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Abstract

In this work we study representations of the Poincaré group defined over symplectic manifolds, deriving the Klein–Gordon and the Dirac
equation in phase space. The formalism is associated with relativistic Wigner functions; the Noether theorem is derived in phase space and an
interacting field, including a gauge field, approach is discussed.
© 2006 Elsevier B.V. All rights reserved.

1. Introduction

Non-commutative geometry has its origin in the Weyl and Moyal works, studying quantization procedures in phase space [1].
Snyder [2] was the first to develop a consistent theory for non-commutative space coordinates, which was based on representations
of Lie algebras. Over the last decades there is a revival of non-commutative physics, motivated by some results coming from gravity,
condensed matter physics and string theory [3,4]. One particular interest in this context is the development of representation theories
for non-commutative fields [5]. However, this type of improvement has not been fully explored in the context of the Weyl–Moyal
(phase space) program. In this Letter we address this problem, following a recent work by us [6], where we have considered
a representation for the Galilei group on a symplectic manifold. As a result the Schrödinger (not the Liouville–von Neumann)
equation was derived in phase space closely associated with the Wigner function. The formalism was used to treat a non-linear
oscillator perturbatively and to analyze the concept of coherent states from this phase-space point of view.

The notion of phase space in quantum mechanics arose with the paper by Wigner [7] in order to develop the quantum kinetic
theory. In the Wigner formalism, each operator, say A, defined in the Hilbert space, H, is associated with a function, say aW (q,p),
in phase space, �. Then there is an application ΩW :A → aW (q,p), such that, the associative algebra of operators defined in H
turns out to be an associative (but not commutative) algebra in �, given by ΩW :AB → aW ∗bW , where the star (or Moyal)-product
∗ is defined by [7–10]

(1)aW ∗ bW = aW (q,p) exp

[
i

2

( ←−
∂

∂q

−→
∂

∂p
−

←−
∂

∂p

−→
∂

∂q

)]
bW (q,p).

(Throughout this Letter we use the natural units: h̄ = c = 1.) Note that Eq. (1) can be seen as an operator Â = aW∗ acting on
functions bW , such that Â(bW ) = aW ∗ bW .

From a mathematical and physical standpoints, the quantum phase space and the Moyal product have been explored along dif-
ferent ways [8–19]. However, it should be of interest to study irreducible unitary representations of kinematical groups considering
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operators of the type Â. This was our procedure in Ref. [6], and here we extend those representations to the relativistic case with
Poincaré–Lie group. In other words, by using the notion of symplectic structure and Moyal product, we construct unitary rep-
resentations for the Poincaré–Lie algebra, from which we derive the Klein–Gordon and the Dirac equations in phase space. The
connection of our formalism with relativistic Wigner functions is then presented, some aspects of interating fields are discussed,
including gauge fields, and the Noether theorem is derived in �. It is worth mentioning that this alternate version for the field theory
provides a way to consider the Wigner approach on the bases of group representation of kinematical symmetries.

The presentation is organized in the following way. In Section 2, we define a Hilbert space H(�) over a phase space � with
its natural relativisitic symplectic structure. H(�) will turn out to be the space of representations of kinematical symmetry. In
Section 3 we study the Poincaré algebra in H(�) and the representations for spin zero and spin 1/2. The Noether theorem is
derived in Section 4. The developments of the interacting symplectic field formalism is presented, for a scalar and gauge field, in
Section 5; and in Section 6 we present our final concluding remarks.

2. Hilbert space and symplectic structure

Consider M an analytical manifold where each point is specified by Minkowski coordinates qμ, with μ = 0,1,2,3 and metric
specified by diag(g) = (−+++). The coordinates of each point in the cotangent-bundle T ∗M will be denoted by (qμ,pμ). The
space T ∗M is equipped with a symplectic structure via a 2-form

(2)ω = dqμ ∧ dpμ,

called the symplectic form (sum over repeated indices is assumed). We consider the following bidifferential operator on C∞(T ∗M)

functions,

(3)Λ =
←−
∂

∂qμ

−→
∂

∂pμ

−
←−
∂

∂pμ

−→
∂

∂qμ

,

such that for C∞ functions, f (q,p) and g(q,p), we have

(4)ω(f Λ,gΛ) = f Λg = {f,g},
where

{f,g} = ∂f

∂qμ

∂g

∂pμ

− ∂f

∂pμ

∂g

∂qμ

is the Poisson bracket and f Λ and gΛ are two vector fields given by hΛ = Xh = −{h, }.
The space T ∗M endowed with this symplectic structure is called the phase space, and will be denoted by �.
In order to construct a Hilbert space over (this relativistic phase space) �, let η be an invariant measure on the cotangent bundle.

