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Concepts of functional analysis, namely, regular points, tangent subspaces, constraint sur-
faces, Lagrangian matrix restricted to the tangent subspace of a constraint surface, are pre-
sented in connection with the Hartree-Fock (HF) problem. The energy functional in LCAO
approximation is considered to be a polynomial function of several variables subject to subsidi-
ary conditions. General HF equations and instability conditions for the unrestricted Hartree-
Fock (UHF) solutions are derived from this standpoint.

1. Introduction

It is well known that Hartree-Fock (HF) solutions can present instabilities #'.
Since the appearance of the classical work by Thouless [2] deriving the Hartree—
Fock instability conditions by using variational methods, several authors [1,3-11]
have performed studies of those conditions and their physical consequences. In par-
ticular, Fukutome [6,7] by utilizing the group theory has classified the possible
unrestricted HF (UHF) solutions into eight classes and studied their corresponding
type of instabilities.

The mathematical formulation of the HF instability conditions is achieved in
terms of the second variation of the energy functional (in the Born—~Oppenheimer

approximation)
CY[HL[¥ 1
=y v

#1There is an enormous literature on the subject. Consult, for example, a recent review by Paldus

1.
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where H,, is an n-particle Hamiltonian and |¥) is a trial function consisting of a sin-
gle Slater determinant, i.e. and antisymmetrized product of » single particle func-
tions {y;} j = 1,...,nsuchthat

Cuilwyy = / dvyly, = 6. )

In practice, the minimization in (1) is carried out using a finite-dimensional sub-
space of a general one-electron Hilbert space. One common restriction, particu-
larly for molecular calculations, is to require that the molecular orbital (MO) y; is a
linear combination of atomic orbitals (LCAO) yx,, i.e. (in this work the MO
indices, 7, j, k, and / vary from 1 to #» and the AO Greek indices from 1 to m)

Vi = Z X Gk 3)

and to choose the coefficients {C,;} so as to minimize (1). This is the SCF-
LCAO-MO approximation.

Using relation (3) for y;, we note that the functional E['¥] can be considered to
be a polynomial function in the mn variables C,;. Therefore, instead of studying the
HF instability problem as a variational one, we can formulate it as 2 maximum-
minimum problem of the real-valued function E(X) = E[¥], X = {C,}, subject to
constraints

wily> = 65 = Z CriSuCyj -
vi

We call such an approach the maximum-minimum formulation (MMF).

We remark that although the MM formulation appears to be a more laborious
procedure than the variational method, it has certain advantages; for instance: (i)
there is a well-known and relatively simple mathematical theory to determine local
[12,13] and, in some cases, global [12] extremum values of functions subject to sub-
sidiary conditions; (ii) it gives a geometric interpretation to the unoccupied molecu-
lar orbitals; (iii) it makes possible, in principle, to develop for HF equations new
methods and convergence criteria based on theorems of constrained continuous
variable functions; and (iv) more important, it can indicate a route to investigate
general global criteria for a point X = {C,} to correspond to the absolute mini-
mum of the energy function £(X).

In this paper we derive the instability condition for UHF solutions in the frame-
work of the MM formulation. The derivation is carried out for the case of general
Hartree-Fock (GHF) method, i.e. we consider the molecular spin-orbitals (MSO)

v as
we(r,€) = e (r)n(€) + i (N7 (€)
= [kyn) + 1K', (4)

with nand 7/ spin eigenfunctions; ¢, ¢}, spatial molecular orbitals (MO) and
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v, )i (r, ) = LeeMlei(r)) + < (Nler(r)> = bur - (5)

The present paper is arranged as follows. In section 2 we formulate instability
conditions at the general spin orbital (GSO) level (i.e. GHF method) by using the
MM formulation. Our derivation includes three steps. First, we determine the
Lagrangian matrix L. Second, we construct the tangent subspace M. Finally, we
obtain the restriction of L to M, Ly, which in the MMF scheme is the instability
matrix. Section 3 is devoted to comments and concluding remarks.

