2x 1 (y +b)?—x?
S = 2.2 - 2. .2’
(y +b)?+x x(y+b)’+x

which leads to x f’(x) = 1, i.e., f(x) = In(—x) (+ constant). Hence, (107) holds on C. Using the fact
that u is analytic (see Remark 3.13), it also holds on U. The lemma follows. ]

(110)

Collecting our results, we deduce the following.

Proposition 3.18. Let u be a solution of (89) satisfying u(x,y) < 0 for all (x,y) € U. Then, u
has the following form (two possibilities) :

2
1) ulx,y)= @Jj’ﬁ, a,beR, a+0,
2) u(x,y)=a’x, a€R, a+0.

Remark 3.19. A variant of Proposition 3.18 is as follows. Consider the system of partial differ-
ential equations

@ 2 % 2_.2
(6x) +(6y) w (111)
Au =0,

where u(x, y) is a smooth function defined on R?, and where h € R,\ # 0. If u is a smooth solution
of (111), then there exist a,b,c € R such that a® + b*= 22, and such that for all (x,y) € RZ

u(x,y) =ax+by +c. (112)
This can be shown using arguments similar to the ones we already used.

We now return to the group of holomorphic isometries of TN. Let ¢ : TN — TN be a
diffeomorphism. In the coordinates (6, 6), ¢ can be written

©(0,0) = (¢'(6,60),0%(0,0),%(0.0),4"(6.,0)), (113)

with ¢? < 0, and its derivative can be decomposed into blocks of 2 x 2 real matrices

Coper = (114)

A0,0) B(6,6)
Cc©.6) D@O,0)|

The entries of the matrices A,B,C,D are denoted by a;j,b;j,c;j,d;j, respectively. Hence, aj;
6<pl 6<p4

= (9—91,1722 = 6_92’ etc.
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From a complex point of view, recall that (z1,2) = (8 + 61,6, + i6,) are global complex
coordinates on TN. Therefore, TN = C x iH, and we have

¢ isholomorphic &  ¢'+i¢’ and ¢*>+ip* are holomorphic functions
0 0
& (' +ig)= (P +igh =0, k=12, (115)
0%k 07k

where % = %{%k +i aiék}' Equivalently, ¢ is holomorphic if and only if A=D and B = -C

(Cauchy-Riemann equations).

Lemma 3.20. Assume that ¢ is holomorphic. In this situation, ¢ is an isometry if and only if ¢'
and ¢? are solutions of the following system of partial differential equations:

h11(8) = hui(@)][(ann)* + (b11)*] + 2 hia(@)[ariazr + biibat] + haa(@)[(@21)* + (b21)*,
h12(8) = hii(p)[anaiz + bubi] + hi(e)[anaxn + aznain + bi1by + baib 1] + hoa(e)[aziazn + baiba),
h2x(8) = hui(@)](a12)* + (P12)*] + 2 hia(@)[@r2an + biaba] + haa(@)[(@2)* + (bn)*,

0 = hu(e)|aibiz— anbu]+ hie)|aibxn + anbi — biiazn — baapn] + ha(e)[axbn - baaxn],

where h”(e) = hF(H)(aial’ Bi(ij)

Remark 3.21. Observe that h;j(¢) = h;j o ¢ only depends on ' and ¢* (see item (i) in Proposi-
tion 3.5).

Proof of Lemma 3.20. By hypothesis, ¢ is holomorphic, which means that A = D and B = -C.
Consequently, the matrix representation of the equation ¢*g = g reads

t

A6,0) BO,0)] [he(e) 0 A@0.0)  B@©.O)] [hr(®) 0

—-B(0,0) A(6,0) 0 hp(e)||-B0,6) A®B,6)] | 0  hp(6)
'A(0,0) (hp(p)) A(6,0) +'B(0,0) (hr(9)) B(6,6) = hp(6), (116)
'A(6,0) (hpe)) B(0,0) — 'B(0,0) (hp(p)) A(6,0) = 0.

The first equation in (116) is an equality of symmetric matrices, and thus produces three equations
which are after a direct calculation the first three equations of the lemma. The second equation in
(116) is an equality of anti-symmetric matrices, thus it yields only one equation which is the last
equation of the lemma, as a simple calculation shows. The lemma follows. O

Instead of trying to solve directly the system of equations in Lemma 3.20, our strategy will be to use
the fact that the Ricci tensor is a Riemannian invariant, that is, ¢*Ric = Ric for every isometry ¢.

Lemma 3.22. If ¢ is an isometry, then

2

0> 0¢? a*\2 09t \2 P2
997 _ 0¥ _ P9V (22 2 (£ 117
a6, ~ 96, (Ge) *(Gg,) = (5) (17
ap*t 9y A*\2  0¢*\2 202
Tl (V)= (L) (118)
691 691 892 692 92
Proof. In the coordinates (6,8), we have (see Proposition 3.8)
. . BO) 0 310 O
Ric(6,0) = , where pB(0)=-= . (119)
[ 0 BO) 200 &
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Using the bloc decomposition of ¢, given in (114), the equation ¢*Ric = Ric reads
t

A@6,6) B@®,0)| |-Be) 0 A@0.0) B@0.6)| [-p@O) 0

C(6,6) D(6,6) 0 -B(p)| |CO,6) D@®,6)] | 0 -B(6)
'A(6,0) (B(¢)) A(6,6) +'C(6,0) (B(¢)) C(6,0) = B(6),

& 'A(6,0) (B(¢)) B(6,6) + 'C(6,0) (B()) D(0,6) = O, (120)
'B(6,0) (B(¢)) B(6,6) +'D(6,0) (B(¢)) D(6,6) = p(6).

Taking into account the explicit form of g in (119), the first equation in (120) yields

(a21)* + (cn1)”  azian + caen _ (<p2>
anax + cnca (an)* + ()’ 02

00 121
o1l (121)

2
This implies a1 = ¢ = 0 and (a22)* + (c»)* = (‘;—2)2 which corresponds exactly to the first two

equations of the proposition (see (117)). The other two equations are obtained similarly using the
third equation in (120). The lemma follows. ]
.. . . 8% _ ¢t
Combining the Cauchy-Riemann equation 20, = " 36,
(117) immediately yields the following lemma.

together with the second equation in

Lemma 3.23. If ¢ is a holomorphic isometry, then ¢* is a solution of the system of partial
differential equations (89). In particular, it has to be of the form (two possibilities)
200 0) — a%0,
(1) gO(Q,Q)—W, a,beR,a +#0,
2) 902(9,9) =ad%0,, acR a+0.

From now on, we will assume that ¢ is a holomorphic isometry (in particular, ¢ is given by
Lemma 3.23).

For convenience, let us rewrite explicitly the system of equations in Lemma 3.20, taking into
account Lemmas 3.22 and 3.23.

Lemma 3.24. We have

dpl\2 0t \2 @?
PPNV L2 & 122
(691 ) + (691 ) 92 ( )
100 09* 00! 0¢?]  orde' dp!  delae'] 61 os
— — t———| - Tt | = =), (123)
961 96y~ 6y 96, 901 00y~ 961 962] (62
1[99 09 0! 0p”] _ ordety2 (9¢'\2) @ =@ P2 =0 5o o4
|l +———| - (—) +(—) +—2(_) ——3(‘/’)’ ( )
06, 060y 96, 96, 06, a6, @ 6> (62)°
i[o¢l 902 _delog?) o 5_9”1"_9"1_5_9013_‘#1]_ (125)
46, 86, 86, 962 80, 06, 90, 36, |

Since 1,02 does not depend on 6; and 6, it follows from Remark 3.19 together with (122) that

¢'(0,0) = 1(62,62)01 + 5(62,02)6, + 1(62,65), (126)
where r, 5, are smooth functions depending on 6,, 65, and such that r(6,6,)* + s(62,6,)* = "’2(?9—22’92).
Lemma 3.25. We have
or\2 ,0r\2 ,0s\2 ,0s\2 171, 6(,02]
() () (Y = |- 2. 127
(392) (602) (392) (392) (02)2[9290 96, (127)
If ©*(04,0,) = a0y, then the right hand side of (127) is zero. If ¢*(62,6,) = (0'2+Z)2—20-f((92)2’ then the

. . . 2
right hand side is [(92+172)2+(92)2]2'
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92

. . . 2
Proof. First, observe that r and s are harmonic. Indeed, if A = 6"—92 + 26, then,

0=Ap' = 0,Ar + 6,As + At (128)
for all 61,6, € R, which is only possible if Ar = As = At = 0. Now, taking the Laplacian of both
2
side of the equation, 7% + % = S yields

2

2A +2rAr + 2sAs = A(";L), (129)
2

where A is the left hand side of (127). From this together with the harmonicity of r,s and (,02, one
easily obtains (127). |

Lemma 3.26. If ¢*(0,,0,) = a*0y,a # 0, then there exist b,c,d € R, and & € {+1,-1} such that
©(0,0) = (ea 01 + b 0y,a%0r,€a b, + by + c,a’0, + d). (130)

Moreover, every transformation of this form is a holomorphic isometry of TN .