Then, if ϕ is a mapping: � → R which is measurable one can define the integral

(5)
∫
Ω

ϕ(z) dη(z)

of ϕ with respect to η, where z ∈ �. Let H(�) be a linear subspace of the space of η-measurable functions ψ :� → C which are
square integrable, i.e. such that

(6)
∫
�

∣∣ψ(z)
∣∣2

dη(z) < ∞.

We can then introduce a Hilbert space inner product, 〈·|·〉, on H(�), as follows:

(7)〈ψ1|ψ2〉 =
∫
�

ψ1(q,p)†ψ2(q,p)dη(q,p),

where we take z = (qμ,pμ) = (q,p). (We are using the notation ψ†(q,p) for the complex conjugation.)
Now we take dη(q,p) = d4p d4q , such that

(8)
∫

d4p d4q ψ†(q,p)ψ(q,p) < ∞,

which is a real bilinear form. In this case we can write ψ(q,p) = 〈q,p|ψ〉, with

(9)
∫

d4p d4q |q,p〉〈q,p| = 1,
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where the kets |q,p〉 are defined from the set of commuting operators Q̄ and P̄ defined by [6]

Q̄|q,p〉 = q|q,p〉, P̄ |q,p〉 = p|q,p〉.
The state of a system will be described by functions φ(q,p), under the condition

(10)〈ψ |φ〉 =
∫

d4p d4q ψ†(q,p)φ(q,p) < ∞.

This Hilbert space is denoted by H(�).
Let us see how to study the Poincaré group taking H(�) as the representation space. For this purpose, we construct unitary

transformations U :H(�) → H(�) such that 〈ψ1|ψ2〉 is invariant. Starting with Λ defined by Eq. (3), a mapping eiΛ/2 = ∗ :� ×
� → �, called Moyal (or star) product, is defined by

(11)f (q,p) ∗ g(q,p) = f (q,p) exp

[
i

2

(←−
∂ q

−→
∂ p − ←−

∂ p
−→
∂ q

)]
g(q,p)

(12)= exp

[
i

2
(∂q∂p′ − ∂p∂q ′)

]
f (q,p)g(q ′,p′)|q ′,p′=q,p,

where f (q,p) and g(q,p) are in � and ∂x = ∂/∂x (x = p,q).
The generators of U can be introduced by the following (Moyal–Weyl) star-operators:

(13)F̂ = f (q,p)∗ = f

(
qμ + i

2

∂

∂pμ

,pμ − i

2

∂

∂qμ

)
.

In the sequence we analyze the Poincaré algebra in this context.

3. Poincaré–Lie algebra in H(�)

Using the functions qμ, pμ, and mμν = qμpν − pμqν (all of them defined in �), and Eq. (13), we construct the corresponding
star operators

(14)P̂ μ = pμ∗ = pμ − i

2

∂

∂qμ

,

(15)Q̂μ = qμ∗ = qμ + i

2

∂

∂pμ

,

and

(16)M̂νσ = Mνσ ∗ = Q̂νP̂σ − Q̂σ P̂ν .

From this set of unitary operators we obtain, after some long but simple calculations, the following set of commutation relations,

[M̂μν, P̂σ ] = i(gνσ P̂μ − gσμP̂ν),

[P̂μ, P̂ν] = 0,

[M̂μν, M̂σρ] = −i(gμρM̂νσ − gνρM̂μσ + gμσ M̂ρν − gνσ M̂ρμ).