2. Derivation of instability conditions

Considering MSOs given by (4), let ['¥) represent a normalized Slater determi-
nant for an n-electron system. It follows that (¥|¥) = 1. Then, we have in the
LCAO approximation, with usual notation, that

= > (CorhapCpi + ChapCly)
k of
+%Z Z(C;kC;,<avllﬁ6>aCazcak + Cl Clranl|B8>aCly

] aﬁys
+2C5, Coy Ll B8 CuCly Cray|168C 5 Cpx) (6)
with
(a[|B6)a = <av||B6) — {avl|EB ,

where we have considered the spin-independent Hamiltonian H, given by (in
atomic units)

H Z hk +5 3 Z
and the LCAO expansions of MOs given by
(,Ok - Z X‘Y C"/k 3
v

Y = vaciﬂa Kulxu> =1,
2]

Tkt

As the coefficients {C,Lk, .} Tepresent the molecular orbital (MO) in the cho-
sen basis, we shall call in this paper each set of these coefficients a molecular orbi-
tal.

The orthonormalization condition (5) in terms of C and C'; is written as

z C;kSaﬁCﬂI + Z C:kSa[}Ckz = 8y, (7)
af af
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where S, is the overlap matrix, Sas = {Xa|X4)-

Let us define
C=(Ci1,Ca,-- o, Cyty - C,,,,,,C“,C’ZI, i/k, ,Cls
CiiCoe -y fyk, o Cr CHCS 7,(, LCr)
=( 'y Copr---) (8)
withw =1,2,...,4m,Cy = Cu; C) ke = Cls Coronike = Cysa0d € 5, = C,
gu(C) = Zﬁ(C;kSaﬁCﬁl + Cl1SapClyy) — B =0 9)
and
q(C) = (911(C), 912(C), - - -, gnn(C)) - (10)

2.1. FIRST-ORDER NECESSARY CONDITIONS

To derive the HF instability conditions in MMF scheme, we consider (6) as a
function E(C) subject to the constraints g(C) = 0 and apply the local theory of con-
strained minimization problems. According to theorem 1, (see appendix A) if Cis
a local extremum point of E(C) subject to the constraints ¢(C) = 0, there is a
A= (A1, A12, - - -, Aun) Such that

VE(C) +4Vvq(C) =0, (11)

where, in our notation, the product of two row vectors means scalar product (for
instance, AVQ(C) = A - Vq(C)).
In terms of components, we have fromeq. (11)

OE(C) — L euau(©)] _ (12)
a.QAw
where we have redefined the Lagrangian multipliers, i.e. Ay = —ep.

Substituting relations (6) and (9) into eq. (12) and carrying out the derivatives,
we obtain the matrix equations

FC; — G'C, = SCys (13)

F'C, — GC; = SCje, (14)

and corresponding complex conjugate equations. In eqs. (13) and (14) F (F') is
the matrix which collects all Fock operator matrix elements defined in terms of C
and C' (C’'and C). & = ||ey|| is a Hermitian matrix and G and G’ are defined as the

matrices ) ;> .5 Coi{a||6A)>Coc and 3 3. 5 Cr || Cly, respectively. The
matrices C; and C) are such that

Ci=(Cu,Coy-..,Cot),
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C?=( '11’ '21,---7 :nl>1

where the superscript t means transpose.

Equations (13) and (14) are equivalent to GHF equatxons [14,15] and determine
the reference molecular orbitals {C;, C}}, i.e. the point C where E(C) has a extre-
mum value.

By an unitary transformation, we may single out that set of coefficients
{C,, C}} for which & becomes diagonal, so that all the reference molecular orbitals
satisfy

FC; — G'C, = £SCy, (15)

F'C, — GC, = ¢SC;, ¢ = diagonal matrix. (16)

2.2. SECOND-ORDER CONDITIONS

Equations (15) and (16) correspond to first-order necessary conditions for C to
be a local extremum of the energy function E(C) subjected to the constraints q(C)
given by eq. (9). The type of local extremum point (maximum, minimum or saddle
point) is characterized by the second-order conditions. Then, according to theo-
rems 2 and 3 (appendix A) we must determine the tangent subspace M defined by

M= (X : Vq(C)X =0}, (17)
and the Lagrangian matrix L(C) defined by
L(C) =E(C) - £Q(©), (18)

where E(C) and Q(C) are the Hessian matrices associated with E(C) and q(C),
respectively. Furthermore, in order to apply the theorem 4 (appendix A), we must
determine the restriction of L(C) to the subspace M, i.e. L.

