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Among the suggested solutions to the cosmological constant problem, we find the idea
of a dynamic vacuum, with an energy density decaying with the universe expansion. We
investigate the possibility of a variation in the gravitational constant as well, induced,
at the cosmological scale, by the vacuum decay. We consider an effective Brans—Dicke
theory in the spatially flat FLRW spacetime, finding late time solutions characterized by
a constant ratio between the matter and vacuum energy densities. By using the observed
limits for the universe age, we fix the only free parameter of our solutions, obtaining
a relative matter density in the range 0.25 < Q,, < 0.4. In particular, for Ht = 1 we
obtain ,, = 1/3. This constitutes a possible explanation for another problem related
to the cosmological term, the cosmic coincidence problem.
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We are celebrating the 90th birthday of General Relativity, a theory that has sur-
vived several precise tests, including verifications of the Equivalence Principle in
its weak and strong versions. Such tests generally refer to weak or intermediate
gravitational fields, but we have enough reasons to believe that general relativity is
also the classical theory of gravitation in the strong field limit.

The theory has then the same theoretical and observational status of Maxwell’s
electromagnetism. Nevertheless, quantum electrodynamics predicts corrections to
its classical version in the presence of very strong fields, corrections related to
vacuum effects, as the running of masses and couplings with the energy scale, and
the break of the linearity (the principle of superposition) characteristic of classical
electrodynamics.

*This essay received an “honorable mention” in the 2005 Essay Competition of the Gravity
Research Foundation.
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Despite the absence of a quantum version of general relativity, one can argue
about similar vacuum effects in the strong field limit. In this case, a running of
masses would be equivalent (at least in what concerns gravitation) to a running
of the gravitational constant G (breaking the strong version of the equivalence
principle).

Consider, for example, the problem of vacuum energy in cosmology. When we
derive the vacuum energy density by means of quantum field theories in flat space-
time, we obtain a divergent result, which must be exactly canceled by a bare cosmo-
logical constant in Finstein’s equations, because in the flat spacetime the left-hand
side of these equations is identically zero. Now, if we calculate the vacuum density
in the expanding background, we also obtain a divergent result, but a renormalized
value may be derived by subtracting the Minkovskian contribution. The resulting
vacuum density will depend on the curvature, and so will vary with time as the
universe expands. This mechanism may constitute a possible explanation for the
cosmological constant problem,’? leading from a huge value at Planck times to the
small value observed nowadays.3™>

In the absence of a definite quantum field theory in curved spacetimes, the effects
of a decaying vacuum density and of an induced time variation of G may be inves-
tigated in the realm of effective geometric theories that respect the energy conser-
vation and the weak equivalence principle. An example is the scalar—tensor Brans—
Dicke theory,® which will be considered here (for another approach, see Refs. 7 and
8). As “effective” we mean, among other things, that the parameter w characteristic
of the theory depends on the scale, being very high in the weak field case (leading
to unperturbed Einstein equations), but of the order of unity in the cosmological
limit. As we are concerned only to this limit, we will use the simplest theory, with
constant w.

Note that we are considering a time variation of G at the cosmological scale,
and therefore such a variation cannot be ruled out by local observations. In the case
of a stationary spacetime, G or any other dynamical quantity are independent on
time. (Even in the context of Brans-Dicke theories, the scalar field ¢ has different
dynamics at the local and cosmological scales, in the same way as the metric tensor
field.)

Consider a spatially flat FLRW spacetime filled with a cosmic fluid composed
by dust with energy density p,,, and by a vacuum term with energy density py and
pressure pp = —pa. This equation of state for the vacuum is a natural choice, since
the vacuum has the symmetry of the background. Then, the total energy density is
given by p = pm + pa, while the total pressure is p = —pa. Under these conditions,
the Brans—Dicke field equations can be written as

=20 _Cgi 2l 1)
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(¢a®) (4p = 3pm)a®, (3)
where H = a/a is the Hubble parameter.

If pa is constant, this system is solvable. But, in the case of a decaying vacuum
density, we have three equations to determine the functions a, p, p,, and ¢. There-
fore, it is necessary to add some physical constraint, which may be the evolution
law for py, or for G, which could be obtained if we had a definite description of
vacuum in expanding backgrounds. Here, we will infer an evolution law for G from
an observed relation between G and H (usually called Eddington—Dirac or Wein-
berg relation), given by G ~ H/m?, where m is the energy scale of the QCD phase
transition, the latest cosmological vacuum transition. We have presented elsewhere
a possible justification for that relation, based on the holographic conjecture.®10
Here we will simply postulate that, if it is valid nowadays, it may also be valid at
any time of the present phase of universe evolution. Since in Brans—Dicke theory,
G ~ ¢~ !, we then write

Go 87TG0)\
=~ = ) (4)
G H
where G and \ are positive constants of the order of unity and m?, respectively.