This is the Poincaré algebra, where M̂μν stand for rotations and P̂μ for translations (but notice, in phase space).
The Casimir invariants can be built up from the Pauli–Lubanski matrices, Ŵμ = 1

2εμνρσ M̂νσ P̂ ρ , where εμνρσ is the Levi-Civita
symbol. The invariants are:

(17)P̂ 2 = P̂ μP̂μ,

(18)Ŵ = ŴμŴμ,

where P̂ 2 stands for the mass shell condition and Ŵ for the spin. In the following we use such a representation to derive equations
in phase space for spin 0 and spin 1/2 particles.

To determine the Klein–Gordon field equation, we consider a scalar representation in H(�). In this case we can use the invariant
P̂ 2 given in Eq. (17) to write down

P̂ 2ψ(q,p) = (
p2) ∗ φ(q,p) = (

pμ ∗ pμ∗)
φ(q,p) = m2φ(q,p),
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where m is a constant fixing the representation and interpreted as mass, such that the mass shell condition is satisfied. Using Eq. (14)
we obtain

(19)

(
pμpμ − ipμ ∂

∂qμ
− 1

4

∂

∂qμ

∂

∂qμ

)
φ(q,p) = m2φ(q,p),

which is the Klein–Gordon equation in phase space. The solution for such equation is

(20)φ(qμ,pμ) = ξ(pμ)e−i4pμqμ,

where ξ(pμ) is a function that depends on the boundary-conditions.
The Lagrangian that leads to Eq. (19) is given by

(21)£ = −1

4

∂φ

∂qμ

∂φ†

∂qμ
+ 1

2
ipμ

(
φ† ∂φ

∂qμ
− φ

∂φ†

∂qμ

)
− (

pμpμ − m2)φφ†.

We use later this Lagrangian to analyze the Noether theorem in phase space and the interaction with gauge fields.
The association of this representation with the Wigner formalism is given by

fW(q,p) = φ(q,p) ∗ φ†(q,p),

where fW(q,p) is the relativistic Wigner function. To prove this, we recall that the Klein–Gordon equation in phase space can be
written as

(22)P̂ 2φ = p2 ∗ φ = m2φ.

Multiplying the right-hand side of the above equation by φ† we obtain

(23)
(
p2 ∗ φ

) ∗ φ† = m2φ ∗ φ†,

but since φ† ∗ p2 = m2φ†, we also have

(24)φ ∗ (
φ† ∗ p2) = m2φ ∗ φ†.

Subtracting (23) of (24), and using the associativity property of the “∗” product, we get

(25)p2 ∗ fW − fW ∗ p2 = 0,

where the notation fW = φ ∗ φ† has been used.
Eq. (25) can be written as the relativistic Moyal bracket, i.e.

{g,f }M = (q,p) ∗ f (q,p) − f (q,p) ∗ g(q,p) = g

(
2 sin

i

2
Λ

)
f.

Applying these results to Eq. (25), we obtain

(26)pμ

∂

∂qμ

fW = 0,

a well known result. Other properties of the Wigner function, such as the non-positiveness, can be derived as in the non-relativistic
case; see Ref. [6].

Now let us turn our attention to spin 1/2 particles. Proceeding as usual, we assume the invariant operator γ μP̂μ, where P̂μ is
defined by Eq. (14). Thus we write

γ μP̂μψ = γ μpμ ∗ ψ = mψ.

Using Eq. (14), we obtain

(27)γ μ

(
pμ − i

2

∂

∂qμ

)
ψ = mψ,

which is the Dirac equation in phase space, where the γ μ-matrices fulfill the usual Clifford algebra, γ μγ ν + γ νγ μ = 2gμν .
The Lagrangian for such a field can be written as

(28)£ = −i

4

(
∂ψ̄

∂qμ
γ μψ − ψ̄γ μ ∂ψ

∂qμ

)
− ψ̄

(
m − γ μpμ

)
ψ,

where ψ̄ = ψ†(q,p)γ0, with ψ†(q,p) being the Hermitian adjoint of ψ(q,p). The Wigner function in this case is given by
fW(q,p) = ψ(q,p) ∗ ψ̄(q,p), with each component satisfying Eq. (26).
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4. Noether theorem in phase space

Our proposal in this section is to demonstrate the Noether theorem in phase space, stating the following,

Noether theorem in H(�)H(�)H(�). To all the Lie-transformation group changing Ψ (q,p) but leaving £(Ψ, ∂Ψ ) invariant up to a diver-
gence, there exists a conserved current in phase space. The divergence is defined by(

∂

∂qμ
+ ∂

∂pμ

)
Sμ.