2.2.1. The Lagrangian matrix L(C)

The determination of L(C) requires the construction of the Hessian matrices
E(C) and Q(C). We observe that the 4mn variables C can be divided into four
types: Cy, = Cx, C%, = Cly, C3, = C}, and C$, = C%,. Thus, from the defini-
tion of Hessian matrix, we can obtain a Hermitian Hessian matrix H(C) associated
with a function #(C) if we arrange its elements as

H3l H32 H33 H34
H41 H42 H43 H44 5

H= H! ®H!? g3 g4 = [H®|, ab=1,23,4, (19)
HZI HZZ H23 H24
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where H* = ||6%h(C) /6C§k8Cz,]l = [IH‘/{’,’C’MH.(Note, for example, that
e i RN (I
Mad? T\ acyecy | \acqaC),

_OHQ) _ WO _pu
T BCHACN  BChAC, MM

An analysis of the blocks H allows us to conclude that there are six independent
blocks only. We choose the following basic blocks: H!!, H'?2, H??, H3!, H*, and
H*?. Applying these general results to the Hessian of E(C) we have

(E")ggeps = Eﬁ: CoulaBllor’aCy, (20)
(E"™) g = Eﬂj[c;kmﬂua»cz, - CraBllod>Chyl, (21)
(Ezz)ak,)J = Zﬂ axaBlloryg ’51, (22)
(E*) i rs = Forbir = Var ke (23)
(E") et = z C:Kao||ABYCly, — Gorbia, (24)
(E*™) gert = Farbid = Vg i (25)

whereineq. (23)

Vo = 3_(Crilaa]|BAY2Ca + Ciilac|BAYC), (26)
of

Fpp = hoy + ZZ(C:,,,mallﬂ»acﬁp + CpXaallBA)Cly) -

F,, is the oA-element of the Fock operator matrix. In eq. (25) V’ ol \e is similar to
Vi, replacing in (26) C, C* by C’, C'* and vice versa. For the Hermitian Hessian
matrix Q of the constraints q(C) the only nonvanishing elements of the basic
blocks are

Q) ok nt = Sorbit (27)

Q)i 1 = Soabi - (28)

Then, by using eqgs. (18), (20)-(25), (27), and (28), we can write the Lagrangian
matrix L(C) as
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E3 — Ek ainl (E4l)’r (EII)T (Elz)*
Lo E# B4 _ >, eka‘ (Exz)t (Ezz)T
Ell EIZ (E3I _ Zk EkQ'ISCl)t (E41)t

(E") E? (B*)" (B — 3 Qi)'

3 132 13 L
L41 L42 L43 L44
Ll 1 L12 L13 L14
LZl L22 L23 L24
where * and t stand for complex conjugation, and Hermitian conjugation, respec-
tively.

il

: (29)

2.3.2. The tangent subspace M
In order to determine the tangent subspace M, we construct a basis set of vectors
belonging to M. We note that eq. (17) gives

> [ChiSpaXat + ClpSpaXaiin + SapCoiXaksam + SapClayXaksan =0, (30)
off

where X, (w=1,2,...,4n) are the components of X e M. Therefore eq. (17) is
equivalent to n? equations given by (30), i.e. all the vectors satisfying (30) belong to
tangent subspace M. Hence, we find readily that a basis set for M is given by the
vectors

I\t t t t t It t
(duk)z(o)vov Cu ,0,...,0t, Cu ,Ot,..., 0 ):
S~ S~ S~
kth group (k++n)th group 4nth group
2 5\t t t *t t t %t t t
(@) =(04,...,0, C* ,0,...,0,, C* 0., 0 ),
~ S~ A vh
(k+2n)th group (k+3n)th group nth group

(akl)tz(ot)-”)ot) C;c 10t1"'70t, C;ct )Otv--‘aot —C;t ?