Proof. Lemma 3.25 implies that ¢'(0,0) = r6; + s6, + t(6,,6,), where r,s € R are such that
r? + 52 = a®. Using (125), one easily obtains s = 0, r = +a and 6‘9—9’2 = 0. From (123), one also get

t(8,) = b @, for some constant b € R. Hence, ¢'(6,6) = (+a)6; + b6,. The other components of ¢
are obtained using the Cauchy-Riemann equations. The lemma follows. O

Remark 3.27. By changing the sign of a if necessary, one may assume €a = a in the above
lemma.

Remark 3.28. Written in the complex coordinates (z1,z,) € C X iH, the transformation in (130)
reads ¢(z1,22) = ((ea)zl +bzy +ic, (€a)’zp + id).

a2€2

TR In order to find (,01, we will use the

Let us now consider the case 902(92, 6,) =
following facts:

(1) themap -2n; : TN - R, 8,6) — Z—; is a Kihler function (see Proposition 2.28, Proposi-
tion 2.32 and (69)),

(2) the composition of a Kéhler function with a holomorphic isometry is a Kéhler function
(obvious).

1 .
It follows from these two facts that % = #01 + ﬁe, + # is a Kéhler function on TN

Lemma 3.29. A function on TN of the form R(0,,6,)01 + S(62,0,)0, + T(6,,6), where R,S,T
are smooth functions, is Kdhler if and only if there exist C1,C,, Cs € R such that

_ C - ngz

R b
0>

S=C, T-=C0s. (131)

Proof. Taking into account Proposition 2.25 together with Proposition 3.5, one obtains after a
direct calculation that: R(6,60,)8, + S(6,602)8; + T(6,6,) is Kihler if and only if

9S _8S _oT 9T R _OR S  OR _

— =—=—=—=—+—2=—+—=0. 132
00, 06, 00, 96, 6, 986, 6, 96, (13
Solving these equations exactly yields the lemma. O
From Lemma 3.29, it follows that there exist Cy, C,, C3 € R such that
C) - Cyf t
= S e, Log (133)

¢? 0> ¢ @
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Now, rewriting the equation r? + s = ¢ using (133) leads to an equality of two polynomials in 6,

. 02
and 6,

b2 + 2b02 + (92)2 + (02)2

(C1)* = 2C1Gab + (C2)*(62)* + (C2)*(62)* = e

(134)

from which we get a system of equations which is equivalent to C; = —b C, and (C,)* = ﬁ Since
there is no constraints on the sign of a, we can assume C, = é and C| = —’;’. Returning to (126), and
setting ¢ := aCj; for convenience, a direct calculation gives
—(92 + b)@] + (91 + 6)92 _ a292

(62+ b)> + (62) G2+ b2+ (62

where a,b,c € R,a # 0. Finally, solving the Cauchy-Riemann equations corresponding to the holo-
morphic functions ¢! + ig?® and ¢ + i¢* gives

©'0,0)=a (X)) (135)

. 01+ )62+ b) + 6,0 . 26, + b
G0.0) = —a DN D 00y g gy CAD) g3
(62 + b)* + (62)* (02 + b)* + (62)*
where d, e € R. In terms of the complex variables z; = 6 + i6y, this can be rewritten
. 2
. . 21 t+1c . . .
(' +i0d)zn22) = —ia “—— +id, (P +ig")z1,22) = —— +ie. (137)
2 +ib 20+ 1ib

Collecting our results, we obtain the following lemma.

Lemma 3.30. Let ¢ be a diffeomorphism of TN = C X iH. Then, ¢ is a holomorphic isometry if
and only if it has the following form (two possibilities):

2

_ . zi+ic a .
oi(z1,22) = (—la i ib +id, b + le), a,b,c,d,e € R, a+0, (138)
©a(z1,20) = (am + bz +ic, a’zp + id), a,b,c,d €R, a +0. (139)

To conclude the proof of Theorem 3.11, recall that the map f : CxXiH - HXC, (z1,22)
> (—izp,iz;) is a biholomorphic isometry (see (87)) and that the action of ASp(2,R) on H x C is
given by

a at+b z+ AT+
(A, (1,2) = ) 140
( c d ( H)) (r.2) (CT+d ct+d ) (140)

Having this in mind, we observe after a direct calculation that for (7,z) € H x C,

-1 1 |e eb- a’ d bd

(fo()plof )(T’Z) = “a 1 b ,(;,_C"'T,O) '(T7Z)’ (141)
-1 1 a’ d b _c

(fowof )Nr2) = |4 0 1 (=2,-£,0)|- (1.2), (142)

where ¢, and ¢, are defined in (138) and (139), respectively. From this it follows that fogo f~!
€ ASp(2,R) for all holomorphic isometries ¢ of TN, which shows that the group of holomor-
phic isometries of TN is included in ASp(2,R). The converse inclusion being obviously true (by
inspection of (141) and (142)), the equality holds.

Let us now derive a few consequences. Consider the following subgroup of SL(2,R) :

b
K = {[g l] € Mat(2,R) |a,b€R, aiO}. (143)

a

Clearly, K is a 2-dimensional Lie group having two connected components (according to the sign
of a). We denote by K, the connected component of K containing the identity. Since Kj is a
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subgroup of SL(2,R), one can form the semi-direct product Ky = R?; it is naturally a subgroup of
SL(2,R) < R? = ASp(2,R).

Proposition 3.31. In this situation,

(i) The actions of G’ (R), ASp(2,R) and Ky~ R*> on TN are transitive,
(i)  The isotropy subgroups of o = (i,0) € H x C relative to the actions of G’ (R), ASp(2,R) and
Ko < R? are isomorphic to SO(2) X R, SO(2) and {0}, respectively.

Therefore, TN is a homogeneous Kdhler manifold and we have the identifications

TN = G/(R)/SO(2) xR = ASp(2,R)/SO(2) = Ky = R*. (144)
Proof. By adirect calculation. O

Corollary 3.32. TN itself is a Lie group (isomorphic to Ky~ R?) whose Kdihler structure is
left-invariant.

Let us now discuss the whole group of isometries of TN. To this end, we introduce the
following group:

SL*(2,R) := {[j Z} € Mat(2,R) | ad — be = il}. (145)

Since SL*(2,R) acts linearly on the right on R2, one has the semi-direct product SL*(2,R) = R?,
with multiplication (My, X{) - (M5, X,) = (M{M,, X, + X| - M;). We define an action of SL*(2,R) on
H x C as follows:

at+b z+ht+p\ .
f —bc=1
(c‘r+d’ ct+d ) it ad=be ’

b
¢ S| () =14 L _anT (146)
c d (aT+b z+)vr+/1)  ad—be = -1
ct+d cT+d ’

where 7 denotes the complex conjugate of z € C.
Since this action is effective, one can regard SL*(2,R) = R? as a subgroup of Diff(H x C)
= Diff(TN).

Theorem 3.33. The group of isometries of TN (not necessarily holomorphic) is the semi-
direct product SL*(2,R) < R2.

The proof of Theorem 3.33 is based on the following result which is due to Kulkarni.

Proposition 3.34 (Kulkarni’®). Let Ny and N be two connected Kciihler manifolds with corre-
sponding holomorphic sectional curvature functions®® Hy and H,. Suppose that the real dimension
of N is greater than 4 and that there exists a diffeomorphism f : Ny — N, such that f*H, = H,.
Then, either Hy = H, = constant or f is a holomorphic or an anti-holomorphic isometry.

Corollary 3.35 (of Proposition 3.34). Let N be a connected Kdhler manifold whose holomor-
phic sectional curvature is not constant, and whose real dimension is greater than 4. Then, every
isometry of N is either holomorphic or anti-holomorphic.

Proof of Theorem 3.33. In terms of the variables (z;,z2) € C X iH, it not difficult to see that
the map TN — TN, (z1,22) = (Z1,Z,) is an anti-holomorphic isometry of TN (this is actually a
general feature of Dombrowski’s construction). In terms of the variables (7,7) = (—iz2,iz;) € H X C,
this means that the map (r,z) — (—7,—Z) is an anti-holomorphic isometry of H x C. Therefore,
there is a 1-to-1 correspondence between the set of holomorphic isometries and the set of anti-
holomorphic isometries of TN which is given by ¢(7,z) — ¢(—7,—7). From this, it is easy to
see that (146) exhausts all the possible holomorphic and anti-holomorphic isometries of TN (and
nothing else). But according to Corollary 3.35, this is already the whole isometry group of TN. The
proposition follows. O
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Let us conclude this section with a discussion on the Lie group structure of the group of
isometries of TN . To this end, we recall the following result which is due to Myers and Steenrod®!
(see also Ref. 82 or Ref. 83 for a modern proof).

Proposition 3.36 (Myers-Steenrod®'). Let M be a connected Riemannian manifold. Then, the
group Isom(M) of isometries of M is a Lie group with respect to the compact-open topology®* in M.
Moreover, the natural action of Isom(M) on M is smooth.