Here Ψ stands for the Klein–Gordon field, φ, or the Dirac field, ψ .

Proof. Consider the infinitesimal transformation Ψ (q,p) → Ψ ′(q,p) = Ψ (q,p) + δΨ (q,p), such that £ → £ + δ£, where δ£ =
( ∂
∂qμ + ∂

∂pμ )Sμ. Then,

δ£ = ∂£

∂Ψ
δΨ + ∂£

∂( ∂Ψ
∂qμ )

∂δΨ

∂qμ
+ ∂£

∂( ∂Ψ
∂pμ )

∂δΨ

∂pμ
.

Developing this equation and using the Euler–Lagrange equation of motion in phase space, i.e.

∂£

∂Ψ
− ∂

∂qμ

∂£

∂( ∂Ψ
∂qμ )

− ∂

∂pμ

∂£

∂( ∂Ψ
∂pμ )

= 0,

we get

δ£ =
(

∂

∂qμ

∂£

∂( ∂Ψ
∂qμ )

δΨ + ∂

∂pμ

∂£

∂( ∂Ψ
∂pμ )

δΨ

)
+

(
∂£

∂( ∂Ψ
∂qμ )

∂δΨ

∂qμ
+ ∂£

∂( ∂Ψ
∂pμ )

∂δΨ

∂pμ

)

= ∂

∂qμ

(
∂£

∂( ∂Ψ
∂qμ )

δΨ

)
+ ∂

∂pμ

(
∂£

∂( ∂Ψ
∂pμ )

δΨ

)
.

As a consequence we obtain(
∂

∂qμ
+ ∂

∂pμ

)
jμ = 0,

where the conserved current is

jμ = ∂£

∂( ∂Ψ
∂qμ )

δΨ + ∂£

∂( ∂Ψ
∂pμ )

δΨ − Sμ.

This provides a proof of the existence of the Noether-current in phase space. Let us use this result to study some particular trans-
formations. �
Example (i): �-time translations. Consider

qμ → q ′μ = qμ + εμ, pμ → p′μ = pμ + λμ.

with the notation ημ = (qμ,pμ), as well as εμ = (εμ,λμ). Then we obtain(
∂

∂qμ
+ ∂

∂pμ

)
θμν = 0,

where the �-stress tensor, θμν , is given by

θμν = ∂£

∂( ∂Ψ
∂ημ )

∂Ψ

∂ην
− gμν£.

Taking, as an example, space translations only, that is, λ = 0, we obtain for the free Klein–Gordon field

θ
μν
KG = −1

4

(
∂φ∗

∂qμ

∂φ

∂qν

+ ∂φ

∂qμ

∂φ∗

∂qν

)
+ 1

2
ipμ

(
φ∗ ∂φ

∂qν

− φ
∂φ∗

∂qν

)
− gμν£.

For the Dirac field we obtain

θ
μν
D = −i

4

(
−ψ̄γ μ ∂ψ

∂qν

+ γ μψ
ψ̄

∂qν

)
− gμν£.

In these two examples, we obtain the usual invariant 4-momentum P ν = ∫
θ0ν d3q d4p.
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Example (ii): �-time rotations. We define rotations in � by qν → qν + εμνqν , and pν → pν + λμνpν , such that δqμ = εμνqν ,
and δpμ = λμνpν , with εμν = −ενμ, and λμν = −λνμ. Then we find(

∂

∂qμ
+ ∂

∂pμ

)
Mμνλ = 0,

where Mμνλ is a �-angular-momentum tensor given by

Mμνλ = −qλθμν − pλθμν + qνθμλ + pνθμλ + i
∂£

∂( ∂Ψ
∂qμ )

I νλΨ + i
∂£

∂( ∂Ψ
∂pμ )

I νλΨ,

with Iμν being such that

δΨ = −εμν

2
(ην∂μ − ημ∂ν − iIμν)Ψ (η).