With this constraint one can obtain the general solution of (1)—(3). For our
purposes it is enough to find a class of particular solutions describing the late time

¢

observed universe. Observations suggest that p,, is approximately one third of the
critical density p. = 3H?/(87G) (note that, in the case of Brans-Dicke theories,
the flatness of space does not imply p = p.). On the other hand, the vacuum energy
density contributes, at most, with a similar figure, otherwise its effects would be
more evident. Therefore, the total energy density is close to p.. As before, we will
assume that this is not a mere coincidence, but it is a functional relation, valid for
any time of the latest phase of the expansion. With the help of (4) we can then
write

p= =3v\H, (5)
s

with v ~ 1.

Before going on, let us stress that relations (4) and (5) are supposed to be
valid during the present epoch, that is, in the limit of late times. The variation
law for G (or for the vacuum density) in each era of universe history will depend
on the underlying vacuum physics, and is not necessarily the same throughout the
whole expansion. Therefore, the model presented here cannot say, in its present
form, anything concerning earlier time phenomena like nucleosynthesis, the cosmic
background radiation or structure formation.

Substituting the ansatz (4)—(5) in Eq. (1), we obtain an evolution equation for
H, given by

AH*— HH? - BH?> =0, (6)
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where

A=1- 1 (7)

B = (8)

For A = 0 (that is, 7/Go = 1), the de Sitter universe is a possible solution.
Apart this case, the general solution of (6) is given by

SRS

Ht=n, (9)
with
VvV1+4AB -1
L (10)

and where the integration constant was chosen so that the divergence of H occurs
at t =0.
Integrating once more we obtain, for the scale factor,

a(t) = apt™ . (11)
The deceleration parameter ¢ = —ad/a? is then given by
1
=——1. 12
¢= (12)

Let us now verify whether this solution satisfies the remaining field equations.
Substituting (5) and (9) into (2) leads to

Ay
= L H . 1
P - (13)

From this and (5), one obtains the relative energy density of matter,

_ Pm 1
Q= 7 =3, (14)

This is an interesting result, meaning that, in the present phase of universe
evolution, the relative matter density is constant. This may solve a second problem
related to the cosmological constant, namely the approximate coincidence between
the matter and vacuum energy densities. Here, such a coincidence follows naturally,
without the necessity of any fine tuning.

Note also that our solution depends on just one parameter, the constant n in (9)
(usually called the age parameter). So, fixing n by using, say, observational limits for
the universe age, we can verify whether the solution agrees with other cosmological
parameters, as the relative matter density or the deceleration parameter.

Current astrophysical limits on the universe age lead to an age parameter in
the interval 0.8 < Ht < 1.3 (see, for instance, Ref. 11). Then, from (9) and (14) we
obtain 0.25 < ,, < 0.4. The most probable value Ht = 1 leads to Q,, =~ 1/3. On
the other hand, from (12) we have —1/4 < ¢ < 1/4, the most probable value being
q ~ 0. The observations still are not sufficiently precise to give the correct value of
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q. Nevertheless, some authors have recently claimed that, if the scale factor follows

a potential law like (11), the best fitting of redshift-distance relations for supernova

Ia and for compact radius sources is obtained for n ~ 1, that is, for g ~ 0.12714
From (4), (5) and (13), it follows, for the vacuum term,

1
pA:p—pm:<3—ﬁ)w\H~m3H, (15)

A =87Gpp = <3 - %>7H2. (16)

We obtain a decaying vacuum density, in the spirit of the introduction, with no
necessity of postulating a variation law in our original ansatz. Surprisingly enough,
the above equations agree with results derived on the basis of quantum field estima-
tions in expanding backgrounds.!® '7 The decaying law (16) has also been heuris-
tically suggested by several authors in both, varying or constant G, cases (see, for
example, Refs. 18-20).

The reader may note that the matter density (13) does not scale as a~
should if the energy of matter were conserved. This is consequence of the conserva-
tion of the total energy, expressed by Eq. (2). The vacuum decay is only possible
if associated to a process of matter production (a general feature of vacuum states
in non-stationary spacetimes). With the help of (9), (11) and (13), it is possible to
verify that the rate of production (the relative variation rate of p,,a®) is given by
I' = (3—1/n)H. In what concerns the variation of G (at the cosmological scale),
from Eq. (4) we have G/G = —(1+ ¢)H.

Finally, we have to verify Eq. (3). By using (4), (5), (9), (11) and (13), it
reduces to

3, as it

3+12B
R
where A and B were defined in (7) and (8). The system of Egs. (17) and (10) allows
one to express A and B (that is, w and v/Gp) as functions of the age parameter
n. For n = 1, one obtains w ~ 6/5 and v/Go &~ 9/5. Therefore, both w and Gy are
positive and (since v ~ 1) of the order of unity.

(17)

Acknowledgments

The author is thankful to J. Alcaniz, O. Bertolami, O. Aguiar, G. Matsas, L. C. B.
Crispino, R. Abramo, V. Faraoni, J. Garcia-Bellido and Carlos Romero for useful
discussions.

References

»1. V. Sahni and A. Starobinsky, Int. J. Mod. Phys. D 9, 373 (2000).
»2. P. J. E. Peebles and B. Ratra, Rev. Mod. Phys. 75, 559 (2003).
»3. O. Bertolami, Nuovo Cimento 93, 36 (1986).