Let M be a manifold acted upon by a Lie group G with Lie algebra g. Given & € g, the
Sfundamental vector field &y is the vector field on M which is defined, for p € M, by

d
(Em)p = 7 OeXp(tf) ‘D (147)

where exp : g — G is the standard exponential map. Observe that fundamental vector fields only
depend on the action of Gy on M, where Gy is the connected component of G containing the
identity. If G acts via isometries on a Riemannian manifold M, then every fundamental vector field
& is a Killing vector field. We denote by i(M) the space of Killing vector fields of a Riemannian
manifold M; it is a Lie algebra for the Lie bracket of vector fields.

Proposition 3.37 (Complement of Proposition 3.36). Let M be a connected Riemannian mani-
fold with isometry group Isom(M) and Lie algebra g. If M is complete, then the map ¢ : g —
(M), & &y is an anti-isomorphism of Lie algebras, that is, it is an isomorphism of vector spaces
satisfying

o[£, D) = —[#(£), ¢(n)] (148)
forall £,m € g.

If a Lie group G acts effectively on a manifold M, then there are a priori two topologies
on G : the intrinsic topology of G, and the compact-open topology coming from the injection
G — Diff(M). If the image of G coincides with Isom(M) in Diff(M), like in Theorem 3.33, then we
have the following result.

Lemma 3.38. Let ® : G XM — M be an action of a Lie group G on a connected and com-
plete Riemannian manifold M. Suppose that this action is smooth, effective and that Isom(M) =
{D, | g € G}, where @, : M — M, p+— O(g,p). Then, the map G — Isom(M), g — D, is an
isomorphism of Lie groups (here, Isom(M) is endowed with the Lie group structure described in
Proposition 3.36).

Proof. 1t is based on the following result: if (¢, ), is a sequence of isometries of M such that
on(p) converges to ¢(p) for all p € M, where ¢ is a fixed isometry, then ¢, converges to ¢ for the
compact-open topology (see Ref. 83, Lemma 5, Chapter 1 and Theorem 3.10, Chapter 4). From this
together with the continuity of ® : G x M — M, one sees that G — Isom(M), g — @, is a contin-
uous and bijective homomorphism of topological groups. Since continuous homomorphisms of Lie
groups are automatically smooth, the map g — ®, is smooth. By the inverse function theorem, its
inverse is also smooth. The lemma follows. O

Combining Theorem 3.33, Proposition 3.37, Lemma 3.38, and the fact that (SL*(2,R) < R?),
= ASp(2,R), we obtain the following result.

Proposition 3.39. Let asp(2,R) be the Lie algebra of ASp(2,R). Then, the map asp(2,R)
- U(TN), & &y, is an anti-isomorphism of Lie algebras.

D. Kahler functions and momentum map

Let g7, sI(2,R) and §) denote, respectively, the Lie algebras of G’(R),SL(2,R), and Heis(R). We
recall that sI(2,R) is the space of 2 X 2 real matrices of trace 0,
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SI(2,R) = {[‘; ?] € Mat2.B)| o + = 0}, (149)

and that h can be identified with R? x R endowed with the Lie bracket

[(£.r),(n,9)] = (0,2Q(&.m)), (150)
where £,7 € R% r,s € R and where Q(&,7) = &€m2 — &1, In the sequel, we shall use the following
basis for s[(2,R):

0 1 0 0 1 0
F = , G = , H = s (151)
0 0 1 0 0 -1
and denote by {P,Q, R} the canonical basis of h = R> x R = R3,
P:=(1,0,0,  Q:=(0,1,0),  R:=(0,0,1). (152)

The Lie algebra g’ of the Jacobi group G’ (R) is the semi-direct product g’ = sI(2,R) & b, that is, it
is the Cartesian product sI(2,R) X ) endowed with the Lie bracket

[(A.&,7).(B,n,s)| = ([A, B.EB — nA,2Q(£,1)), (153)

where A, B € sI(2,R), &,n € R%, r,s € R, and where [A, B] = AB — BA is the usual commutator of
matrices. By construction, sI(2,R) and §) are Lie subalgebras of a’, therefore, {F,G,H,P,Q,R,} can
be regarded as a basis for g’. A direct calculation using (153) gives the following commutation
relations (see also Ref. 23):

[F7 G] = H’ [F’ Q] = 07 [G’ Q] = _P7 [P’ Q] = 2Rv (154)
[F,H] = -2F, [G,H] = 2G, [H,P] = -P, [R,.] =0, (155)
[F’P] = _Q’ [GsP] = O’ [H,Q] = Q (156)

Let us now recall a few basic definitions related to Lie group actions (see Ref. 85). Let (M,w)
be a symplectic manifold acted upon by a Lie group G with Lie algebra g. Let g* be the dual of the
Lie algebra g. A momentum map is a smooth map J : M — g” satisfying &y = Xjz for all £ € g,
where &), is the fundamental vector field of ¢ and where J¢ is the function M — R defined by
JE(p) = J(p)(€) (here, X;e denotes the Hamiltonian vector field associated to J¢). Let us denote
explicitly the action of G on M by ® : GXx M — M. Given g € G, we also denote by @, the
diffeomorphism M — M, p — ®(g,p). In this situation, a momentum map is said to be equivariant
if it satisfies

Ad(g)oJ =Jod, (157)

for all g € G, where Ad* is the coadjoint representation®® of G. Equivalently, J is equivariant if
JEo®, = JAE N forall g € Gandall £ € g.

Having this in mind, let C*(S’) denote the space of smooth functions on the Siegel-Jacobi
space S”. Using the symplectic coordinates (17,68) on S’ = TN (see Propositions 2.10 and 2.32), we
define a linear map ¢ : g/ — C*(S’) as follows:

F - —1n2, P - %91+7’]]92, (158)
G = 3(61)° + (62 + 116162 — s, Q -, (159)
H — -6 — 20, R - -1 (160)

4

Remark 3.40. Observe that the last term of W(G) can be rewritten m = %.

Proposition 3.41. For every L € g’, the Hamiltonian vector field of (L) coincide with the
Sfundamental vector field generated by L, that is, Xy)= Lgs. Therefore, the map J : S — (a’)
defined by
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JpXL) =y(L)p), (peS’, Leg’) (161)
is a momentum map.
. . o f _(61)%*-26, . . .
Proof. Using the relations n; = ~30; and 5 = 4@ay7 > one can rewrite the functions (L) in

terms of the coordinates (6,6), and compute their Hamiltonian vector fields Xy () via the formula
(X o.0) = niioL o _ pij9f 8 (Ope obtains

" 80; 9, 36; 96;
(Xy(F)w.0) = (0,0,0,1), (XyP)o,0) = (=62,0,-6,0),
(Xyp(6).9) = (—6102— 0165,-20205,—6,6, + 6,62,(62)* — (62)%), (Xy@).0) = (0,0,-1,0),
(Xy) .0y = (01,262,601,20,), (Xy(®)0.0) = (0,0,0,0).

On the other hand, the fundamental vector fields associated to F,G,H,P,Q,R can be computed
in the (6,6)-coordinates using (140) and the relation (7,z) = (=izz,iz1) = (—i(8, + i6,),i(0; + i6,))
= (02 — i62,—0; + i6,). By comparing the results, one sees that X, )= Lgs for all L € g’. The
proposition follows. O

Since G’(R) acts via isometries on S”, it follows from the relation Xy(1) = Lgs that Xy(7) is a
Killing vector field for all L € g’, which means that (L) is a Kéhler function for all L € g’. One
can thus regard  as amap ¢ : g’ — K(S’), where A (S”) is the Lie algebra of Kihler functions on
S’ (see Sec. IL E).

Proposition 3.42. The map y : o’ — K (S’) is a Lie algebra isomorphism.

Proof. The fact that ¥ : g7 — H(S”) is an injective homomorphism of Lie algebras follows
from a direct calculation. For dimensional reasons, it is also surjective. Indeed, one has dim(i(S”)) =
5 (see Proposition 3.39), and the kernel of the linear map ¢ : K (S’) — i(S/), f X, is isomor-
phic to R (by connectedness of S/). Thus,

dim(A(S7)) = 1 = dim(¢(H (S7))) < dim(i(S”)) = 5. (162)
Therefore, dim(# (S”)) < 6. Since ¥(g”) is a 6-dimensional subspace of # (S”), this implies y(g”)
= #(S”). The proposition follows. O

Corollary 3.43. A smooth function f : S’ — R is a Kdihler function if and only if there exists
L € ¢’ such that f = J*.

Corollary 3.44. The momentummap J : S’ — (g7)* is equivariant.

Proof. Tt is a consequence of the connectedness of G’ (R) and the fact thaty : ¢/ — A (S7)isa
Lie algebra homomorphism (see Ref. 85, Chapter 12). O

Remark 3.45. If we denote explicitly the action of G’(R) on S’ by ®, then the equivariance of
J can be reformulated in terms of the map W : o’ — H(S7) as follows:

Y(Ad(g™)L) = y(L) o Dy, (163)
where g € G'(R)and L € ¢”.

One of the raison d’étre of the momentum map is the classification of all homogeneous sym-
plectic manifolds in terms of coadjoint orbits (up to coverings); this is Kostant’s Coadjoint Orbit
Covering Theorem (stated below). For the convenience of the reader, we recall the main ingredients
of this classification (see Ref. 85).