R N~
Ith group (I+n)th group (k+2n)th group
t t /%t t t
0f,...,0f, —C* 0., 0 ).
S~ S~~~
(k-+3m)th group 4nth group

whereu = n + 1,...,mand the symbols 0 stand for column vectors with m null ele-
ments. We note that the vectors d., and d2, are constructed from unoccupied mole-
cular orbitals and ai; from occupied molecular orbitals. Furthermore, we can
consider M as a direct sum of M, spanned by {d, } and {d?,} and, M, spanned by
{a},ie, M =M, ®&M,.
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2.2.3. TherestrictionLrof L(C) toM

A straightforward calculation shows that the restriction of L to subspace M,, is
a zero matrix. Then in the matrix T, such that Ly, = T'LT (see appendix A), only
the vectors d!, and d2, need to be considered. Explicitly, we obtain for T the expres-
sion

T! 0
™ 0
T - O T3 3 (31)

0 T Anmx2n(m—n)

with
T = (T:+1 Tz+2 tee Tr‘iz)nmx(nm~n2)’ a= 1’2’ 3’4; (32)
where each submatrix T, is given by
c o o0 ... 0
0o Cc, 0 ... 0
o]0 0 C 0l
o 0 0 ... C/, .
Using L and T given by egs. (29) and (31), respectively, we have
L. 12
Ly = (L;” Lg’) , (33)
My
where
le\{ — (T3)tL31T1 + (T4)1L41T1 + (T3)tL32T2+ (T4)tL42T2, (34)
LZM — (T3)CL33T3 + (T4)tL43T3 + (T3)tL34T4 + (T4)tL44T4 , (35)
' Lil — (Tl)tLIITI + (TZ)tLZITl + (Tl)tLIZTZ + (Tz)thsz, (36)
Li{ — (Tl)tL13T3 + (TZ)tL23T3 + (T1)1L14T4 + (TZ)tL24T4 , (37)

and we have used that T =T¥ and T =T% Each block L% is a
n(m — n) x n(m — n) matrix. We can identify an element of L$, giving its i-row and
J-column (i, = 1,2,...,n(m — n)) or specifying its subblock characterized by the
values of functions u(i), w(j) (u,w =n+ 1,n+2,...,m) defined below and, in that
uw-subblock, the v(i)-row and x(j)-column (v,x = 1,2,...,n). The specification
of LY, by using u, v, w, x-indices is more convenient in order to compare our results
to those of the literature. Functions u, v, w, and x are defined by
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u(i)_—.g(f-;—l)wﬂ, v(i):i—g(i;1>n, (38)

w(j) = g(;1)+n+l xO)zj—g(j;l)n, (39)

where g(z) is the integer part of z. In order to simplify the expressions of L2, we
introduce the definitions

I“W,UX = Z C;ucgw<aﬂ“'76>acavcﬁx, (40)
afivé

Yuwae = Y, C2,Cr (B 48) Con Clyy (41)
afiyé

Lpox = 2, ConCinaBl 484 C1, Clyy (42)
afvyé

Vo = D, CioCs, 0B 48> C,, Cx (43)
afvs

From egs. (34) to (37), using egs. (29) and (32), functions (38) and (39) as
indices, and definitions (40)—(43), we get

(Lzl\l)q E(le\()uwvx = (EW - ev)éuwé)fv + JuXUW + J:lwi + I"X'UW
+ I:lwi = Juxwy — J;xwv ) (44)

(L2 ) (L )uwvx = I“WUX + Iuwvx + Juwwf + J:wav - Juwvx J:;wxv ) (45)

(L4 ) —(L )uwvx ( 60)614W5XU + J:x'uw J::x‘uw + I:wi

+ L = Voo = T
(Li{)y = (Li{)uwvx - I:wux + I;*wvx + J:wvx + J:t*wxv - J:wux Ji:wxv (47)

Fromrelations (44) to (47) we note that
Li = (L))" and L} = (L%)".

Hence, we have from eq. (33)

L! L2
Lu=| " i) (48)
La)" (Lap)
Matrix Ly, with its elements defined by relations (44)—(47) is the instability
matrix for the solutions of the GHF, in the MMF framework. We note that L, is

constructed from occupied and unoccupied LCAO-MO coefficients, orbital ener-
gies and AO integrals (af||v6), and {a8||76). According to theorems 2—4 (appen-
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dix A) the eigenvalues of Ly characterize the kind of local extremum point
C = {Cu, C/,;} determined by egs. (15) and (16).