4. M. Ozer and O. Taha, Phys. Lett. A 171, 363 (1986).



Int. J. Mod. Phys. D 2005.14:2201-2206. Downloaded from www.worldscientific.com
by UNIVERSIDADE FEDERAL DO RECONCAVO DA BAHIA on 10/17/13. For personal use only.

2206 S. Carneiro

»5. M. Ozer and O. Taha, Nucl. Phys. B 287, 776 (1987).
»6. C. H. Brans and R. H. Dicke, Phys. Rev. 124, 925 (1961).

7.

»s.
»>9.
»10.
>11.
>12.
>13.
>14.
»>15.
>16.
17.
»>18.
>19.
20.

S.

Carneiro, in Proc. of the Tenth Marcel Grossmann Meeting on General Relativity,

eds. M. Novello, S. Perez-Bergliaffa and R. Ruffini (World Scientific, Singapore, 2005)
[gr-qc/0307114].

S.

Carneiro and J. A. S. Lima, Int. J. Mod. Phys. A 20, 2465 (2005).
Carneiro, Int. J. Mod. Phys. D 12, 1669 (2003).

S.
G. A. Mena Marugén and S. Carneiro, Phys. Rev. D 65, 087303 (2002).
B. M. S. Hansen et al., Astrophys. J. 574, L155 (2002).

A. Dev, M. Sethi and D. Lohiya, Phys. Lett. B 504, 207 (2001).

G.
D
R
R

Sethi, A. Dev and D. Jain, Phys. Lett. B 624, 135 (2005).

. Jain, A. Dev and J. S. Alcaniz, Class. Quantum Grav. 20, 4485 (2003).
. Schiitzhold, Phys. Rev. Lett. 89, 081302 (2002).
. Schiitzhold, Int. J. Mod. Phys. A 17, 4359 (2002).

I. L. Shapiro and J. Sola, astro-ph/0401015.
J. C. Carvalho, J. A. S. Lima and I. Waga, Phys. Rev. D 46, 2404 (1992).
J. A. S. Lima and J. C. Carvalho, Gen. Relativ. Gravit. 26, 909 (1994).

R.

Aldrovandi, J. P. Beltran and J. G. Pereira, to appear in Gravitation € Cosmology,

gr-qc/0312017.



Int. J. Mod. Phys. D 2005.14:2201-2206. Downloaded from www.worldscientific.com
by UNIVERSIDADE FEDERAL DO RECONCAVO DA BAHIA on 10/17/13. For persona use only.

This article has been cited by:

1.

6.

H. Borges, S. Carneiro, J. Fabris. 2008. Evolution of density perturbations in decaying
vacuum cosmology: The case of nonzero perturbations in the cosmological term. Physical
Review D 78:12. . [CrossRef]

. Metin Arik, Mikhail B. Sheftel. 2008. Symmetry analysis and exact solutions of modified

Brans-Dicke cosmological equations. Physical Review D 78:6. . [CrossRef]

.GUANG-WEN MA, JING-YUAN MA. 2008. AN EXACT COSMOLOGICAL

SOLUTION WITH ENERGY EXCHANGE BETWEEN VACUUM AND
MATTER, AND VACUUM AND RADIATION. Modern Physics Letters A 23:13,
971-977. [Abstract] [References] [PDF] [PDF Plus]

. S. Carneiro, M. Dantas, C. Pigozzo, J. Alcaniz. 2008. Observational constraints on late-

time A(t) cosmology. Physical Review D 77:8. . [CrossRef]

.SAULO CARNEIRO. 2006. FROM DE SITTER TO DE SITTER: A NON-

SINGULAR INFLATIONARY UNIVERSE DRIVEN BY VACUUM. International
Journal of Modern Physics D 15:12, 2241-2247. [ Abstract] [References] [PDF] [PDF Plus]

Javier Grande, Joan Sola, Hrvoje Stefandi¢. 2006. AXCDM: a cosmon model solution
to the cosmological coincidence problem?. Journal of Cosmology and Astroparticle Physics
2006:08, 011-011. [CrossRef]

. S. Carneiro, C. Pigozzo, H. Borges, J. Alcaniz. 2006. Supernova constraints on decaying

vacuum cosmology. Physical Review D 74:2. . [CrossRef]


http://dx.doi.org/10.1103/PhysRevD.78.123522
http://dx.doi.org/10.1103/PhysRevD.78.064067
http://dx.doi.org/10.1142/S0217732308025619
http://www.worldscientific.com/doi/ref/10.1142/S0217732308025619
http://www.worldscientific.com/doi/pdf/10.1142/S0217732308025619
http://www.worldscientific.com/doi/pdfplus/10.1142/S0217732308025619
http://dx.doi.org/10.1103/PhysRevD.77.083504
http://dx.doi.org/10.1142/S0218271806009510
http://www.worldscientific.com/doi/ref/10.1142/S0218271806009510
http://www.worldscientific.com/doi/pdf/10.1142/S0218271806009510
http://www.worldscientific.com/doi/pdfplus/10.1142/S0218271806009510
http://dx.doi.org/10.1088/1475-7516/2006/08/011
http://dx.doi.org/10.1103/PhysRevD.74.023532