For the Klein–Gordon and Dirac fields, respectively, we thus have

M
μνλ
KG = −qλθ

μν
KG − pλθ

μν
KG + qνθ

μλ
KG + pνθ

μλ
KG + i

∂φ∗

∂qμ

Iνλφ + i
∂φ

∂qμ

Iνλφ∗ − 1

2
pμφ∗I νλφ + 1

2
pμφIνλφ∗,

and

M
μνλ
D = −qλθ

μν
D − pλθ

μν
D + qνθ

μλ
D + pνθ

μλ
D − 1

4
ψ̄γ μIνλψ + 1

4
γ μψIνλψ̄.

The usual (space rotations only) angular momentum is then given by Mμν = ∫
Mμν0 d3q d4p.

Example (iii): non-local gauge symmetry. Using the Noether theorem, let us start with the analysis of gauge symmetries in the
context of this symplectic field theory. We consider a global gauge transformation given by

Ψ ′ = e−iαΨ and Ψ̄ ′ = eiαΨ̄ ,

where α is a real constant. Up to first order, we have

Ψ ′ = (1 − iα)Ψ and δΨ = −iαΨ,

we then assume δ£ = 0. Then for the Klein–Gordon and Dirac field, respectively, we have

(29)j
μ
KG = i

4

(
φ

∂φ∗

∂qμ

+ φ∗ ∂φ

∂qμ

)
+ pμφ∗φ,

and

(30)j
μ
D = ψ̄γ μψ.

For these two cases, we have Q = ∫
j0 d3q d4p.

5. Elements of interacting fields

In this section we consider the problem of interacting fields in phase space. Let us consider the scalar-field Lagrangian given by

£ = −1

4

∂φ

∂qμ

∂φ†

∂qμ
+ 1

2
ipμ

(
φ† ∂φ

∂qμ
− φ

∂φ†

∂qμ

)
− (

pμpμ − m2)φφ† + U
(
φφ†),

that leads to the following non-linear Klein–Gordon equation,

−1

4

∂2φ

∂qμ∂qμ

− ipμ ∂φ

∂qμ
+ (

pμpμ − m2)φ + V (φ) = 0,

where V (φ) = ∂U(φφ†)

∂φ† . In order to solve this equation, we can use the Green’s function G = G(qμ,q ′μ,pμ,p′μ) satisfying the
equation

−1

4

∂2G

∂qμ∂qμ

− ipμ ∂G

∂qμ
+ (

pμpμ − m2)G = δ
(
qμ − q ′μ)

δ
(
pμ − p′μ)

.
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Then a solution of such equation is given by

φ
(
qμ,pμ

) = φ0
(
qμ,pμ

) +
∫

d4q ′μ d4p′μ G
(
qμ, q ′μ,pμ,p′μ)

V (φ),

where φ0(q
μ,pμ) is the solution of the homogeneous Klein–Gordon equation in phase space. The poles of the Green’s function

can be derived by the following. Taking a Fourier transform, such that qμ → kμ and pμ → ξμ, we obtain,

1

4
k2G̃

(
kμ, ξμ

) − pμkμG̃
(
kμ, ξμ

) + (
pμpμ − m2)G̃(

kμ, ξμ
) = 1,

where

G̃
(
kμ, ξμ

) = 1
1
4k2 − pμkμ + pμpμ − m2

.

Therefore the Green’s function is written as

G
(
qμ, q ′μ,pμ,p′μ) = 1

(2π)4

∫
d4kμ d4ξμ e−ikμqμ−iξμpμ

1
4k2 − pμkμ + pμpμ − m2

.

With this result, we construct a generating functional, starting then a study of a quantum field theory in phase space. First, we
define the Feynman propagator by

(
� + ip∂ + p2 + m2 + iε

)
GF

0 (q,p) = −δ(q,p),

where ip∂ = ipμ/∂qμ. The generator functional is introduce by

Z0 �
∫

Dφ Dφ̃ eiS =
∫

Dφ exp

[
i

∫
dq dp(£)

]

=
∫

Dφ exp

{
−i

∫
dq dp

[
1

2
φ(q,p)

(
� + ip∂ + p2 + m2 + iε

)
φ(q,p) − J (q,p)φ(q,p)

]}
.