Let M be a manifold acted upon by a Lie group G with Lie algebra g. Given u € g%, the
coadjoint orbit of G through w is the subset

Orb(u) = {Ad'(g)(w) € §°| g € G}, (164)
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where Ad* : G x g* — g* is the coadjoint representation of G. Being an orbit, Orb(u) is automat-
ically an immersed submanifold of g*, and its tangent bundle at @ € Orb(u) can be identified with

{ad*(¢)(@) € g*| € € g}, where ad™ : g X g* — g¢* is defined by (ad*(¢)(a),n) = (@,[£,7]).€,7 € g.
Using this identification, one defines a symplectic form on O := Orb(u) as follows:

(o)a(ad"(€)(@),ad"(n)(@)) = (@, [£.7]), (165)

where @ € O and &,7 € g. The symplectic form wo is known as the Kirillov-Kostant-Souriau
symplectic form.

Theorem 3.46 (Kostant’s Coadjoint Orbit Covering Theorem?). Let (M,w) be a symplectic
manifold and let ® : G X M — M be a left and transitive action having an equivariant momentum
map J : M — g*. Then, J is a local diffeomorphism onto a coadjoint orbit O, and it satisfies
J'wo = w.

Returning to the Siegel-Jacobi space S/, we have the following result which is a complement of
Corollary 3.44.

Proposition 3.47. The momentum map J : S7 — (87)* is a diffeomorphism onto a coadjoint
orbit O, and it satisfies J*'wo = wgp, where wip is the Kihler-Berndt symplectic form. In other
words, the Siegel-Jacobi space S’ (regarded as a symplectic manifold) is a coadjoint orbit of the
Jacobi group G’ (R).

Proof. By application of Theorem 3.46, it suffices to show that J : S/ — (g7)* is injective, or
equivalently, to show that given two points p,q € S’,

f(p) = f(g) forall fex(S)) = p=gq. (166)
This can be seen using (158)-(160). O

Remark 3.48. In Ref. 3, we defined the Kdihlerification of an exponential family & as the
quotient E© := TET(E), where T(E) is the subgroup of Diff(TE) defined by
I'(&) ={¢ € Diff(TE)|¢p’g = g, ¢.J = J¢. and fo¢ = f forall f e K(TE)}, (167)

where (g, J) is the natural Kdhler structure of TE, as described in Sec. Il F. If T'(E) is discrete and
if its natural action on TE is free and proper, then E is a Kéihler manifold in a natural way. In the

case & = N, it follows from (166) that T(N) is trivial. Therefore, the Kiihlerification of N is the
Siegel-Jacobi space SY, thatis, N© = S’.

We now discuss the spectral theory of the Kihler functions of S’ (in a sense to be discussed
below). Let a be the abelian Lie subalgebra of q’ generated by F,Q, R, i.e.,

a = Vectg{F,Q,R}. (168)
In what follows, we shall identify a with the space %,(R) of polynomials in one variable of degree
<2 with real coefficients, via the isomorphism

Fo-x*, O0-x, R -1 (169)

Thus, an arbitrary element of a = %2,(R) can be written as k(x) = ax?+ Bx + 7y, where a, 8,y € R.
We also introduce the following subgroup of G’ (R):

(f;

The group B is a maximal closed, connected, and solvable subgroup of G’(R), i.e., it is a Borel
subgroup of G’ (R) (see Ref. 23). For b = ([¢ ?,],(A, 1, x)) € B and x € R, the formula

0a”!

([a :
X - .
0 a

,O\.,,u,K)) |a,b,)»,,u,/<€R, aiO}. (170)

,(X,u,K)) =ax — % (171)
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defines a right action of B on R. Therefore, B also acts on the left on %,(R) via the formula
b-k(x):=k(x-b), where b € B.

Lemma 3.49. (i) LetAd : G'(R) x ¢’ — g’ be the adjoint representation of G’(R). Then,

AdM, X, k) - (A, é,r) = (MAM™ , XAM™ + éM™r = 2Q(£,X) - Q(XA, X)),  (172)

where M € SL(2,R), A € sI(2,R), X,& € R?and «,r € R.
(iiy For k(x) € aand g € G’ (R), we have

Ad(g)k(x)ea & geB or k(x) isaconstant polynomial. (173)

In particular, Ad(b)a C a for all b € B. Moreover, if k(x) is a constant polynomial, then
Ad(g)k(x) = k(x) forall g € G’ (R).
(iiiy For b € B and k(x) € a, we have:

Ad(b)k(x) = k(x - b) (174)
(here Ad is the adjoint representation of G’ (R)).

Proof. The first item follows from a direct calculation while (if) and (iii) are easily obtained
from the matrix representation of the restriction of Ad(M, X, k) to a relative to the basis {F,Q,R}
and {F,G,H, P,Q,R}. As a simple calculation shows, this matrix is:

a’ 00
-2 00

a
—ac 0 04 \where M = [ € SL(2,R), and X = (h,u) € R~ (175)
C

—ch =0
akh a 0
A2 o2

From this, one easily concludes the proof. O

Lemma 3.50. For g1,g> € G'(R) and k(x), ko(x) € a, we have:
Ad(gDki(x) = Ad(g2)ka(x) = Im(k)) = Im(ko), (176)

where Im(k;) is the image of the polynomial k;(x) (regarded as a function k; : R — R).

Proof. If Ad(g))k (x) = Ad(g2)k(x), then Ad((g2)~'g1)k1(x) = ky(x) and according to Lemma
3.49, (g2)"'g1 € B or ki(x) = constant. If (g,)"'g; € B, then there exists b € B such that g; = gb,
and we have, taking into account Lemma 3.49,

Ad(gki(x) = Ad(g2)ka(x) = Ad(g2)Ad(b)ki(x) = Ad(g2)ka(x),

= Ad(b)ki(x) = ka(x),

= ki(x-b) = ka(x),

= Im(k)) = Im(k,). (177)
In the case k(x) = constant, Lemma 3.49 implies that k;(x) = Ad(g)k(x) for all g € G'(R).
Consequently, k;(x) = Ad((g2)"'g1)ki(x) = ky(x), that is, k1(x) = ka(x). The lemma follows. O

Definition 3.51 (Spectrum of a Kdihler function). The spectrum of a Kdihler function f € K (S”)
of the form f = JA&KX) ywhere g € G'(R) and k(x) € a, is the following subset of R:
Spec(f) := Im(k), (178)

where Im(k) is the image of the polynomial k(x) (regarded as a function k : R — R).

Remark 3.52. Not every Kiihler function f € K (S”) can be written as f = JA@K®) (consider
J? for example). Therefore, not every Kiihler function f = J* possesses a spectrum. But if it does,
Lemma 3.50 guaranties that its spectrum is independent of the decomposition L = Ad(g)k(x) (such
decomposition is not unique in general).
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Remark 3.53. Due to the equivariance of the momentum map J : S’ — (g”)%, one easily sees
that Spec(f o ®,) = Spec(f) for all g € G’ (R) (provided that f € K (S?) possesses a spectrum).

In order to give a statistical meaning to the spectrum of a Kihler function f € A (S7), let us
recall the following facts:

e We have an identification of Kihler manifolds S/ = TN (see Proposition 3.6), and conse-
quently, the canonical projection TN — N gives a projection S/ — N that we shall also denote
by 7. Thus, for every p € S7, n(p) is a Gaussian distribution function over R. If dx denotes the
Lebesgue measure, then 7(p)(x)dx is the associated probability measure (here, we denote by x
the variable living in the measure space (R, dx)).

e The expectation parameters 171,772 : N — R are by definition the expectations (in the probabi-
listic sense) of the random variables x and x? over R with respect to the probability measures

p(x)dx (p € N), thatis, n1(p) = [, xp(x)dx and no(p) = [ x*p(x)dx (see (63) and (68)).
e We have identified the vectors F,Q,R € g’ with the polynomials —x?, x and —%, respectively

(see (169)), and we have J¥' = —pp 0w, J¢ =y o m and J® = — (see (158)).

Let us denote by @ the action of G’/(R) on S’, and let f be a Kihler function of the form
f = JA@KX) where k(x) = ax?+ Bx +7y € aand g € G’(R). Using the equivariance of J : §/ —
(a”)*, one sees that

F(p) = PO ) = JK0 0 b 1) (p) = (LR 0 @) (p)

= [(an2+ Bni +y) om0 D i|(p) = / (@x? + Bx +y)[(x 0 D, )(P)|(W)dx, (179)
where p € S’. We thus have proved the following “spectral decomposition” result.

Proposition 3.54. Let f € K (S’) be a Kihler function of the form f = JAYOKX) ywhere g €
G’/ (R) and k(x) = ax®+ Bx + 7y € a. Then,

fp) = /_ (@x?+ Bx +y)|(n o D, -1)(p)](x)dx (180)
forallp € §’.

Therefore, a Kihler function of the form JA4€)*™) j5 simply the expectation of the polynomial
k(x) = ax* + Bx + y with respect to the probability measure [(rr o o, 1)(p)](x)dx, and its spectrum
is the set of all possible expectations.