Since for the other classes of HF solutions [6,7] the MOs used are special cases
of the MSOs given by (4), one can derive instability matrices for each class of HF
solution from (48) by imposing restrictions on the LCAO-MO coefficients. We will
not present these particular instability matrices here #.

3. Discussion and concluding remarks

In the present paper we have considered an alternative formulation of instability
conditions (the MM formulation) in order to clarify some geometrical aspects of
the HF theory. Writing the energy expectation value E[¥] in the LCAO-MO
approximation, we have noted that E[¥] can be analysed as a polynomial function
of the LCAO coefficients, i.e. as a real-valued function E(C) defined on a complex
(or real) space K (the dimension of K is obtained from the number 7 of electrons,
the number m of atomic orbitals in the LCAO basis set and the class of HF solution
of interest). In consequence, the problem of HF instability conditions can be trea-
ted as a constrained minimization problem relative to the energy function. The con-
straint equalities are determined by n? orthonormalization conditions of the
MSOs. This set of constraints defines a subset of K° which is best viewed as a hyper-
surface S of dimension é§ — n?. Then, geometrically, we can regard a HF problem
as that of the minimization of E(C) over the region S in K° defined by n? con-
straints.

The geometrical viewpoint presents at least two aspects for analysis. First, it
allows us to introduce some concepts of functional analysis into quantum chemis-
try literature, namely the ideas of a regular point, the subspace M tangent to con-
straint surface S, and the restriction of the Lagrangian matrix L to the tangent
subspace M. In this context, we have shown that HF solutions are regular points of
the constraints and we have characterized the tangent subspace M (associated
with each HF solution) in terms of the gradients of the constraint functions. Next,
we presented an orthonormal basis set for the subspace M in terms of the occupied
and unoccupied molecular orbitals. We indicated that M is a direct sum of two vec-
tor subspaces M, and My, with M, being spanned by the unoccupied molecular
orbitals. Finally, we determined the restriction Ly, of L to M: the restriction of L to
M, is a zero matrix and the restriction to My gives the HF instability matrices
known in the literature; L, = T'LT, where T is a matrix whose columns consist of
the basis vectors for M.

The second aspect of the geometrical viewpoint is that it makes possible (with
the functional analysis concepts above defined) to use algorithms, convergence the-

#2R equests for copies of a report with the particular instability matrices Ly and corresponding basis
set for M should be addressed to author J.D.M. Vianna.
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orems and methods of the general nonlinear constrained optimization theory to
determine solutions of the HF equations; that is, it can show new relationships
between the HF method and constrained minimization problems. For example, the
eigenvalues of L restricted to M determine the natural rates of convergence for
algorithms designed for constrained problems [12]. This result can be used in the
determination of HF solutions.

This second aspect seems more important since the existence of convergence dif-
ficulties in UHF theory is well known in the literature [16,17] and in order to over-
come these difficulties, it is necessary to develop new solution procedures for the
HF equations. A step in this direction can be made by noting that the structure of
the Lagrangian matrix restricted to the tangent subspace is the backbone of the the-
ory of algorithms and methods for constrained problems [12,15]. Hence our inter-
est to derive, in the MMF framework, the matrices L), and corresponding basis set
for M.

Another aspect to be considered is that the MMF can indicate a route to deter-
mine the global minimum of E[¥]. For instance, in the study of minimization pro-
blems having specified constraints we have the theorem [12]: “Consider the
problem of minimization of f(X) subject to g:(X)<0,i=1,2,...,p, where the
functions f and g; are convex and have continuous first partial derivatives. Suppose
that X* is a regular point of the constraints. Then, a necessary and sufficient condi-
tion for X* to be a global minimum to this problem is that there exist
w1 =0, 420, Up >0suchthat

f(—x*) = min{f(X) + 1181 (_X) + uzgz(X) +...+ P'pgp(x_)} ,
pigi(X*) =0 fori=1,2,...,p."