Such a functional can be written as

(31)Z0 � exp

{
i

2

∫
dq dp dq ′ dp′[J (q,p)

(
� + ip∂ + p2 + m2 + iε

)−1
J (q ′,p′)

]}
.

Then we find

GF
0 (η − η′;β) = i

δ2Z[J ]
δJ (η)δJ (η′)

∣∣∣∣
J=0

,

where again we have used the notation, η = (x,p).
Another important aspect of the interacting fields, that can be analyzed in phase space with standard methods, is the gauge

symmetry. We start with the scalar field considering a local phase transformation given by

φ′(q,p) = e−iα(q,p)φ(q,p).

Taking an infinitesimal α, we have φ → φ − iαφ, δφ = −iαφ, δφ† = iαφ†, such that

δ

[(
∂

∂qμ
+ ∂

∂pμ

)
φ

]
= −i

[(
∂

∂qμ
+ ∂

∂pμ

)
α

]
φ − iα

(
∂

∂qμ
+ ∂

∂pμ

)
φ,

and

δ

[(
∂

∂qμ
+ ∂

∂pμ

)
φ†

]
= i

[(
∂

∂qμ
+ ∂

∂pμ

)
α

]
φ† + iα

(
∂

∂qμ
+ ∂

∂pμ

)
φ†.

Using the Lagrangian given in Eq. (21) for the free scalar field, we obtain

δ£ = i

[
i

4

(
φ

∂φ†

∂qμ

+ φ† ∂φ

∂qμ

)
+ pμφ†φ

]
∂μα = jμ∂μα.

Therefore, demanding invariance of the Lagrangian under the gauge transformation, we introduce the U(1) gauge field, such
that the full Lagrangian reads
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£total = −1

4

∂φ

∂qμ

∂φ†

∂qμ
+ 1

2
ipμ

(
φ† ∂φ

∂qμ
− φ

∂φ†

∂qμ

)
− (

pμpμ − m2)φφ† − ejμAμ + e2AμAμφ†ψ − 1

4
FμνFμν

(32)=
(

pμψ − i

2

∂φ

∂qμ
+ ieAμφ

)(
pμφ† + i

2

∂φ†

∂qμ

− ieAμψ†
)

+ m2φ†φ − 1

4
FμνFμν,

where Fμν = ∂Aν/∂qμ − ∂Aμ/∂qν .
A covariant derivative can be defined by

Dμ =
(

pμ − i

2

∂

∂qμ
+ ieAμ

)
,

leading to

£ = DμφDμφ† + m2φφ† − 1

4
FμνFμν.

It is important to notice that the minimum coupling is given by P̂μ → P̂μ + ieAμ, with P̂μ = pμ − i
2

∂
∂qμ , as it is expected. In

closing, with the definition of a Feynman propagator, consistent perturbation calculations in phase space can be carried out; this is
one aspect to be considered in another place.

6. Concluding remarks

In this Letter we have set forth a field theory based on a relativistic Hilbert phase space, using as a basic ingredient the Moyal
product of the non-commutative geometry. We develop a representation theory for kinematical Lie groups as it was stated by us
in [6], considering the Galilei group; and in this sense our procedure generalizes the Curtright and Zachos approach [20]. As a
consequence we have derived from the Poincaré Lie algebra in phase space: the Klein–Gordon equation (see Eq. (19)), the Dirac
equation (see Eq. (27)), the Noether theorem, and the association of these results with the Wigner function formalism.

Furthermore, we extend the formalism to treat interacting fields. First a λφ4(q,p) theory is analyzed: we define the proper prop-
agator for use in perturbative methods and introduce a quantization scheme, delineated by the definition of a generating functional.
Second, we consider the Abelian, U(1), symmetry, suggesting a generalization to non-Abelian gauge fields. One central point to
be emphasized is that the approach developed here permits the calculation of Wigner functions for relativistic systems with meth-
ods, based on symmetry, similar to those used in quantum field theory, including prescriptions for diagrammatic analysis. A more
detailed account of this will be considered in a longer paper.
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