Example 3.55. Using the matrix representation of Ad(g) given in (175) together with the
invariance property of Spec (see Remark 3.53), it is not difficult to see that
Spec(J*) = (00,01, Spec(J) = [0,00), Spec(J¥) = (-oo,00),  (181)
Spec(J9) = (-oo,0),  Spec®) = {~3}. (182)
As we already mentioned, J¥ does not have a spectrum in the sense of Definition 3.51.
Following Ref. 3, we want to associate to a Kéhler function f = JAdRKX) gnd a point p € N
a probability measure Py, on Spec(f). To this end, recall that the subgroup B acts on the right on

R as follows (see (171)) : Wy(x) := x - g = ax — 5, where g = (I alil],(k,/,t, k)) € B and x € R. With
this notation, we have the following lemma.

Lemma 3.56. Let p € S7 be such that n(p) is the Gaussian distribution function of mean u
.. . _ )2 b
and deviation o, that is, n(p)(x) = ){/zgexp{—(); ;’2) L x €R Let g = ([§ 1]-(\ 11,6)) € B be
arbitrary. Then,

2r

(i) (mo®D,)(p) is the Gaussian distribution function of mean y' = (% + p)/a and deviation o’
o

= lal’
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(i) If dx is regarded as the Riemannian volume form of the Euclidean metric on R, then,

Yy (n(p)dx) = £(g) - (m 0 By )(p)dx, (183)

where Wy is the pull-back operator on differential forms, and where £(g) = 1 if ¥, is orienta-
tion preserving and —1 otherwise.

Proof. The first item can be easily obtained by remembering the various identifications and
changes of variables me made

o =4, 6,=—35 (see (68)),
TN = C x iH by means of the complex coordinates z; = 0, + i6; and z, = 6, + i6,,

S’ = H x C, and we have the identification C x iH = H x C via the map (z1,22) P (—iz2,iz1),
the action of B on H x C is explicitly given by ( galil],()», wK)) - (1,2) = (alat + b),a(z + At

+ ).

The second item is an easy consequence of (i) together with the fact that W (n(p)dx) = (n(p) o
Y)Y dx = (n(p) o ¥,)(adx). The lemma follows. O

A direct consequence of Lemmas 3.49 and 3.56 is that if JAdDk() = JAdIka™)  where
21,82 € G’(R), and k(x), ko(x) € a= % ,(R), then the probability distribution functions of k;(x) and
ka(x) with respect to [(rr o QDgIl)(p)](x)dx and [(7 o (I)g2_1)(p)](x)dx are equal.

Definition 3.57 (Spectral measure). Let f € K (S’) be a Kihler function of the form f(p) =
[5 k()| (r 0 @,-1)(p)|(x)dx, where k(x)€ P(R) and g € G'(R). For p € §7, the spectral mea-
sure Py, is the probability distribution functions of k(x) with respect to [(n o d)g;l)(p)](x)dx, that

(AN

Pr p(A) = / [(r o @,-1)(p)](x)dx, (184)
k=1(A)
where A C Spec(f) is a measurable subset.

From a quantum mechanical point of view, the quantity Py, ,(A) is interpreted as the probability
that the observable f € #/(S”) yields upon measurement an eigenvalue A € A C Spec(f) while the
system is in the state p € 7.

IV. GAUSSIAN DISTRIBUTIONS: EXTRINSIC GEOMETRY

Let H := L*(R) be the Hilbert space of square integrable functions f : R — C endowed with
the Hermitian product (f,g) := fR fgdx, where dx is the Lebesgue measure. Associated to it is the
complex projective space P(H) := (H — {0})/ ~, where the equivalence relation is defined by

f~g © 3AheC-{0} : f=Ag. (185)
We denote by [ f] the equivalence class of f € H — {0}, thatis, [f] = C- f. In this section, we shall
regard the Siegel-Jacobi space S” as a subspace of P(7H) via the injection
)
T8 e BH), T(r2)= 2™ 79, (186)

where (1,z) € Hx C = S/, and where x € R.

A. Symplectic immersion

Let us recall a few facts related to the Kihler structure of P(H). Given f € H such that
IL£1? = (f.f) = 1, we can define a chart (Uy, ¢¢) of P(H) by letting
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Ur = {lgl e )| [f1 0 [g] = {0}},

187
by U > [fI* CH. [g]e (187)

o ¢

where [f]* == {g € H|(f,g) = 0}. If f varies among all the unit vectors in H , then the corre-
sponding charts (U¢, ¢5) form an atlas for P(H) which becomes an infinite dimensional manifold.

The Fubini-Study metric grs and the Fubini-Study symplectic form wpg are now characterized
as follows. Let B :={f € H|{f,f) =1} be the unit ball with inclusion map j : B < H. We
denote by 7 : B — P(H) the projection induced by the action of the circle S' := {¢ |0 € R} on B
(the action being e'? - f := f ¢'?). Regarded as a real vector space, it is known that  is a Kihler
manifold whose symplectic form (respectively, metric) is the imaginary part (respectively, real part)
of the Hermitian inner product (, ), and we have (see Ref. 87)

mwrs = j Im((,)), 7'grs = Real((,)). (188)

Since & is a submersion, these formulas characterize the Fubini-Study symplectic form and the
Fubini-Study metric.

i(o2
Having this in mind, let us return to the properties of the map 7'(7, z) = [ei(Tx - ) ] .

Proposition4.1. Themap T : S’ < P(H) is a smooth immersion satisfying
T*U)FS = %(A)KB and T*ng = %gKB + %S, (189)

where S is the tensor field of symmetric bilinear forms on S’ whose matrix representation in the
coordinates (0,0) is

.o o
5(6,0) = [o n-n} (190)
il

(here, n;, i = 1,2, are the expectation parameters of N ).

Remark 4.2. It follows from (189) that T is a symplectic map,%° but it not isometric nor holo-
morphic.

Before showing Proposition 4.1, let us make a few remarks. The map T has been defined above
in terms of the variables (7, z) € H x C, but in terms of the variables (z;,z5) = (=iz,it) € C X iH, it
reads

T(ZI,ZZ) — [e%(le + szz)] _ [e%(elx + 92x2) + %(H'lx + 92){2)]’ (191)

where 6 are the natural parameters of N (in particular, z; = 6 + iy, see (87) and Definition 3.1).
In order to use the unit ball in H = L*(R), we want to normalize the function within bracket in
(191). To this end, we introduce the following map:

WS o Wz ) () = e%(elx + 92x2 —yY(0)) + %(le + ézxz)
_ e%(zlx+Z2x2—lﬁ(9))’ (192)

where ¥(0) = —@ + 1ln (——2) By comparing (192) with the exponential-family form of the
Gaussian distrlbutlon in (68), one sees that W(zy, z») is normalized, that is, (¥ (z1, z2), ¥(z1,22)) = 1
for all (z1,22) € C x iH. Therefore, ¥ can be regarded as a smooth map S/ — B C H, and we have

T(z1,20) = [‘I”(Z1,Z2)].

Proof of Proposition 4.1. Taking into account Ref. 89 together with the characterization of the
Fubini-Study metric and symplectic form given above (in terms of the unit ball B € H, see (188)), it
suffices to show that

(¥.,A,¥., B) = 4{gxp(A, B) + iwg (A, B) + S(A, B)} (193)
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for all p € S” and all A,B € T,S’ (in the above formula it is understood that Ty, H = H). We
work in the coordinates (6,6). Take p = (61,60,,61,6,) € S’ and choose A = (A}, A,, A3, As) and
B = (B1, By, B3, Bs) in T),S”. Using the notation

X = Al +iA3, X5 = A2+iA4, Y1 = B +iB3, Y, = By +iBy, (194)

we see that

d . .
"P*pA = —| lP(H] +1A,0, +1A,0) +1A3,0, + IA4)
dtlo
_ dg | o3l (@1+ 1X0)x + (22 + 1X0)x" — (6 + 1A)]
tlo

_1 , Oy oy
= 2(X1x+X2x 001A1 692A2) ¥, (195)

As a direct calculation shows, g—g’l =n and g—gz = 1, (see (68) and (69)), and thus,

¥, ,A = H(Xix + Xox? = mAl - 1Ay - P, (196)
from which it follows that
(‘I’*pA,‘I’*pB>

1
= Z((X[)C + X2x2 - T]]Al - T]2A2) . “P,(YIX + YQ)CZ - I]]B] - )’]282) . \P>
1 [* — —
=7 / (X1x + Xox> = 1AL = 12 A)(Vix + Yox” — 111 By = 12B2) p(x; 6)dx

- _ _ _ B _ B
=7 / [XlYNC2 + X Yox® — X 1B1xn — X1 Baxny + XoVix® + XoYax* — XoBix*n,

—X2Box’ny — AlYixny — AiYax™ny + A1Bi(m)” + A1Baniny — AYixm, — AgYaxn,

+Ar By, + Asz(Uz)z] p(x; 0)dx, (197)

where p(x;6) = X0+ %6, - ¥(0) o compute the above integral, we use the following well-
known result (see Ref. 53) : if & is an exponential family whose elements can be written p(x; 6)
= exp{C(x) + X/, 0;F:(x) — ¢(6)} (as in Definition 2.31), then the components of the Fisher metric
are (hr);;(0) = E((F; — n:)(Fj — n:)), where n; are the expectation parameters, and where the expec-
tation is taking with respect to the probability determined by p(x;8). In our case, Fi(x) = x and

F>(x) = x?, and thus, we easily see that for i, j € {1,2},

/ x"*p(x; 0)dx = (hp)i; + nim;. (198)

By separating the real and imaginary parts in (197), and taking into account (86), (198) together
with the fact that n,(0) = f_o; xp(x; 0)dx, one exactly finds (193). The proposition follows. O

B. Schrédinger-Weil representation and quantum observables

Let End(C*(R,C)) denotes the space of C-linear endomorphisms of C*(R,C), and let Q :
g’ — End(C*(R,C)) be the linear map

F > —x2 P -ii, (199)
ox
62
G - _W’ Q = X, (200)

L0 1 1
H 2z(xa—x+§1), R —7l. (201)
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(I denotes the identity operator). In the above formulas, it is understood that —x? and x act by
multiplication. Regarded as unbounded operators acting on L*(R) with appropriate domains, these
operators are Hermitian.