One such result can be used in connection with our MM formulation of the HF pro-
blem. Hence, at least for some specific physical systems, the MMF can show that
a HF solution is a global minimum of E[C]. Furthermore, we believe that the tan-
gent subspace M is the fundamental concept to be analysed in order to determine
conditions for the global minimum of E[C]. Studies in this direction are in progress
and will be presented in a forthcoming paper.

Appendix A: Definitions and theorems
The following concepts and theorems [12,13] were used throughout the paper.

DEFINITION

A point X e E" (normed vector space of dimension n) satisfying the constraint
h(X) = (h(X), h2(X), - .., hn(X)) =0 is said to be a regular point of the con-
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straint if the gradient vectors Vi, (X), Vi (X), ..., Vh,(X) are linearly indepen-
dent. The gradient of f is given by
oX) fX) FX)
X) = e
Vf( ) 6X1 ? 6X2 3 b aXn )
and for a vector valued function the gradient operation is carried out component-
wise.

THEOREM 1

Let X be a local extremum point of f subject to the constraints h(X) = 0.
Assume further that X is a regular point of these constraints. Then thereisa Ae E™
(normed vector space of dimension m) such that

Vf(X) + AVh(X) = 0.

THEOREM 2

Suppose that X is a local minimum of f subject to h(X) = 0 and that X is a
regular point of these constraints. Then there is a AeE™ such that Vf(X)
+AVh(X) = 0. If we denote by M the tangent subspace M = {Y : Vh(X)Y = 0},
then the matrix

L(X) = F(X) + AH(X)

is positive semidefinite on M, that is, Y*L(X)Y}O for all Y e M. In the Lagran-
gian matrix L, F and H are the Hermitian Hessians of f and h, respectively. The

Hessian of a vector valued function g = (g1,82, .-, &a, - - - ,&m) at Xis given by
G(X) = (G1(X), Ga(X), ..., Gua(X),...,Gn(X)),
where each
&8s
GO! X = ’ 1127'- ERAS
(X) i axox| n

isan (n x n) matrix.
THEOREM 3

Suppose that thereis a point X satisfying h(X) = 0,and a A e E” such that
Vf(X) +AVh(X) = 0.

Suppose also that the matrix L(X) = F(X) + AH(X) is positive definite on
M = {Y : Vh(X)Y = 0}, that is, for YeM,Y # 0 there holds Y'L(X)Y >0.
Then X is a strict local minimum of f subject to h(X) = 0.
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THEOREM 4

The matrix L(X) is positive definite (semidefinite) on M, that is,
Y'L(X)Y >0 (>0) for all Y e M if, and only if, the eigenvalues of its restriction to
M

Ly =TLT

are >0 (>0). T is a matrix whose columns consist of the basis vectors of the sub-
space M.

Appendix B. Regular points of the constraints and HF solutions

We show that the solution of HF-Roothaan equations are regular points of the
constraint (9). For the sake of simplicity we take the case in which the LCAO-coef-
ficients are real and solutions of closed-shell systems. In this case, we have from

eq. (9)
G =Y CatSasCai— 6 =0. (49)
a p
Suppose by reductio ad absurdum that the gradient vectors Vg are linearly
dependent. Then there exist n(n+ 1)/2 constants o1, o2, ..., an, (K<I, [ =1,

2,...,n) not all vanishing, such that the linear combination ) _,; o Vg is equal to
the null vector, i.e.

> auVga =0, k<Li=1,2,...,n.
ki

For each pair (), ) we have from (49) that

S a Squ k<l
:ZajI;S)\ﬁCﬂl+zk:akj§S)‘ﬂCﬁk=0‘, Izj and k<j.
I

Multiplying this equation by Cy; and summing over A, we obtain
> ouby+ Y owgby =0, Izj and k<j. (50)
I k

From eq. (50) it follows that
(a) ifi=j, 2a;5=0,
(b) ifi>j, «;=0,
() ifi<j, a;=0.

These results are valid for any pair, i,j = 1,2, ...,n. Then we came to a contra-
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diction with the initial hypothesis which says that not all a; were null. In conse-
quence, we have that the gradient vectors Vg, are linearly independent and the
molecular orbitals C = (Cyy, . .., Guy) are regular points of the constraints. Simi-
larly, we can show that GSOs are regular points of the constraints (9).
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