Remark 4.3. From a physical point of view, the operators

02 0? 02 )
i Q(G), s +ax* = Q(G - aF), 9 +ax”—bx = Q(G — aF - bQ), (202)

where a > 0 and b € R, are, respectively, the Hamiltonians of the free quantum particle, the
quantum harmonic oscillator and the (time-independent) quantum forced oscillator. The operators
Q(Q) = x and Q(P) = —i 4 are the usual position and momentum operators.

Proposition 4.4. We have
[Q(A),Q(B)] = 2iQ([A, B]) (203)
forall A,B € §’. In particular, —%Q is a unitary representation of the Lie algebra g’ .
Proof. By adirect calculation using the commutation relations (154)-(156). ]

In the literature, the representation ——Q is essentially known as the infinitesimal Schrodinger-
Weil representation (see Refs. 23 and 26).

Proposition 4.5. For every L € g’ and every p € S, we have

(¥(p).QL¥(p) = I (p). (204)
where ¥ : ST — L*(R) is the map introduced in (192).

Proof. By adirect verification using (158) and (199)—(201). ]

Remark 4.6. Given an arbitrary Hilbert space H and a bounded™ self-adjoint operator H, it
is known that the function fy([¢]) = (Lé’ﬁ%) is a Kdhler function on the complex projective space
P(H) (see Refs. 5 and 10). Therefore, one can reformulate Proposition 4.5 heuristically as follows:
every Kiihler function on S’ extends as a Kdihler function on P(H) via the map T = [¥].

Remark 4.7. Given L € g’, it would be interesting to compare the spectrum of the operator
Q(L) with that of J* (in the sense of Definition 3.51). In this paper, we do not treat this ques-
tion, but the reader can easily see that Spec(Q(L)) = Spec(J-) for all L € {P,Q,R,F,G} (see
Example 3.55). It is also interesting to note, in relation to the quantum harmonic oscillator, that
the spectrum of the operator Q(G — aF) (see (202)) is discrete®'% and that J°=¢F does not have a
spectrum in the sense of Definition 3.51.

C. Dynamics and the Schrédinger equation

Given L € ¢/, we denote by Xj. the Hamiltonian vector field of the Kahler function J* : S’
— R with respect to the Kihler-Berndt symplectic form wg p.

Proposition 4.8. There exists a smooth map k : S’ x g’ — C, linear in the second entry, with
the following property: if a : 1 — S’ is an integral curve of the Hamiltonian vector field X L, then

Y(1) = Y(a(t)) satisfies

.d
i = QU + S, (205)

where ki (t) = «(a(t),L) and where ¥ : S — L*(R) is the map introduced in (192).



122102-37 Mathieu Molitor J. Math. Phys. 55, 122102 (2014)

Proof. Given p = (0,6) = (,6) € S’, we define a linear map g’ — C as follows:

F 0, P o i(25% 4 6yp)), (206)

G — i?’]](glgz + 9192) + 2i7]2029 - %(91)2 + 6, + iG2 + %(01)2 + %i@]él, O - 0, (207)
1

H — —i(17101 + 21720, + 1), R — T (208)

In this way, one obtains a map k : S’ x g/ — C which is linear in the second entry. Now, by a direct
calculation using the proof of Proposition 3.41, (196) and the definition of Q, one sees that (205)
holds. The proposition follows. O

Corollary 4.9. Let a : I — S’ be an integral curve of the Hamiltonian vector field X L, and let
F(t) be a primitive of k(a(t),L) on I. Then, y(t) := e%F(’)‘P(a(I)) satisfies the Schrodinger equation

dy
— = Hy, 209
i=e = Hy (209)
where H = %Q(L)
Proof. Again by a direct verification using Proposition 4.8. O

ACKNOWLEDGMENTS

It is a pleasure to thank all my colleagues and friends from the Federal University of Bahia in
Salvador for their invaluable help during my postdoctoral stay. I would like in particular to thank
Ana Lucia Pinheiro Lima for her availability, professionalism, and kindness.

This work was done with the financial support of the CNPq and CAPES.

' M. Molitor, “Remarks on the statistical origin of the geometrical formulation of quantum mechanics,” Int. J. Geom. Methods
Mod. Phys. 9(3), 1220001, 9 (2012).

2 M. Molitor, “Information geometry and the hydrodynamical formulation of quantum mechanics,” e-print arXiv (2012).

3 M. Molitor, “Exponential families, Kiihler geometry and quantum mechanics,” J. Geom. Phys. 70, 54-80 (2013).

4R. Cirelli and P. Lanzavecchia, “Hamiltonian vector fields in quantum mechanics,” Nuovo Cimento B Ser. 11 79(2),
271-283 (1984).

5 R. Cirelli, A. Mania, and L. Pizzocchero, “Quantum mechanics as an infinite-dimensional Hamiltonian system with uncer-
tainty structure. I,” J. Math. Phys. 31(12),2891-2897 (1990); “Quantum mechanics as an infinite-dimensional Hamiltonian
system with uncertainty structure. II,” ibid. 31(12), 2898-2903 (1990).

6 A. Heslot, “Une caractérisation des espaces projectifs complexes,” C. R. Acad. Sci. Paris Sér.  Math. 298(5), 95-97 (1984).

7 A. Heslot, “Quantum mechanics as a classical theory,” Phys. Rev. D: Part., Fields, Gravitation, Cosmol. (3) 31(6),
1341-1348 (1985).

8 T. W. B. Kibble, “Geometrization of quantum mechanics,” Commun. Math. Phys. 65(2), 189-201 (1979).

9 M. Spera, “Geometric methods in quantum mechanics,” in Geometry, Integrability and Quantization (Avangard Prima,
Sofia, 2012), pp. 43-82.

10 A, Ashtekar and T. Schilling, “Geometrical formulation of quantum mechanics,” in On Einstein’s path (Springer, New
York, 1999), pp. 23-65.

1 Spin coherent states are a particular case of what physicists call coherent states, historically discovered in 1926 by
Schrodinger in relation to the quantum harmonic oscillator (Ref. 92) and later on rediscovered by Glauber (Ref. 93)
who used them to explain coherence phenomena in quantum optics (for example laser light can be thought of as an
appropriate coherent state). Nowadays, the concept of coherent states has been generalized in various directions, leading
to many non-equivalent definitions (see for example Refs. 44 and 94-96).

12D. C. Brody and L. P. Hughston, “Geometric quantum mechanics,” J. Geom. Phys. 38(1), 19-53 (2001).

13 B. Kostant, “Quantization and unitary representations. I. Prequantization,” in Lectures in Modern Analysis and Applica-
tions, I1I, Lecture Notes in Mathematics (Springer, Berlin, 1970), Vol. 170, pp. 87-208.

14 J -M. Souriau, Structure of Dynamical Systems: A Symplectic View of Physics, Progress in Mathematics (Birkhzuser Boston,
Inc., Boston, MA, 1997), Vol. 149, Translated from the French by C. H. Cushman-de Vries, Translation edited and with a
preface by R. H. Cushman and G. M. Tuynman.

15 B. Daki¢ and C. Brukner, “Quantum theory and beyond: Is entanglement special?,” in Deep Beauty (Cambridge University
Press, Cambridge, 2011), pp. 365-391.

16 R Clifton, J. Bub, and H. Halvorson, “Characterizing quantum theory in terms of information-theoretic constraints,” Found.
Phys. 33(11), 1561-1591 (2003), Special issue dedicated to David Mermin, Part II.

17 A. Grinbaum, “Elements of information-theoretic derivation of the formalism of quantum theory,” in Quantum Theory:
Reconsideration of Foundations—2, Mathematical Modelling in Physics, Engineering, and Cognitive Sciences (Vixjo
University Press, Vixjo, 2004), Vol. 10, pp. 205-217.


http://dx.doi.org/10.1142/S0219887812200010
http://dx.doi.org/10.1142/S0219887812200010
http://dx.doi.org/10.1016/j.geomphys.2013.03.015
http://dx.doi.org/10.1007/BF02748976
http://dx.doi.org/10.1063/1.528941
http://dx.doi.org/10.1063/1.528942
http://dx.doi.org/10.1103/PhysRevD.31.1341
http://dx.doi.org/10.1007/BF01225149
http://dx.doi.org/10.1016/S0393-0440(00)00052-8
http://dx.doi.org/10.1023/A:1026056716397
http://dx.doi.org/10.1023/A:1026056716397

122102-38 Mathieu Molitor J. Math. Phys. 55, 122102 (2014)

18 G. Chiribella, G. M. D’ Ariano, and P. Perinotti, “Informational derivation of quantum theory,” Phys. Rev. A: At., Mol.,
Opt. Phys. 84, 012311 (2011).

19 P Goyal, “Information-geometric reconstruction of quantum theory,” Phys. Rev. A: At., Mol., Opt. Phys. 78(5), 052120,
(2008).

20 p. Goyal, “From information geometry to quantum theory,” New J. Phys. 12, 023012, (2010).

21 L. Masanes and M. P. Miiller, “A derivation of quantum theory from physical requirements,” New J. Phys. 13(6), 063001
(2011).

22 C. Rovelli, “Relational quantum mechanics,” Int. J. Theor. Phys. 35(8), 1637-1678 (1996).

23 R. Berndt and R. Schmidt, “Elements of the representation theory of the Jacobi group,” in Modern Birkhéuser Classics
(Birkhéuser/Springer Basel AG, Basel, 1998), 2011 reprint of the 1998 original, MR1634977.

24 M. Eichler and D. Zagier, “The theory of Jacobi forms,” in Progress in Mathematics (Birkhduser Boston, Inc., Boston,
MA, 1985), Vol. 55.

25 B. Kostant, “Orbits, symplectic structures and representation theory,” in Proceedings of the U.S.-Japan Seminar in Differ-
ential Geometry, Kyoto, 1965 (Nippon Hyoronsha, Tokyo, 1966), p. 71.

26§, Berceanu and A. Gheorghe, “Applications of the Jacobi group to quantum mechanics,” Rom. J. Phys. 53(9-10),
1013-1021 (2008).

27D, Zagier and N.-P. Skoruppa, “Jacobi forms and a certain space of modular forms,” Invent. Math. 94(1), 113-146 (1988).

2B C.R. Hagen, “Scale and conformal transformations in Galilean-covariant field theory,” Phys. Rev. D: Part., Fields, Gravi-
tation, Cosmol. 5, 377-388 (1972).

29 U. Niederer, “The maximal kinematical invariance group of the free Schrodinger equation,” Helv. Phys. Acta 45(5),
802-810 (1972/73).

30g, Berceanu, “Coherent states associated to the real Jacobi group,” AIP Conf. Proc. 956, 233-239 (2007).

31'S. Berceanu, “Generalized squeezed states for the Jacobi group,” AIP Conf. Proc. 1079, 67-75 (2008).

325, Berceanu, “Generalized coherent states based on Siegel-Jacobi disk,” Rom. J. Phys. 56(7-8), 856-867 (2011).

33S. Berceanu and A. Gheorghe, “On the geometry of Siegel-Jacobi domains,” Int. J. Geom. Methods Mod. Phys. 8(8),
1783-1798 (2011).

34 3. Berceanu, “Coherent states and geometry on the Siegel-Jacobi disk,” Int. J. Geom. Methods Mod. Phys. 11(4), 1450035
(2014).

35V, V. Dodonov, ““Nonclassical’ states in quantum optics: A ‘squeezed’ review of the first 75 years,” J. Opt. B: Quantum
Semiclassical Opt. 4, R1-R33 (2002).

36 p. D. Drummond and Z. Ficek, “Quantum Squeezing,” in Physics and Astronomy Online Library (Springer, 2004).

37 S. Sivakumar, “Studies on nonlinear coherent states,” J. Opt. B: Quantum Semiclassical Opt. 2(6), R61 (2000).

38 W.-M. Zhang, D. H. Feng, and R. Gilmore, “Coherent states: Theory and some Applications,” Rev. Mod. Phys. 62, 867-927
(1990).

3 To see this, compare Sec. IV with Ref. 3.

40T, Friedrich, “Die fisher-information und symplektische strukturen,” Math. Nachr. 153(1), 273-296 (1991).

41 B. Khesin, J. Lenells, G. Misiotek, and S. C. Preston, “Geometry of diffeomorphism groups, complete integrability and
geometric statistics,” Geom. Funct. Anal. 23(1), 334-366 (2013).

42 K. Modin, “Generalized hunter-saxton equations, optimal information transport, and factorization of diffeomorphisms,”
J. Geom. Anal. (published online).

43'S. Berceanu and M. Schlichenmaier, “Coherent state embeddings, polar divisors and Cauchy formulas,” J. Geom. Phys.
34(3-4), 336-358 (2000).

44 A. Perelomov, “Generalized coherent states and their applications,” in Texts and Monographs in Physics (Springer-Verlag,
Berlin, 1986).

4SJ. H. Rawnsley, “Coherent states and Kiahler manifolds,” Q. J. Math. 28(4), 403—415 (1977).

46 M. Spera, “On Kihlerian coherent states,” in Geometry, Integrability and Quantization (Coral Press Scientific Publishing,
Sofia, 2000), pp. 241-256.

47 J.-H. Yang, “The Schroedinger-Weil Representation and Jacobi Forms of Half-Integral Weight,” e-print arXiv (2009).

48 J.-H. Yang, “The Weil Representations of the Jacobi Group,” (English summary) Geometry, Number Theory and Repre-
sentation Theory, 169-204, KM Kyung Moon SA, Seoul, 2013; e-print arXiv (2009).

49 Let us mention that an alternative description of (some parts of) the material presented in Sec. II can be found in the
book of Shima (Ref. 55) through the concept of Hessian manifold.

30 p. Dombrowski, “On the geometry of the tangent bundle,” J. Reine Angew. Math. 210, 73-88 (1962).

1S, Lang, in Fundamentals of Differential Geometry, Graduate Texts in Mathematics (Springer-Verlag, New York, 1999),
Vol. 191.

52 p W. Michor, Topics in Differential Geometry, Graduate Studies in Mathematics Vol. 93 (American Mathematical Society,
Providence, RI, 2008).

53'S.-i. Amari and H. Nagaoka, Methods of information geometry, Translations of Mathematical Monographs Vol. 191 (Amer-
ican Mathematical Society, Providence, RI, 2000), Translated from the 1993 Japanese original by D. Harada.

34 Recall that a coordinate system is affine with respect to a flat connection if all the Christoffel symbols vanish. In this
case, the system of coordinates is called an affine coordinate system. If a connection is flat, then there exists an affine
coordinate system around each point (see for example Ref. 55).

35 H. Shima, The Geometry of Hessian Structures (World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2007).

36 A. Moroianu, Lectures on Kihler geometry, London Mathematical Society Student Texts Vol. 69 (Cambridge University
Press, Cambridge, 2007).

5T M. Abreu, “Kihler geometry of toric manifolds in symplectic coordinates,” in Symplectic and Contact Topology: Interac-
tions and Perspectives, Fields Institute Communications (Toronto, ON/Montreal, QC, 2001 ), Fields Institute Communica-
tions (American Mathematical Society, Providence, RI, 2003), Vol. 35, pp. 1-24.


http://dx.doi.org/10.1103/PhysRevA.84.012311
http://dx.doi.org/10.1103/PhysRevA.84.012311
http://dx.doi.org/10.1103/PhysRevA.78.052120
http://dx.doi.org/10.1088/1367-2630/12/2/023012
http://dx.doi.org/10.1088/1367-2630/13/6/063001
http://dx.doi.org/10.1007/BF02302261
http://dx.doi.org/10.1007/BF01394347
http://dx.doi.org/10.1103/PhysRevD.5.377
http://dx.doi.org/10.1103/PhysRevD.5.377
http://dx.doi.org/10.1063/1.2820972
http://dx.doi.org/10.1063/1.3043874
http://dx.doi.org/10.1142/S0219887811005920
http://dx.doi.org/10.1142/S0219887814500352
http://dx.doi.org/10.1088/1464-4266/4/1/201
http://dx.doi.org/10.1088/1464-4266/4/1/201
http://dx.doi.org/10.1088/1464-4266/2/6/02
http://dx.doi.org/10.1103/RevModPhys.62.867
http://dx.doi.org/10.1002/mana.19911530125
http://dx.doi.org/10.1007/s00039-013-0210-2
http://dx.doi.org/10.1007/s12220-014-9469-2
http://dx.doi.org/10.1016/S0393-0440(99)00075-3
http://dx.doi.org/10.1093/qmath/28.4.403

122102-39 Mathieu Molitor J. Math. Phys. 55, 122102 (2014)

38 S. Kobayashi and K. Nomizu, Foundations of Differential Geometry, Vol. II, Wiley Classics Library (John Wiley & Sons,
Inc., New York, 1996), Reprint of the 1969 original, A Wiley-Interscience Publication.

59D. G. Ebin, “Completeness of Hamiltonian vector fields,” Proc. Am. Math. Soc. 26, 632-634 (1970).

60 The fact that (N ) is finite dimensional comes from the following result: if (M, &) is a connected Riemannian manifold,
then its space of Killing vector fields i(M) = {X € X(M)|£xh = 0} is finite dimensional (see for example Ref. 97).

61 M. P. do Carmo, “Riemannian geometry,” in Mathematics: Theory and Applications (Birkhiuser Boston, Inc., Boston, MA,
1992), Translated from the second Portuguese edition by Francis Flaherty.

62 To do this, one has to establish the following two formulas:

armg.  arhe &

1 ) _ b (rh b rhye ok _ 1 0Ind
o ox, }‘;{(F')ik(r )i = (25, andezjf ik =3 g,

where d is the determinant of the matrix h;; = h(aixl_, %)‘ We caution that these two formulas are only valid for
affine coordinate systems. For similar computations, see Ref. 55.

S Let G,H be two groups and let 7: H — Aut(G) be an anti-homomorphism of groups. By definition, the
semi-direct product H < G is the Cartesian product H X G endowed with the multiplication (hy, g1) - (ho, g2) =
(h1ha, (7(h2)g1) - g2). One can check that H < G is a group and that (h, g)~! = (h™, (k™ )g™").

64 J.-H. Yang, “Invariant metrics and Laplacians on Siegel-Jacobi space,” J. Number Theory 127(1), 83-102 (2007).

65 J -H. Yang, “Invariant metrics and Laplacians on Siegel-Jacobi disk,” Chin. Ann. Math. Ser. B 31(1), 85-100 (2010).

66 R. Berndt, “Sur I’arithmétique du corps des fonctions elliptiques de niveau N’ in Seminar on Number Theory, Paris
1982—-1983, Progress in Mathematics (Birkhduser Boston, Boston, MA, 1984), Vol. 51, pp. 21-32.

67 E. Kihler, “The Poincaré group,” in Clifford Algebras and Their Applications in Mathematical Physics (Canterbury, 1985),
NATO ASI Series. Series C, Mathematical and Physical Sciences (Reidel, Dordrecht, 1986), Vol. 183, pp. 265-272.

8 E. Kiihler, Mathematische Werke/Mathematical Works, edited by R. Berndt and O. Riemenschneider (Walter de Gruyter &
Co., Berlin, 2003).

69 J.-H. Yang, “A geometrical theory of Jacobi forms of higher degree,” Kyungpook Math. J. 40(2), 209-237 (2000).

70 J.-H. Yang, “Erratum: A geometrical theory of Jacobi forms of higher degree,” Kyungpook Math. J. 45(2), 301 (2005).

Ty -H. Yang, Y.-H. Yong, S.-N. Huh, J.-H. Shin, and G.-H. Min, “Sectional survatures of the Siegel-Jacobi space,” Bull.
Korean Math. Soc. 50(3), 787-799 (2013).

72 A Riemannian manifold is Einstein if its Ricci tensor is a scalar multiple of the metric at each point. See Ref. 98.
g(R(u,Ju)Ju,u)
g (u,u)?
where R is the curvature tensor. It is well-known that if the holomorphic sectional curvature is constant, then N is

Einstein. See for example Ref. 99.

74R. Courant and D. Hilbert, Methods of Mathematical Physics. Vol. II: Partial Differential Equations, edited by R.
Courant (Interscience Publishers, a division of John Wiley & Sons, New York-London, 1962).

75Y. A. Kravtsov and Y. L. Orlov, “Geometrical optics of inhomogeneous media,” in Springer Series on Wave Phenomena
(Springer-Verlag, Berlin, 1990), Vol. 6, Translated from the Russian.

76 A. V. Borovskikh, “The two-dimensional eikonal equation,” Sib. Math. J. 47(5), 813-834 (2006).

7T E. D. Moskalensky, “Finding exact solutions to the two-dimensional eikonal equation,” Numer. Anal. Appl. 2(2), 165-172
(2009).

78 §. Axler, P. Bourdon, and W. Ramey, “Harmonic function theory,” in Graduate Texts in Mathematics, 2nd ed. (Springer-
Verlag, New York, 2001), Vol. 137.

79 R. S. Kulkarni, “Equivalence of Kihler manifolds and other equivalence problems,” J. Differ. Geom. 9, 401-408 (1974).

80 As defined in Ref. 73.

815 B. Myers and N. E. Steenrod, “The group of isometries of a Riemannian manifold,” Ann. Math. 40(2), 400—416 (1939).

82'S. Kobayashi, “Transformation groups in differential geometry,” in Classics in Mathematics (Springer-Verlag, Berlin,
1995), Reprint of the 1972 edition.

83 S. Kobayashi and K. Nomizu, in Foundations of Differential Geometry, Wiley Classics Library (John Wiley & Sons, Inc.,
New York, 1996), Vol. I, Reprint of the 1963 original, A Wiley-Interscience Publication.

8 1et X,Y be two metric spaces, and let C%(X,Y) be the space of continuous maps between X and Y. Then,
the compact-open topology is the topology on C%X,Y) whose subbases is given by all the subsets of the form
W(K,U) = {f € CUX, Y)[f(K) C U}, where K is a compact subset of X and U is an open subset of Y.

853, E. Marsden and T. S. Ratiu, in Introduction to Mechanics and Symmetry, Texts in Applied Mathematics, 2nd ed.
(Springer-Verlag, New York, 1999), Vol. 17.

86Tf (,) is the natural pairing between g and g* then the coadjoint representation is defined via the formula
(Ad*(g)a, &) = (@, Ad(g &), where & € g, a € ¢*, and where Ad is the usual adjoint representation of G.

87 P R. Chernoff and J. E. Marsden, “Properties of infinite dimensional Hamiltonian systems,” in Lecture Notes in Mathematics
(Springer-Verlag, Berlin, 1974), Vol. 425.

8 Depending on the convention, the Fubini-Study metric and symplectic form may appear in the literature multiplied by a
positive constant.

89 et (M, w1) and (M3, w>) be two symplectic manifolds. A smooth map f : M| — M, is symplectic if f*w; = w;. If
S is a symplectic map, then its derivative f., : TpM1 — Typ)M> is injective for every p € M, (including if M is
infinite dimensional).

9 To some extent, this is also true for unbounded self-adjoint operators (see Ref. 4).

91Tt can be shown that the spectrum of Q(G —aF) = —6‘9—52 +ax? is the set {2n+1)Va eRln=0,1,...} (see
Ref. 100).
92 E. Schrodinger, “Der stetige iibergang von der Mikro- zur Makromechanik,” Naturwissenschaften 14, 664—-666 (1926).

73 The holomorphic sectional curvature of a Kihler manifold (N, g, J, w) is the function TN — R, u

5


http://dx.doi.org/10.1090/S0002-9939-1970-0278340-X
http://dx.doi.org/10.1016/j.jnt.2006.12.014
http://dx.doi.org/10.1007/s11401-008-0348-7
http://dx.doi.org/10.4134/BKMS.2013.50.3.787
http://dx.doi.org/10.4134/BKMS.2013.50.3.787
http://dx.doi.org/10.1007/s11202-006-0091-9
http://dx.doi.org/10.1134/S1995423909020074
http://dx.doi.org/10.2307/1968928
http://dx.doi.org/10.1007/BF01507634

122102-40 Mathieu Molitor J. Math. Phys. 55, 122102 (2014)

93 R. J. Glauber, “Coherent and incoherent states of the radiation field,” Phys. Rev. 131, 2766-2788 (1963).

94 S.T. Ali, J.-P. Antoine, J.-P. Gazeau, and U. A. Mueller, “Coherent states and their generalizations: A mathematical over-
view,” Rev. Math. Phys. 7(7), 1013-1104 (1995).

95 M. Combescure and D. Robert, “Coherent states and applications in mathematical physics,” in Theoretical and Mathemat-
ical Physics (Springer, Dordrecht, 2012).

96 Coherent States, Applications in physics and mathematical physics, edited by J. R. Klauder and B.-S. Skagerstam (World
Scientific Publishing Co., Singapore, 1985).

977, Jost, Riemannian Geometry and Geometric Analysis, Universitext, 3rd ed. (Springer-Verlag, Berlin, 2002).

98 J. M. Lee, Riemannian Manifolds: An Introduction to Curvature, Graduate Texts in Mathematics (Springer-Verlag, New
York, 1997), Vol. 176.

9 W. Ballmann, Lectures on Kahler Manifolds, in ESI Lectures in Mathematics and Physics (European Mathematical Society
(EMS), Ziirich, 20006).

100 £, Brian Davies, Linear operators and their spectra, Cambridge Studies in Advanced Mathematics Vol. 106 (Cambridge
University Press, Cambridge, 2007).


http://dx.doi.org/10.1103/PhysRev.131.2766
http://dx.doi.org/10.1142/S0129055X95000396

